Mathematica 11.3 Integration Test Results

Test results for the 886 problems in "1.3.2 Algebraic functions.m"

Problem 1: Result unnecessarily involves imaginary or complex numbers.

J 1 dx
(223 o x) V1253

Optimal (type 4, 145leaves, 4 steps):
2 ArcTan| M}
Jie
33

2 21342443 (1+x) /ﬁ EllipticF[ArcSin[f%],—7—4ﬁ]
3. 314 L — 143

2

(1+\/?+x)

Result (type 4, 148 leaves):

4i~2 | EA 1050 EllipticPi| —23 | Arcsin[in3o2ix ] 243 ]
3i+v/3 1+212%/34/3 V2 34 3i+v/3

(1+2 22/37]1\/?) Vi+3

Problem 2: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(22/3 —x) 1-x3

Optimal (type 4, 160 leaves, 4 steps):
2Ar‘cTan[J—M L2 ]

1-x3

3+/3

2 2v3./244/3 (1-x) lﬁ EllipticF[Ar‘cSin[?%],—7—4ﬁ]

3314 | —LxX — 1.3
(1+\/377X)2

Result (type 4, 148leaves):
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4i+/2 |- \1ixex? ElllpthPl[gZL ArcSin [ 22X ] 5203
3]1+\/? 11+21122/3+\/_ \/731/4 3J'L+\/?

(1+2 22/3-1\/?) V1-x3

Problem 3: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(22/3—x) Ny

Optimal (type 4, 163 leaves, 4 steps):

2Ar‘cTanh[ﬁ L2
B ~1+x3 B
343
2 _
2 2134/2_4/3 (1-x) L Lexexd EllipticF[Ar‘cSin[@],—7+4\/?]/
(1—\/?—x)2 1-+/3 -x

1-x
3.3M% |- — 143
2

-5

Result (type 4, 146 leaves):

1+X 2
4i-2 A1+ X+ X2 ElllptlcPl El
31+\/— 1+2]122/3+\/—

m} 23 }J/((lzzm w—)m)

B
NP 35443

Ar‘cSm[

Problem 4: Result unnecessarily involves imaginary or complex numbers.

dx

J 1
<22/3+x) ~1-x3

Optimal (type 4, 156 leaves, 4 steps):
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2Ar‘cTanh[ﬁ Sk
-1-x3
N
343
B 2
2 2332 V3 (14x) | EllipticF[Ar‘cSin[@], ~7+4+/3] /
(1—\/?+X)2 1-/3 +x

3 31/4 _1;)( _1_X3

(1—\/?+X)2

Result (type 4, 150 leaves):

1+X 2
4]1\/7 AJ1-x+x? E111pt1cP1 \ﬁ
3Jl+\ﬁ 1+2122/3+\ﬁ

i+4/3 -2ix 23 25y PR
ArcSin| Ty ])3]14”/?} /((1+2 22/3 _ \/?)«/ 1

Problem 5: Result unnecessarily involves imaginary or complex numbers.

1
J dx
(22/3 al/3 4 pl/3 x) a+bx®

Optimal (type 4, 280 leaves, 4 steps):

/e P /3 1/
3 al/6 (31,3+21//3 pl/3 x)

2Ar‘cTan[ ]
3
e v |2 2v34/244/3 (a¥2 b1 3x)
343 /3 bl
2/3 _ 41/3 1/3 2/3 2 1-+/3 ) a3 b3 x
2 aTb T x+bTIX EllipticF [ArcSin| ( ) s —7—4\/?} /
((1+\/?) a1/3+b1/3x)2 (1+\/?) al/3 4 pl/3 x

1/3 1/3 b1/3
3 31/4 a1/3 b1/3 a (a * X) ; a+bx3
([14v3] a2 ebx)

Result (type 4, 164 leaves):
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a1/3 + b1/3 % b1/3 X b2/3 XZ i 4/3
-1121 1-

+ EllipticPi| ——— ),
(1+ (_1)1/3) al/3 al/3 32/3 (_1>1/3+22/3

1/3 1 2/3b1/3
ArcSin| P (1) X], (-1)*?] /(((71)1/3+22/3) b3 /a+bx?

(14 (-1)*?) a2

Problem 6: Result unnecessarily involves imaginary or complex numbers.

J ) a A/ a
X
( 2/3 41/3 b1/3 X) b X3

Optimal (type 4, 288 leaves, 4 steps):

V3 al/e (31/3721/3 pl/3 x)

2 ArcTan|
Ja-bx? 2 2132443 <a1/37b1/3 X)
3+/3 /a bl/3
2/3 , 41/3 p1/3 2/3 2 1-+/3 ] a3 -b3x
ara b X bX EllipticF[ArcSin[( ) |, -7-4+/3] /
((1+ﬁ) al/3_|:,1/3x)2 (1+\/?) al/3 _pl/3

1/3 1/3 1/3
a a“’? -b*°x
3 31/4 a1/3 b1/3 ( ) a—bx3

((1+\E) a1/3—b1/3x)2

Result (type 4, 166 leaves):

21

a1/37b1/3X \/1 b1/3X b2/3 XZ
+

+
<1+ (_1)1/3) al/3 al/3 32/3

. 1/3 _ (_1q 2/3 pl/3
i3 , ArcSin| 2 (-2) X ,(—1)1/3]/

(-1)2 4223 (1+(-2)*?) a2

(a2 e

EllipticPi]|

Problem 7: Result unnecessarily involves imaginary or complex numbers.

1
dx
J (2273 at/3 - p1/3 x) V-oa+bx®

Optimal (type 4, 297 leaves, 4 steps):
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V3 al/e (31/3721/3 pl/3 x)

2 ArcTanh |
_ v -atbx® 2 2v3)2-3 (31/3—b1/3x)
343 va bi3
2/3 , 41/3 p1/3 2/3 2 1++/3 ] at3-b3x
T ralTh X b EllipticF[ArcSin[( ) ],-7+4ﬁ}/
([1-+3) a2 -biax)? 13 ot b

1/3 (41/3 _ p1/3
a a/? -b*>x
3 31/431/3p1/3 | _ ( ) /—a +bx3

((17\/?) a1/3—b1/3x)2

Result (type 4, 167 leaves):

21

a1/37b1/3X \/1 b1/3X b2/3 X2

+
<1+ (71)1/3) al/3 al/3 32/3

EllipticPi|

. 1/3 _ (_1q 2/3 pl/3
iV3 , ArcSin| 2 ) X], (—1)1/3]/

(-1)2 4223 (1+(-2)*?) at2

(a2 6 e

Problem 8: Result unnecessarily involves imaginary or complex numbers.

1
dx
J<22/3 al/3 4 pl/3 X) “/—a—bx3

Optimal (type 4, 293 leaves, 4 steps):

/ p / p
/3 al/e (31,3+21/3 bl/3 x)

2Ar‘cTanh[ }
[obX vl2 2134 J2-4/3 (a3 b3 x)
34/3 a bl/3
2/3 _ 41/3 11/3 2/3 2 1+4/3 ) al/34p1/3x
2 AT b X b X EllipticF{Ar‘cSin[( ) ],—7+4\/?}/
(143 ) a1 i) (143 | o b1

1/3 1/3 1/3
a at’? + b3 x
3. 3174313 p1/3 | _ ( ) _a-bx3

((17\/?) al/aer1/3X)2

Result (type 4, 167 leaves):
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a1/3 + b1/3 % b1/3 X b2/3 XZ i 4/3
-1121 1-

+ EllipticPi| ——— ),
(1+ (_1)1/3) al/3 al/3 32/3 (_1>1/3+22/3

1/3 1 2/3b1/3
ArcSin| P (1) X], (-1)*?] /(((71)1/3+22/3) b3/ -a-bx3

(14 (-1)*?) a2

Problem 9: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(c+dx) Ve +4d3x3

Optimal (type 4, 249 leaves, 4 steps):
2Ar‘cTan[LD—)—3 € (cr2dx
L |2 21342443 (c+223dX)

3+/3 ¢3/2d
2 52/3 1/3 42 o2 1-4/3 ) c+22/3dx
Cozicdxrz 27dx EllipticF[Ar‘cSin[( ) ], -7-4+/3] /
((1+\/?)C+22/3dx)2 (1+\E)C+22/3dx
3. .3V4cd c(c+22/3dx) N +addx3
((1+\/?)c+22/3dx)2
Result (type 4, 169 leaves):
1/3 1/3 2 2 . 1/3
ose | 2MPcr2dx ,o3_ 2 2Pdx 4dix E11ipticpi | i2 ﬁ,
(1+(71>1/3>c c c? 2+ (-2)3
2Y3ce2 (-1)¥2dx
. (102 e 1/3 1/3 3 3.3
ArcSin| s 1, (-1)*?] /((2+ (-2) )d«/c +4d®x )

Problem 10: Result unnecessarily involves imaginary or complex numbers.

1
J(1+\E+X) V1+x3 o

Optimal (type 4, 146 leaves, 4 steps):



Mathematica 11.3 Integration Test Results for 1.3.2 Algebraic functions.nb | 7

Ar‘CTan[ \/ 3+2 ;/3 1+x }
\ 1+x3

3(3+2\E)

X2 .
2++/3 (1+4x) 1X—+XEllipticF[Ar‘cSin{u],—7—4\/?]/
(1+\/?+X)2 1+\E+X

33/4 —1+X 1+x3
2
(1+\/3 +X)

Result (type 4, 136 leaves):

1+X 23
4( AJ1-x+x2 E111pt1cP1 \/— )
31+ (1+2]’1> \/?

i+4/3 -21ix 23 . , 3
ArcSin| ey },HM/?}]/((hH(1+21)\E)x/1+x

Problem 11: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(1+\/?—x) 1-x3

Optimal (type 4, 164 leaves, 4 steps):

Ar‘cTan[ 3:243 1”‘]

1-x3
3(3+2V3)
2 —_ —
2++/3 (1-%) 1+LEllip‘cicF{Ar‘cSin[g],_7_4\/?]/
(1+\/?—X)2 1++v/3 -x

33/4 1-x 1-x3
(1+\/?—X)2

Result (type 4, 136 leaves):
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1+x 243
4\/— A1+ x+x2 E111pt1cP1 \/_ N
31+\/— 3i+(1+21) V3

Ni+/3 +21ix ] 2+/3

El
A2 314 3i++/3

ArcSin|

}J/((31+(1+21) VERREESS

Problem 12: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(1+\/?—X) V-1+x3
Optimal (type 4, 167 leaves, 4 steps):

ArcTanh [ 222 X
~1+x3

3(3+2ﬁ)

|, -7+4+/3] /

2 -
2-/3 (1-x) e EllipticF[ArcSin[@
(1-+3 -x)° 13 _x

33/4J(1X ; m
1-

\EfX)

Result (type 4, 134 leaves):

1+X 2
4\/— AJ1+x+x? E111pt1cP1 \/_ 5
31+\/_ 311+< +21)\/?

N 3+21X] 2\/_ }]/((31+<1+21)\/?> /_1+X3

ArcSin|

)
V2 314 3i+/3

Problem 13: Result unnecessarily involves imaginary or complex numbers.

1
J(1+\E+X)mdx

Optimal (type 4, 157 leaves, 4 steps):
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Ar‘cTanh[lE—L3+2 —

-1-x3

3(3+2\E)

_ 2
2-+/3 (1+x) 1LEllipticF[ArcSin[w],-7+4\/?]/
(1—\/?+X)2 1—\E+X

334 | _ 1+x 13
(1—\/?+x)2

Result (type 4, 138 leaves):

1+X 23
4( AJ1-x+x2 E111pt1cP1 \/— )
31+ (1+2]’1> \/?

1+ 3 -21X 2vV3
Bl
2 314 31++vV3

ArcSin|

}]/((3j+(1+21) \E) S1-x3

Problem 14: Result unnecessarily involves imaginary or complex numbers.

1
J(3+x> Wdlx

Optimal (type 4, 331 leaves, 8steps):
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(1+x) ﬁ Ar‘cTan{

V26 Newr)
(1+\/7+X)
Cxex? .
24/26+15/3 (1+x) 1X—+XEllipticF[Ar‘cSin[m],—7—4\/?}/
1+\E+X)2 1+\/?+X
31/4 o tex 1+%3 |+
(1+\/?+X)2
XX :
4 3% (14x) | X Eilipticei[o7 - 564/3 _ArcSin[m],-Lm/?]/
(1+\/?+X)2 1+\E+X
243 | X 1
(1+\/?+X)2

Result (type 4, 128 leaves):

1+x o 2vV3 iL+V3 -21x 23
4+/2 J1-x+x2 E111pt1cP1 Ar‘cSin[ = = ], } /
3i++/3 +/3 V2 314 3i++/3

((7j+\/?)m

Problem 15: Result unnecessarily involves imaginary or complex numbers.

1
J—dlx
(3+x) 1-x3

Optimal (type 4, 382leaves, 8steps):
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\/7 1-x
W3 x|
(1-x) szz ArcTanh | ikl ]
(1+\/?—x) ) Toxex?

247 | /22— 13
(1+\/?7X>2

J—

2 —_ —
2+/2++/3 (1-%) 1JrLEllip‘cicF[Ar'cSin[@],_7_4\/?]/
1443 -x)° 1+4/3 -x

1/4 1-x 3
3 (4+\E)\IW3X)Z 1-x +

2
4 34./2,4/3 (17)() _Lexex? E111pt1cP1[ (553 304\/7)
(1443 -x)° 169

-ArcSin[@},J-m/?} / 13 |1 1w
1++/3 -x (1+\/?—X)2

Result (type 4, 128 leaves):

1+X
42 A1+ X+ %2

—3:|1+

ElllptlcPl[ﬁ Ar‘cSm[\/_j;_;/il;ij ] _32]1?\/?]]/ ((5j+ﬁ) [1_ 53

Problem 16: Result unnecessarily involves imaginary or complex numbers.

1
J<3+x>mdx

Optimal (type 4, 376 leaves, 8 steps):
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\/7 1-x
W3 x|
(1-x) szz ArcTanh | ikl ]
(1+\/?—x) ) Loxax?

(13

2T [ i
(1+\/?7X)

2 —
2+/62-35/3 (1-x) M—+XEllipticF[Ar‘cSin[@],—7+4ﬁ}/
(1—\E—x)2 1-+/3 -x

1+ X+ x2
4 302443 (1-%) | —— E111pt1cP1[ (553 3@4\F)
(1+\/?—x) 169

-ArcSin[@},J-m/?} / 13\]”2\/1”3

1+4/3 -x (1+\/?—X)

Result (type 4, 126 leaves):

1+X
42 A1+ X+ %2

—3:|1+

ElllptlcPl[ﬁ Ar‘cSm[\/_j;_;/il;ij ] _32]1?\/?]]/ ((5j+ﬁ) [ 153

Problem 17: Result unnecessarily involves imaginary or complex numbers.

J ! dx
(3+x) V-1-x
Optimal (type 4, 342 leaves, 8steps):
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(1+x) ﬁ Ar‘cTan{

\/E 1+x m
2

(1+\/?+x)
2(1+x) ﬁ ElllpthF[APCSln[f%] —7+4\/?]
.
317442 W\/ Ny
1—r+x
x4 X2 _
4 3% (14x) | 2 Eilipticei[o7 - 56/3 —Ar‘cSin[m],—7—4\/?]/
(1+\/?+X)2 1+\/?+X
2 3 |t e
(1+\/?+X)2

Result (type 4, 130leaves):

(1+x) 243 i3 -21x 2+/3
4\/— A/1-x+x? Ellipti P1 , ArcSi R
\/31+ PHe 71+\/_ resin \[2 31/4 ] 3]-“\/?}/

Problem 18: Unable to integrate problem.

((7j+ﬁ)m

dx

1
J(c+dx) <—C3+d3X3)1/3

Optimal (type 3, 139leaves, 1step):

21/3 (c-dx)

[~c34d3x3) Y2

\/3 ArcTan| Nes ] Log[ (c-dx) (c+dx)?| 3Llog|d (c-dx)+223d (-c+d*x?)"?]
N _
2.2¥3cd 4.213cd 4 .2Y3cd

Result (type 8, 27 leaves):

dx

1
J(c+dx) <—C3’+d3X3)1/3
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Problem 19: Unable to integrate problem.

J ! dx
(crdx) (23 +d2x3)"3

Optimal (type 3, 186 leaves, 3 steps):

1+ 2dx 14 2 (2c+dx)
23,43 x3) 13 (2c3:d3 x3)1/3
Ar‘cTan[4—J—\E ] ) \/3 Ar‘cTan[——J—ﬁ ] Loglc+dx]

2+/3 cd 2cd 2cd
Log[-dx+ (2c+d¥x*)Y?|  3log[d (2c+dx) -d (2% +d>x*)'?]
+
4cd 4cd

Result (type 8, 27 leaves):

J = dx
(c+dx) (2c3+d3’x3)1/3

Problem 20: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

22/3 _2x
J dx
(2224 x) V143
Optimal (type 3, 37 leaves, 2 steps):

[ V3 (10243 x
N 1+x3

2 - 22/3 ArcTan

V3
Result (type 4, 326 leaves):
1 (1 + X)

3]'1+\/?

4 21/6

{J]-Hﬁmlx (6143122 23 +22V3 + (321743 2133 | x|

i3 -2 2+/3
EllipticF [Arcsin[ =, [ -6iv/3 /i+V3 -2ix
V2 314 3i+4/3

2+/3 i +4/3 - 21 2+/3
\J1-x+x? EllipticPi| ikl , Arcsin| i3 -2ix ], V3 ] /
1+212234+4/3 A2 314 3i+4/3

|

(ﬁ (1+2 22/3-iﬁ) Vi3 —2ix AJ1+%3
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Problem 21: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J 23 2x
(22/3 —x) 1-x3

Optimal (type 3, 40leaves, 2 steps):
V3 (1-2Y/3x

1-x3

2 223 ArcTan|

V3
Result (type 4, 327 leaves):
i (— 1+ X>

3]'1+\/?

4 21/6 _

{\/—Ji+\/?—211x (—61‘1—31’121/3+2\/?—21/3\/?+(—31121/3+4\/?+21/3\/?) x)

i +1/3 2] 2+/3
E1lipticF [ArcSin| i+ V3 + =X, V3 | +6iv3 \i+V/3 +2ix

V2 314 3i++/3

\J1+x+x? EllipticPi] 23 , ArcSin| jHﬁQjXL 233 ]]]/

i+21i22344/3 A2 314 3i++/3

|

Problem 22: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

(ﬁ (1+2 22/3-11\/?) Vi3 +2ix AJ1-%3

22/3 42 x
dx
J(22/3 ~x) V-1
Optimal (type 3, 38leaves, 2 steps):
V3 (1-21/3x

3 -1+x3

2. 2%/3 Ar‘cTanh[

V3
Result (type 4, 325leaves):



16 | Mathematica 11.3 Integration Test Results for 1.3.2 Algebraic functions.nb

4 oue |1 (-1+x)
3i++/3

[x/—j1+\/?—2jlx (-6i-3:2"2424/3 -212/3 + (-312Y7+4/3 4223 | x]

i3 +2ix ;243
EllipticF [Arcsin[ SRR [ +6i/3 /i+/3 +2ix
V2 314 3i+3

2+/3 i 3 +21ix 2+/3
A1+ X+ X2 EllipticPi[ El ) Ar‘cSin[ i+3/3 +2i }, V3 ] /
i+212%314/3 V2 314 3i+4/3

(\/? (1+2 22/3,]1\/?)\/j+\/?+2jx N

Problem 23: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

22/3 _ 2 x
dx
j (222 4+ x) V-1-x3
Optimal (type 3, 39leaves, 2 steps):

V3 (14273
\ -1-x3

2 2%3 ArcTanh|

V3
Result (type 4, 328 leaves):
1 (1 + X)

3i++/3

4 21/6

{Jmﬁmlx (61431272273 + 233 + (31212243 +22V/3 ) 5]

i+/3 —2ix 2+/3

EllipticF[ArcSin| ]» | -6iV3 \i+/3 -2ix
V2 314 3i+4/3

2+/3 i 3 -21ix 2+/3
\J1-x+x2 EllipticPi[ V3 ,Ar‘cSin[ SR = }, V3 ] /
i+2122344/3 V2 34 3i++/3

(ﬁ (1+2 22/37]'@?) Vi3 —2ix A/-1-%3
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Problem 24: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

22/3 a1/3 _2 b1/3 X
J dx

223313 . b13x) \a b
Optimal (type 3, 63 leaves, 2 steps):

V3 al/e (al//3+21/3 b/3 x)
A/ a+b x3
\/?al/s pl/3

Result (type 4, 325leaves):

2 2%3ArcTan|

5 al/3 1 pl/3 x 9 3l/4 ((_1>1/3 al/3 _pl/3 X) (_1)1/6_ i bl/3 x
1 (2]

X

a1/3+ (_1)2/3 b1/3X ] ( 1>1/3] / al/3+ <_1>2/3 b1/3

EllipticF [ArcSin|
(1+(-2)2) a2 (1+ (1)) a2

b1/3 X b2/3 X2

1 3 (-1)/3223 (1+ (-1)1/3) a1/3\/1— o EllipticPi|

(_1) 1/3 n 22/3

. 1/3 _1)%/3 pls3
1V3 » ArcSin| a2+ (1) X 1, (-1)*7] /(\/?bl/3x/a+bx3

(71)1/3 +22/3 (1+ (_1>1/3) al/3

Problem 25: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

22/3 a1/3 +2 b1/3 X
J dx

22/3 31/3 _ p1/3 x) Va-bx3

Optimal (type 3, 65leaves, 2 steps):
ﬁal/é (31/3—21/3 p1/3 x) }

2 - 2%2/3 ArcTan [

a-bx?

ﬁ al/6 pl/3
Result (type 4, 336 leaves):
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1
b2 abx®
1/3 _pl/3 _1)Y/3 (13, (Z1)Y3pl/3
2 | 22 ] [(-2)"2 a2 012 x) i ) EllipticF|
(1+ ( 1)1/3) al/3 (1+ <_1>1/3) al/3

s a1/3—(—1)2/3b1/3x s a1/3—<—1)2/3b1/3x .
o (i ) | R

1 (71>1/3 22/3 (1+ (71>1/3) 31/3\/3+ 3 bl/3 x . 3 p2/3 x2

(_1>1/3+22/3 al/3 32/3

e 1/3 _ (_1)?/3p1/3
EllipticPi[L, ArcSin| 2 () 1. (-1)*?]
(-1)2 223 (1+(-1)?) a2

Problem 26: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

22/3 31/3 | o pl/3
J ax

22/3 31/3 _ pl/3 X) v_a+bx3

Optimal (type 3, 66 leaves, 2 steps):

V3 as (413243 513 ]
N

\/? al/6 p1/3

Result (type 4, 390 leaves):

2 223 ArcTanh|
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‘ J T P (e
1+ (-1 al/3

<_1>1/3 (a1/3 + (_1> 1/3 pl/3 X)

(14 (-2)22) a1

al/3 _ (_1>2/3 bl/3 x

(14 (-1)22) a1

EllipticF[Ar‘cSin[\l , (-1)2] -

a1/3_(_1)2/3b1/sx \/1+b1/3x b2/3 x2

+
(1+ (_1>1/3) al/3 al/3 32/3

(_1>1/3 22/3\/? (1+ (_1>1/3) a1/3\l

. 1/3 _ (_1)2/3p1/3
EllipticPi[L, Arcsin[\l ) =1, (-1)] /

(_1)1/3+22/3 (1+ (_1)1/3> 31/3

(1+(-2)*2) a1

1/3 _ (1 2/3 pl/3
L e e e

Problem 27: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

22/3 al/3 _2 b1/3 X
J dx

2233124 b3 x) V-a-bx3
Optimal (type 3, 66 leaves, 2 steps):

]

V3 al/s (31/3+21/3 pl/3 x)
\/ —a-bx3
\/? al/6 pl/3

Result (type 4, 375leaves):

2 2%3 ArcTanh|
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1/3 1/3
11, al’? + b3 x 1 5 (<_1>1/3+22/3) ((_1)1/3 al/3 _pl/3 x)
(1+ (71>1/3) al/3 31/4

i b1/3 173, (_1)2/3p1/3
(-2)%°- 1hx EllipticF [ArcSin| 2P+ (1) X, 1))
al/3 (1+ (_1)1/3) al/3

1/3 _1)2/3 p1/3 1/3 2/3 42
(1)1/322/3ﬁ(1+(1)1/3)61/3\la ) XJlb X, b

(1+ (71>1/3) al/3 al/3 32/3

; 1/3 _1)2/3 p1/3
EllipticPi[LJ Apcsin[\l a +< > X ], (1)1/3}J /

(-1)Y2 4223 (1+(-1)*3) a2

[((—1)”3+22/3) bl/s\l P \J-a-bx?

(1+(-2)*2) a1

Problem 28: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J c-2dx dx
(c+dx) Vc2+ad
Optimal (type 3, 49leaves, 2 steps):

2Ar‘cTan[LD—L3 ¢ (c+2dXx
A 34 dd X3
V3 +cd

Result (type 4, 373 leaves):
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5176 23 c 1 2dx
(1+ (71)1/3) c

ZJ (—2)1/3c—2 (‘l)Z/BdX (<_1>1/3 (2+ (_2)1/3) c-2 (<_1)1/3+22/3) dx)

(1+ (1)) ¢

2Y3¢c2 (-1)¥2dx
(1+ -1V c

EllipticF [ArcSin| ], (1)) -

21/6

213 ¢c+2 (-1)*2dx sz_z 213dx  4d*x?
2

(1+(-1)”3)c c T

<_1>1/3 22/3./3 (1+ <_1>1/3> CJ
2Y3¢ci2 (-1)¥2dx

. o1/3 14(-1)Y3
EllipticPi| >, ArcSin| | - [ (-1)*] /
2+ (-2)1? 21/e

23 ¢c+2(-1)%°d
(2+(2)1/3)dJ c+2(-1)" dx B radd e

(1+(-1)*) ¢

Problem 29: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J 2+3x dx
(230 x) VTo
Optimal (type 4, 158 leaves, 4 steps):
2 (2-3 2273 Ar‘cTan[ﬁ L
1+x3
343
X2 .
2(3+2 22043 (14x) | X EllipticF[Ar‘cSin[m], ~7-4+/3] /
(1+\/?+x)2 1+\E+x

3ogve | IPX 1
(1+\/?+X)
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Result (type 4, 336 leaves):
i (1 + X)

3]i.+\/?

2 21/6

[3\/-1+ 3 421 x (-6-3 21/3-211ﬁ+121/3ﬁ+(3 21/3+41ﬁ+121/3ﬁ)x)

i+/3 —21ix 23

EllipticF[ArcSin| , | -4+/3 (-3+23)\/1++/3 -21ix

V2 314 3i++/3
23 i 3 -21 23
\J1-x+x* EllipticPi| V3 , ArcSin]| i:V3 lx}, V3 ]]]/

i+21i22344/3 A2 314 3i++/3

(\/?(1'1+21122/3+\/?>\/11+\/?—ij NERRS

Problem 30: Result unnecessarily involves imaginary or complex numbers.

J 2+3X dx
(22/3—x) 1-x3

Optimal (type 4, 173 leaves, 4 steps):

2 (243 2%3) Ar‘cTan[ﬁ LR
1-x3
- +
3+/3
2 — -
2(3-2 22)/2+/3 (1-%) 1+X—+XEllipticF[Ar‘cSin[@],—7—4\/?]/
2
(1+\/?7X) 1+vV3 -x
3ogue | 17X 1T
1+\57X)2

Result (type 4, 335leaves):
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, s |k (-1+x)
3i++/3

[_3]1\/_j+\/?_2jx (-6]1_31121/3+2\/?-21/3\/?+(-3]121/3+4\/?+21/3\/?) x)

i+/3 +21ix 2+/3

EllipticF[ArcSin| , | +44/3 (3+273)/i++/3 +21ix

V2 314 3i++/3

2+/3 i 3 +21ix 2+/3
A1+ X+ %2 EllipticPi[ ikl ) Ar‘cSin[ i+33 +2i }, V3 ] /
i+212%304/3 V2 314 3i+4/3

(\/?(]'1+2J'122/3+\E) \/]'1+\E+2]'1X AJ1-x3

Problem 31: Result unnecessarily involves imaginary or complex numbers.

J 2+3x dx

(222 - x) V14 x>

Optimal (type 4, 176 leaves, 4 steps):
2 (2+3 2%3) ArcTanh[M}

N -1+x3
- +
34/3
2 —
2(3-2 222 3 (1x) | XX EllipticF[ArcSin[@],-7+4\/?]/

(1—\/?—x)2 1-+/3 -x

Result (type 4, 333 leaves):
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, s |k (-1+x)
3i++/3

[_3]1\/_j+\/?_2jx (-6]1_31121/3+2\/?-21/3\/?+(-3]121/3+4\/?+21/3\/?) x)

i+/3 +21ix 2+/3

EllipticF[ArcSin| , | +44/3 (3+273)/i++/3 +21ix

V2 314 3i++/3

2+/3 i 3 +21ix 2+/3
A1+ X+ %2 EllipticPi[ ikl ) Ar‘cSin[ i+33 +2i }, V3 ] /
i+212%304/3 V2 314 3i+4/3

(\/?(]'1+2J'122/3+\E) \/]'1+\E+2]'1X A -1+x3

Problem 32: Result unnecessarily involves imaginary or complex numbers.

J 2+3x dx

(2224 x) V1%

Optimal (type 4, 169 leaves, 4 steps):
2 (2-3 2%3) Ar‘cTanh[M]

J-1e
.
343
1/3 1-x+x .. .o 1l+/3 +x
2 (3+2 2'3) 2-+/3 (1+x) —ElllpthF{Ar‘cSm[i],—7+4\/?]/
(1—\/?+X)2 1-+/3 +x
3 31/4 _L _1_X3
(1—\/?+X)2

Result (type 4, 338leaves):
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i(1+x)

3i+4/3

2 21/6

[3\/—1’1+\/?+21’1x (-6-3 21/3-211\/?+121/3\/?+(3 21/3+4]1x/?+1121/3\/?)x)

i+/3 —21ix 23

EllipticF[ArcSin| , | -4+/3 (-3+23)\/i+4/3 -2ix

V2 314 3i++/3

2+/3 i 3 -21ix 2+/3
A1 -x+x2 EllipticPi[ ikl ) Ar‘cSin[ i3 = }, V3 ] /
i+2122344/3 V2 314 3i+4/3

(\/?(]'1+2J'122/3+\E>\/]'1+\572]'1X Jo1-x

Problem 33: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J e+fx i
(2 x] Tk

Optimal (type 4, 159 leaves, 4 steps):
2 (e-2%3f) ArcTan [M]

1+x3
Y .
343
— 2 —_
2+/2++/3 (2Y%e+f) (1+x) 1X—+XEllipticF[Ar‘cSin[@},—7—4\/?}/
(1+\/?+X)2 1+4/3 +x
3ogvs | 1TX 10
(1+\/?+X)2

Result (type 4, 340leaves):
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i(1+x)

3i+4/3

2 21/6

£ -ie/3 +2ix (-6-3 21/3-2]1\/?+121/3\/?+(3 21/3+4]1\/?+]121/3\/?)x)

i+/3 —21ix 2+/3

EllipticF[ArcSin| , | -24/3 (2¥%e-2F)\[i+V/3 -2ix

V2 314 3i++/3

23 i 3 -2ix 23
\/1-x+x* EllipticPi] ikl , ArcSin| i+33 -2 B V3 ] /
i+212%304/3 V2 314 3i+4/3

(\/?(]'1+2J'122/3+\E) \/]'1+\572]'1X AJ1+x3

Problem 34: Result unnecessarily involves imaginary or complex numbers.

J e+fx dx
(22/3—x) 1-x3

Optimal (type 4, 175leaves, 4 steps):
2 (e+223f) Ar‘cTan[M}

~ 1-x3 ~
343
2 —_ —
2+/2++/3 (2Y%e-f) (1-x) Xt EllipticF[Ar‘cSin[@},—7—4\/?}/
(1+\/?—X)2 1+4/3 -x
3 g | X 1
(1+\E—X)2

Result (type 4, 340leaves):
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, s |k (-1+x)
3i++/3

[—Ji-F\/—J'1+\/?—2j1x (-6]1_31121/3+2\/?-21/3\/?+(-3]121/3+4\/?+21/3\/?) x)

i+/3 +21ix 2+/3

EllipticF[ArcSin| , | +24/3 (2¥2e+2F)\[i+V/3 +2ix

V2 314 3i++/3

2+/3 i 3 +21ix 2+/3
A1+ X+ %2 EllipticPi[ ikl ) Ar‘cSin[ i+33 +2i }, V3 ] /
i+212%304/3 V2 314 3i+4/3

(\/?(]'1+2J'122/3+\E) \/]'1+\E+2]'1X AJ1-x3

Problem 35: Result unnecessarily involves imaginary or complex numbers.

J B ix dx

(222 -x) V-1

Optimal (type 4, 178 leaves, 4 steps):
2 (e 4+ 22/3 .f:) ArcTanh [ M]

~ A -1+x3 B
343
2 —
24/2-+/3 (2"%e-f) (1-x) Xt EllipticF[Ar‘cSin[@},—7+4\/?}/
(1—\/?—x)2 1-+/3 -x

Result (type 4, 338leaves):
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, s |k (-1+x)
3i++/3

{-if\/-im/?-zix (-6]1-31121/3+2\/?-21/3\/?+(-31121/3+4\/?+21/3\/?) x)

i+/3 +21x 23

EllipticF[ArcSin| , ] +2+/3 (222 e+2f)\/i+V/3 +2ix

V2 314 3i++/3

2+/3 i 3 +21x 2+/3
A1+ X+ X2 EllipticPi[ ikl ) Ar‘cSin[ i+33 +2i }, V3 ] /
i+2122344/3 V2 314 3i+4/3

(\/?(Ji+21122/3+\5>\/11+\5+2jlx \/71+X3

Problem 36: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J e+fXx dx

(222 x) V1

Optimal (type 4, 170 leaves, 4 steps):
2 (e-2%3f) ArcTanh [ M}

\ -1-x3
N
343
B 2
24/2-+/3 (2Y%e+f) (1+x) 1X—+XEllipticF[Ar‘cSin[@},—7+4\/?}/
(1—\/?+x)2 1-4/3 +x
3 31/4 _1;)( —1—X3
(1—\/?+X)2

Result (type 4, 342leaves):



Mathematica 11.3 Integration Test Results for 1.3.2 Algebraic functions.nb | 29

2 21/6

£ -ie/3 +2ix (-6-3 21/3-2]1\/?+121/3\/?+(3 21/3+4]1\/?+]121/3\/?)x)

i+/3 —21ix 2+/3

EllipticF[ArcSin| , | -24/3 (2¥%e-2F)\[i+V/3 -2ix

V2 314 3i++/3

23 i 3 -2ix 23
\/1-x+x* EllipticPi] ikl , ArcSin| i+33 -2 B V3 ] /
i+212%304/3 V2 314 3i+4/3

(\/?(]uzjzz/%ﬁ) Vi+V3 —2ix A/-1-x3

Problem 37: Result unnecessarily involves imaginary or complex numbers.

e+fx
J dx
(22/3 a1/3+b1/3 X) “/a+bx3

Optimal (type 4, 316 leaves, 4 steps):
3 al/e (al/'3+21/3 pl/3 X)

\ a+b x3

2 (b3 e-22/3 a3 f) ArcTan|

343 +/a b2

a2/3 _ a1/3 b1/3 X + b2/3 X2

((1+\/?) a1/3+b1/3x)2

2 2+\/? (21/3 b1/3e+a1/3 'F) <a1/3 +b1/3X>

=

(

_\/?) al/3 4 bl/3
F)at b

EllipticF [Ar‘cSin [

|, -7-43]/

=

1/3 (g1/3 4 pl/3
3 31/4 g1/3 p2/3 a (a * X) . la+bx3
((1+\/?) a1/3+b1/3x)

Result (type 4, 336 leaves):
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a1/3+b1/3x
2 _
(1+ (-1)1/3) al/3

134 (-1)%2pl3 13, (_1)2/3pl/3
EllipticF[Arcsin[J @ +( ) X ], <1>1/3]]/ {\I a +< > X

(1+ (_1)1/3) al/3 (1+ (_1>1/3) RVE

31/4 ¢ ((_1>1/3 al/3 _pl/3 X) \/ <_1>1/6_ i bi:zx
a

-
(_1)1/3 4+ 22/3

i3 B Ar‘cSin[\l & (71)2/3 b x B (1)1/3]] /(\/?b”3x/a+bx3)

b1/3 X b2/3 X2

(71>1/3 (1+ (71>1/3) <7b1/3e+22/3 al/3 -F) \/1 s +

Y EllipticPi [

(-1)2 1223 (14 (-2)22) a1

Problem 38: Result unnecessarily involves imaginary or complex numbers.

e+fx
j dx
(22/3 al/3 _pl/3 X) va_-bx3

Optimal (type 4, 324 leaves, 4 steps):
3 al/e (a1,/’3721/3 pl/3 X)
3/ a-bx3

34/3 a b3

2 (b3 e+22/2 a3 f) ArcTan |

a2/3 + a1/3 b1/3 X + b2/3 X2

((1+\/?) a1/3_b1/3x)2

2 2+\/? <21/3 b1/3e_a1/3.f:> <a1/3_b1/3x> \I

=

7\5) al/3 _pl/3
+ﬁ) al/3 _pl/3

EllipticF [ArcSin|

], -7-4+3] /

=

1/3 1/3 1/3
a a/? -b'3x
3 3174313 p2/3 ( ) a-bx3

((1+\/?) al/3_b1/3x)2

Result (type 4, 399 leaves):
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T [l
1+ (-1 al/3

(_1>1/3 (al/sJr (_1>1/3 pl/3 x)

(14 (-2)22) a1

al/3 _ <71> 2/3 bl/3 x

(14 (-2)22) a1

EllipticF [Ar‘cSin [\l , (_1) 1/3} .

a1/3_ (_1)2/3 b1/3X \/1+ bl/3 x b2/3 x2

+
(1+ (_1>1/3) al/3 al/3 32/3

%(1)1/3 (14 (-2)¥2) (02 er222 0t ) J

. 1/3 _ (_1)2/3p1/3
Elliptlcpl[L, Arcsin[\l a < > X ]J (_1)1/3} /

(71)1/3+22/3 (1+ (_1>1/3) 31/3

[((_1)1/3+22/3) b2/3\l al’? - <_1)2/3 b™/% la_bx3

(1+(-2)2) a1

Problem 39: Result unnecessarily involves imaginary or complex numbers.

e+fx
j dx
(22/3 al/3 _pl/3 X) v _a+bx3

Optimal (type 4, 333 leaves, 4 steps):
\/3 al/e (al/’3721/3 pl/3 x)
Jabx

343 a b2

2 (b3 e+22/3 a3 f) ArcTanh |

a2/3 + a1/3 b1/3 X + b2/3 X2

((1_\/?) a1/3_b1/3x)2

2~/2-+/3 (21/3b1/3e_al/3.‘:> <a1/3b1/3x>\|

(1+\E) al/3 _pl/3
(1_ﬁ) al/3 _pl/3 y

EllipticF [ArcSin|

], -7+4+3] /

1/3 (41/3 _ pl/3
a at’? -b*3x
3 31/431/32/3 | _ ( ) 5 A —a+bx3

((1_\/?) a1/3—b1/3x>

Result (type 4, 400 leaves):
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T [l
1+ (-1 al/3

(_1>1/3 (al/sJr (_1>1/3 pl/3 x)

(14 (-2)22) a1

al/3 _ <71> 2/3 bl/3 x

(14 (-2)22) a1

EllipticF [Ar‘cSin [\l , (_1) 1/3} .

a1/3_ (_1)2/3 b1/3X \/1+ bl/3 x b2/3 x2

+
(1+ (_1>1/3) al/3 al/3 32/3

%(1)1/3 (14 (-2)¥2) (02 er222 0t ) J

. 1/3 _ (_1)2/3p1/3
Elliptlcpl[L, Arcsin[\l a < > X ]J (_1)1/3} /

(71)1/3+22/3 (1+ (_1>1/3) 31/3

1/3 _ (1 2/3 pl/3
(o [FEDE s

(1+(-2)2) a1

Problem 40: Result unnecessarily involves imaginary or complex numbers.

e+fx
j dx
(22/3 al/3 4 pl/3 X) v _a_-bx3

Optimal (type 4, 329 leaves, 4 steps):
V3 al/s ( al/3,21/3 p1/3 X)

\ -a-bx3

2 (b3 e-22/3 a3 f) ArcTanh |

34/3 /a b3

a2/3 _ a1/3 b1/3 X + b2/3 X2

((1_\/?) a1/3+b1/3x)2

2 2_\/? <21/3 b1/3e+a1/3 'F) <a1/3 +b1/3X> \I

(1+\E) al/3 4+ bl/3 x

(1_ﬁ) al/3 | pl/3

EllipticF [ArcSin|

], -7+4+3] /

1/3 (41/3 | pl/3
a at’? +b*3?x
3 31/431/32/3 | _ ( ) —a-bx3

((1_\/?) a1/3+b1/3x>2

Result (type 4, 387 leaves):
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1/3 1/3
5 a +b X B 1 ((_1>1/3+22/3) £ ((_1)1/3 31/3—b1/3X)
(1+(-1)*3) 2t | 3V

i b1/3 173, (_1)2/3p1/3
(-1)**°- LA EllipticF [ArcSin| @+ (1) X I, (-1)] + 1
al/3 (1+ (_1)1/3) al/3 \/?

<71>1/3 (1+ (71)1/3) (-b1/% e 1 22/3 3173 f) al/3 (71>2/3 b1/3 x L bl/3 x . h2/3 2
(1+ (,1)1/3) al/3 al/3 a2/3

; 1/3 _1)2/3 p1/3
Ellip‘ticPi[&J Apcsin[\l a +< > X ], (1)1/3}J /

(_1)1/3+22/3 (1+ (71>1/3) al/3

[((_1)1/3+22/3) b2/3\l al’? (71)2/3 b'’? x m

(1+ (_1>1/3> al/3

Problem 41: Result unnecessarily involves imaginary or complex numbers.

e+fx
J dx
(crdx) Ve +adx®

Optimal (type 4, 265 leaves, 4 steps):
2 (de-c¥) Ar‘cTan[M}
Jead
3+/3 ¢3/2¢2

2 _92/3 1/3 42 y2
2532 V3 (2desck) (cra2iax) | Ecdxr2 270X
((1+\/?)C+22/3dx)2

(1-ﬁ)c+22/3dx

EllipticF[ArcSin|
(1+\/?) c+2%3dx

|, -7-4v3]|/

c (c+2%23dx
3 31/4cd2 < ) IC3+4d3X3

1+\/? c+2%3dx 2
{ERED )

Result (type 4, 380 leaves):
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5176 23 c 1 2dx
(1+ (71)1/3) c

_F\l (72>1/3C*2 (71>2/3dx ((_1)1/3 (2+ (_2>1/3) c-2 ((_1>1/3+22/3) dX)

(1+ (-1)1/3) c

213 42 (-1)¥2dx
1+(71)1/3
| & b (-1)¥] =

21/6 \/?

EllipticF [Ar‘cSin [

21/3C+2(—1)2/3dx 22/3_2 21/3dx 4d2X2
c c?

(1+<—1)1/3)c ’

(-1)/3 223 (1+ (—1)”3) (-de+cH) \l
21342 (-1)¥3dx
21343 (1: (1) c I, (-1)] /

R Ar‘cSin[
24 (_2)1/3 21/6

EllipticPi|

23 ¢c+2(-1)%°d
[(2+(2)”3)d2J A UL peppApee

(1+ (1)) c

Problem 42: Result unnecessarily involves imaginary or complex numbers.

J X dx
(227 4 x) VT

Optimal (type 4, 145leaves, 4 steps):
V3 (1423 x

13

- +

3+/3

2223 ArcTan|

|, -7-433]|/

_ 2 B
242443 (1+x) e EllipticF[Ar‘cSin[@
(1+\/?+x)2 1+\/?+X

3. 34 —1+X 1+x3
2
1++3 +X)

Result (type 4, 207 leaves):
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1 1+X 1
2 3 -
1
V1+x3 1+<_1> ' 14(-1)23 x
1+ (-1)1/3

1 i
i 22/3 m EllipticPi [ -

(71) 1/3 4 22/3

Problem 43: Result unnecessarily involves imaginary or complex numbers.

J X dx
(22/3—x) 1-x3

Optimal (type 4, 160 leaves, 4 steps):

Nf;' 172yh
2 22/3Ar‘cTan[ . ]

1-x3

343

24/2+/3 (1-x) uEllipticF[Ar‘cSin[@],—7—4\/?]/
(1+\/?7x>2 1+\/?7x

3oave |1 1
(1+\/?—X)2

Result (type 4, 209 leaves):
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1 i
i 22/3 m EllipticPi [ -

(71) 1/3 4 22/3

Problem 44: Result unnecessarily involves imaginary or complex numbers.

X
dx
J(ZZBX) ey

Optimal (type 4, 163 leaves, 4 steps):

2 22/3 Ar‘cTanh[M}
3 -1+x3

- +

343

24/2-/3 (1-x) uEllipticF[Ar‘cSin[@],—7+4\/?]/
(1—\/?—x>2 1—\/?—x

3 31/4\I(1X . m
1-

\/?—X)

Result (type 4, 207 leaves):
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1 i
i 22/3 m EllipticPi [ -

(71) 1/3 4 22/3

Problem 45: Result unnecessarily involves imaginary or complex numbers.

X
dx
J(22/3+x) ey

Optimal (type 4, 156 leaves, 4 steps):
2 2%/3 Ar‘cTanh[ﬁ L2 }

-1-x3

343

_ 2
24/2-+/3 (1+x)J1X+X2 EllipticF[Ar‘cSin[@],—7+4\/?]/

173 o« 143 +x

3ogve | I [T
(1—\/?+X)2

Result (type 4, 209 leaves):
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1 1+X 1
2 N -
1/
V-1-x3 1+ (_1> 14(-1)23 x
1+ (-1)Y/3

1 i
i 22/3 m EllipticPi [ -

(71) 1/3 4 22/3

Problem 46: Result unnecessarily involves imaginary or complex numbers.

X
dx
J<22/3 al/3 ; pl/3 x) m
Optimal (type 4, 275 leaves, 4 steps):

3 al/6 (al/3+21/3 pl/3 x)

2 - 2%2/3 ArcTan [

N a+b x3
- +
3 \/? al/6 p2/3
2/3 _ 41/3 pi1/3 h2/3 x2 1-+/3 ] al3+bl3x
24/2++/3 (a'?+ b3 x) 2 2 aki X EllipticF [ArcSin| ) s
((1+\/?)a1/3+b1/3x)2 (1+\/?)a1/3+b1/3x

1/3 1/3 L pl/3
-7-4+/3 ] / 3 3V4p?3 el G ! \Ja+bx?

((14—\/?) a1/3+b1/3x)2

Result (type 4, 324 leaves):
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a1/3 + b1/3 X

(1+(-2)*2) a1

13 1/3 1 2/3 b1/3
_ [ [31/4 ( (-1)Y2 813 - p1/3 x) \/ (-1)ve- lblﬁx EllipticF [Ar‘CSin[\l a( = >1/3) :
a 1+ (_1) al/3

Us al/3 4 (_1>2/3 bl/3 x
(‘1> ]]/ [\l (1+ (_1)1/3) al/3 ]

1/3 2/3 y2 '
(-1)¥2222 (14 (-1)*3) 222 [1- X P enipticei [ ER—
al/3 (71>1/3+22/3

1
+
(71) 1/3 i 22/3

32/3

Ar‘cSin[J at e (_1)2/3 b X ], (1)1/3]] /(\Eb”3 zJa+bx3

(1+(-2)) a2

Problem 47: Result unnecessarily involves imaginary or complex numbers.

X
dx
J (22/3 al/3 _pl/3 x) a-bx3

Optimal (type 4, 283 leaves, 4 steps):
V3 al/e (81/’3721/3 p1/3 x)

\ a-bx3

2 223 ArcTan|

. 3\/?‘31/6 p2/3 "
2/3, 41/3 p1/3 2/3 y2 1-+/3 ] al/3-p1/3x
22443 (P _piay) | rATOXABTIX EllipticF[ArcSin[( ) ,
((1+\/?)a1/3—b1/3x)2 (1+\E)a1/3—b1/3x

al/3 (a1/3 _pl/3 x)

-7-4+/3] / 3 3L/4p2/3 a-bx3
((1+\/?)a1/3—b1/3x>2

Result (type 4, 388 leaves):
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1+ (-1 al/3

(_1>1/3 (al/sJr (_1>1/3 h1/3 X)

(14 (-2)22) a1

al/3 _ (71>2/3 bl/3 x

(14 (-1)22) a1

EllipticF [Ar‘cSin [\l , (_1) 1/3} _

al/3 _ (_1) 2/3 bl/3 x \/ bl/3x p2/3x2
1+

+
(1+ (_1>1/3) al/3 al/3 32/3

3(71)1/3 22/3 (1+ (71)1/3) a1/3J

, 1/3 _ (_1)2/3p1/3
EllipticPi[L, Arcsin[\l ) =1, (-1)] /

(71>1/3+22/3 (1+ (_1)1/3> 31/3

(1+(-2)*2) a1

[((_1)1/3+22/3) bz/a\l al’? - (’1>2/3 b/% x /a—bx3

Problem 48: Result unnecessarily involves imaginary or complex numbers.

X
dx
J (2273 a1/3 - p/3 x) Voa+bxd

Optimal (type 4, 292 leaves, 4 steps):
3 al/6 (31/3721/3 pl/3 x)

\/ —a+b x3

2 2%3 ArcTanh|

) 3\5‘31/6 p2/3 '
2/3 , 41/3 p1/3 2/3 2 1++/3 ) a3 -bt3x
2+/2-4/3 (a'? - b3 x) Al ralTb X bTTX EllipticF [ArcSin| ) B
TRGErE 13| o

1/3 (g1/3 _ p1/3
-7+44/3 ] / 3 3tepes | ° (2 ) - -arbxX
((1_\/?) a1/3—b1/3x)

Result (type 4, 389leaves):
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1+ (-1 al/3

(_1>1/3 (al/sJr (_1>1/3 h1/3 X)

(14 (-2)22) a1

al/3 _ (71>2/3 bl/3 x

(14 (-1)22) a1

EllipticF [Ar‘cSin [\l , (_1) 1/3} _

al/3 _ (_1) 2/3 bl/3 x \/ bl/3x p2/3x2
1+

+
(1+ (_1>1/3) al/3 al/3 32/3

3(71)1/3 22/3 (1+ (71)1/3) a1/3J

, 1/3 _ (_1)2/3p1/3
EllipticPi[L, Arcsin[\l ) =1, (-1)] /

(71>1/3+22/3 (1+ (_1)1/3> 31/3

(1+(-2)*2) a1

1/3 _ (1 2/3 pbl/3
[((-1)1/3+22/3) bJ 1) * Jaibx

Problem 49: Result unnecessarily involves imaginary or complex numbers.

X
dx
J<22/3 al/? 4 b1/3 x) V-oa-bx®

Optimal (type 4, 288 leaves, 4 steps):
3 al/6 (31/3+21/3 pl/3 x)

\/ -a-bx3

2 2%3 ArcTanh|

- +
3 \E al/6 p2/3
2/3 _ 41/3 p1/3 h2/3 x2 1++/3 | a3 1 b3 x
24/2-+/3 (a3 +b'3x) 2 2 ahi X EllipticF [ArcSin| ) s
([1-43) a2 s bi3x)? 173 a5 b1

1/3 1/3 L pl/3
-7+44/3 ] / 3 3tepes | ° (27 P x) ~a-bx?
((1-+/3) a2 bix]?

Result (type 4, 375leaves):
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1/3 1/3
5 a'/? +b'/3 x ~ 11/4((_1>1/3+22/3) (<_1>1/3 al/3 _pl/3 x)
(1+(-1)*3) a2 | 3

i b1/3 173, (_1)2/3p1/3
(-1)**- 1hx EllipticF [ArcSin| 2P+ (1) X I, (-1)2] +
al/3 (1+ (_1)1/3) al/3

i(71)1/3 22/3 (1+ (71)1/3) al/SJ al/3 4 (71)2/3 bl/3 x \/1 bl/3 x . b2/3 x2

\/? <1+ (71)1/3) al/3 al/3 32/3

; 1/3 _1)2/3 p1/3
Ellip‘ticPi[&J Apcsin[\l a +< > X ], (1)1/3}J /

(-1)2 4223 (1+(-1)3) a2

[((_1)1/3+22/3) b2/3\l al’? 4 (71)2/3 b2 | _a_bx3

(1+(-2)*2) a1

Problem 50: Result unnecessarily involves imaginary or complex numbers.

J X dx
(c+dx> Ve +4d3x3

Optimal (type 4, 246 leaves, 4 steps):

2 ArcTan | V3 e (er2dx)
3+ 33
cadx + | 2173 2+\/? <c+22/3dx)

34/3 /¢ d?

2 52/3 1/3 42 o2 1-4/3 ) c+22/3dx
Co2icdxr2 2 7dx EllipticF[Ar‘cSin[< ) },_7-4\/?}/
((1+\/?)c+22/3dx)2 (1+\E)c+22/3dx

3 31/4d2 c <C+22/3dx> lc3+4d3 X3
((1+\/?) C+22/3dx)2

Result (type 4, 372leaves):
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5176 23 c 1 2dx
(1+ (71)1/3) c

\l (_2>1/3C_2 (_1>2/3dx
(1+ (-1)”3) c

((-1)1/3 (2+ (-2)1/3) c-2 ((-1)1/3+22/3) dx)

213 42 (-1)¥2dx
(1+ -1

. )=

V3

EllipticF [Ar‘cSin [

<_1>1/3 22/3 (1+ <_1>1/3) CJ 217 c+2 (—1)2/3dx \/22/3_ 2.2Y3dx  4d?x?

(1+ (-1)”3) c c T

213 ¢42 (-1)%2dx
i21/34/3 (1+<71)1/3) c
_, Ar‘cSin[

2+ (-2)'° 21/6 I (-] /

EllipticPi|

21/3 2 (_ 2/3d
[(2+(2)1/3) dZJ cr2 (1) dx S rad

(1+ (1)) c

Problem 51: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

w{—————liji————-dx
(2-x) Vi+x3

Optimal (type 3, 23 leaves, 2 steps):

2 (1+X>2
= ArcTanh| ——"—
3 371+x3

Result (type 4, 265 leaves):
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i(1+x)

“31++/3

26 |- _i i+ﬁ-2ix(-j-ﬁ+(-i+ﬁ)x)

\/-i+ﬁ+2jx 2+/3
V2 314 -3i+4/3

A1 - X+ X2 EllipticPi[ﬁ, ArcSin[\/_i+ﬁ+2iX B 2V3 ]]]/

]+z\/?\/-jl+\/?+2jlx

EllipticF [ArcSin|

3i+4/3 \[2 314 -3i++/3
((3i+\/?)\/-i+ﬁ+2ix J14x3

Problem 52: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

Jl‘—xdlx
(2+x) V1-x3

Optimal (type 3, 27 leaves, 2 steps):

2 1-x)?
—fAr‘cTanh[i]
3 3V1-x3
Result (type 4, 262 leaves):
J'l(—1+x>
“|l2ve | ———L i+\/?+2ix(-1+i\/?+x+i\/?x)
—3]'1+\/?
EllipticF[ArcSin[\/_i+ﬁ_2ix], 2v3 |23\ i+v/3 —2ix
V2 314 ~3i++/3
\/1+x+x* EllipticPi] 23 ,Ar‘cSin[x/_iJr\/?_zjx], 2V3 ] /
3i++/3 \[2 31/4 -3i+4/3

((3j+\/?)\/_j+\/?_nx J1-x3

Problem 53: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

1-
S ™

Optimal (type 3, 25leaves, 2 steps):
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2 (1—x>2
—fAr'cTan[i}
3 3/-1+x3
Result (type 4, 260 leaves):
i (-1
ave [AERex) Pev3 e2ix (1403 ox i3 x)
“3i++/3
EllipticF[ArcSin[\/_i+ﬁ_2“}, 2v3 | +2v3 4/ -i+v/3 —2ix
A2 314 ~31++/3
A1+ X+ X2 EllipticPi{ﬁ,Ar‘cSin{\/_]iJﬂ/?_zjlx], 23 ] /
3i+4/3 A2 314 “31i++/3

((3i+\/?)\/—i+\/?—21’1x \/—1+x3)

Problem 54: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

1+X
J dx
(2-x) V-1-x3

Optimal (type 3, 25leaves, 2 steps):

2 (1+X)2
= ArcTan]|
3 37123
Result (type 4, 267 leaves):

i (1
ave | AL sk (Va3 ) )

—31'L+\/?

EllipticF[ArcSin[x/ij+\/?+2jx 23 [ +2v3 4/ i4v/3 +2ix

E
V2 34 -3i+4/3

AJ1-X+ x> EllipticPi[ﬁ, ArcSin[x/ij+\/?+2le ] Z\E ]]]/

3i++/3 \[2 31/4 ’73j+ﬁ
((3]‘1+\/?)\/—1'L+\/?+21'LX A -1-x3
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Problem 55: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

a1/3 + b1/3 X
dx
J (2a'2-b13x) Va+bx3
Optimal (type 3, 50leaves, 2 steps):

al/3.p1/3 )2
2 ArcTanh [ }
3al/64/asb x3

3 al/6 b1/3

Result (type 4, 407 leaves):

1/3 1/3 : hl/3
sl s o | FRSVED G By o B PR i S
(1+ (_1>1/3) al/3 22 al/3

~2ial3 4 [i++/3 ] bM3x
E1lipticF [ArcSin| | ) ], = (1+iv3)]
(—31‘1+\/?>a1/3 2
—2]’1a1/3+<1'1+\/?) bl/3 x bl/3x  b2/3 %2
3ial3 1. — 2, 2%
(—3i+\/?) al/3 al/3 32/3
~2iat3 4 (i+4/3 ] bM3x
Ellipticpi[i,ArcSin[ | ) ,1(1“1\/?)] /
3i+/3 (-3:++/3]) a3 2

1/3 1 2/3 pl/3
(—2+(—1)1/3) bt/3 2 +< ) X \Ja+bx3

(14 (-2)272) a1

Problem 56: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

a1/3 _ b1/3 X
dx
J(Zal/3 +b'3x) Va-bx3
Optimal (type 3, 52 leaves, 2 steps):

(al//3—b1,/3 X) 2
2 Ar‘cTanh[ ]
3al/6/a-bx3

3 a1/6 b1/3

Result (type 4, 370leaves):
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i z\l ( al/3 _pl/3 (_2+ (_1>1/3) ((_1)1/3a1/3+b1/3x)

1+ (-1)2?) a2

<_1>1/3 (a1/3 + (_1> 1/3 pl/3 X)

(14 (-2)22) a1

al/3 _ (_1>2/3 bl/3 x

EllipticF[Ar‘cSin[\l , (_1)1/3} .

(14 (-1)22) a1

1/3 _ (_1)2/3p1/3 1/3 2/3 y2
(_1>1/3\/?(1+(_1)1/3) a1/3\|a ( ) X \/1+b X b#?x

+
(1+ (_1>1/3) al/3 al/3 32/3

13 _ (_1)2/3p1/3
Ellipticpi[i, Ar‘csin[J a ( ) X ]) (_1)1/3] /
3

34+ (1+(-2)2) a2

1/3 _ (1 2/3 pl/3
[(—2+(—1)1/3) b1/3\la (-2) x rJa-bx3

(1+(-2)*2) a1

Problem 57: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

al/3 _pl/3
J dx
(2a'2+b¥2x) V-a+bx?
Optimal (type 3, 53 leaves, 2 steps):
(31/3_b1/3 X)Z
2 ArcTan [ }
3al/6 4/ -a+bx3

3 a1/6 b1/3

Result (type 4, 371 leaves):
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i z\l ( al/3 _pl/3 (_2+ (_1>1/3) ((_1)1/3a1/3+b1/3x)

1+ (-1)2?) a2

<_1>1/3 (a1/3 + (_1> 1/3 pl/3 X)

(14 (-2)22) a1

al/3 _ (_1>2/3 bl/3 x

EllipticF[Ar‘cSin[\l , (_1)1/3} .

(14 (-1)22) a1

1/3 _ (_1)2/3p1/3 1/3 2/3 y2
(_1>1/3\/?(1+(_1)1/3) a1/3\|a ( ) X \/1+b X b#?x

+
(1+ (_1>1/3) al/3 al/3 32/3

13 _ (_1)2/3p1/3
Ellipticpi[i, Ar‘csin[J a ( ) X ]) (_1)1/3] /
3

34+ (1+(-2)2) a2

1/3 _ (1 2/3b1/3
[(2+(1)1/3)b1/3\la ( ) X ’—a+bx3

(1+(-2)*2) a1

Problem 58: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J al/3 4 pl/3
dx
(2 al/3 _pl/3 x) V-a-bx3

Optimal (type 3, 53 leaves, 2 steps):

al/3.p1/3 x 2
2 Ar‘cTan[ ]
3al/6/-a-bx3

3 a1/6 b1/3

Result (type 4, 4101leaves):
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a1/3+b1/3x 1

(1+(-2)2) a2 PN

21bl3x

al/3

2

3V4([ieV/3 ) a2 - (-4 /3] b2 \/mﬁ

~2iat3 4 (i++/3 ) bM3x
EllipticF [ArcSin| | ) ], = (1+ivV3)]

(-3i+V/3)at2 2

31 a1/3

—2]’1a1/3+<j+\/3)b1/3x \/1 bl/3x  p2/3 %2

N
(-3:++/3 ) a2 a? 2’

1

—2\/? ,Ar‘cSin[ —2ia1/3+<i+\/?)b1/3x]’_(1+i\/?)] /

3i+4/3 (-3:++/3]) a3 2

EllipticPi]

1/3 _ 2/3b1/3
(‘2+(—1)1/3) bt/3 2P (1) X \J-a-bx3

(1+(-2)*2) a1

Problem 59: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J c-2dx dx
(c+dx) V2 -8d>x3

Optimal (type 3, 46 leaves, 2 steps):
2 ArcTanh | —(e2d0?

c3-8d3x3
3+/cd
Result (type 4, 295 leaves):
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1y c-2dx
(1+ (—1)1/3) c

(-2+ (-1)1/3) ((-1)1/3c+2dx)

(-1)3 (c+2 (-1)1/3dx)

(1+ (71)1/3) c

EllipticF|

Arcsm[J 2 LT ) e s (1 (1)) J c-2 (1) dx

(1+(—1)1/3)c (1+(-1)1/3)c

2 22 ~2(-1)%34
cCr2cdx+adix E1lipticPi| 273 , Arcsin[ | = (-1)" " dx ], (-1)*?] /
c? 3i+4/3 (1+<71)1/3)c

[(h(l)m)dl o2 s

(1+(-1)*?) ¢

Problem 60: Result unnecessarily involves imaginary or complex numbers.
J e+fx q
——————————————— dX
(2-x) V1+x3?

Optimal (type 4, 139leaves, 4 steps):

2 <1+X>2
~ (e+2f) ArcTanh| ———"—] +
2 371+x3

21/2+4/3 (e-f) (1+x) &EllipticF[Ar‘cSin[@],,7,4\/?]/
(1+ﬁ+x)2 1+\/?+x

3oave |1 100
2
1++v3 +X)

Result (type 4, 273 leaves):
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2\/€ /-M [-nf\/mﬁ-zix (-i-V3 + [-i+3 ) x)
3 -3i+4/3

\/-i+ﬁ+2ix 2+/3

)
V2 314 -3i++/3

J1-x+x? EllipticPi[i,ArcSin[\/_i+ﬁ+zjx], 243 ] /
3i+4/3 V2 3t/ -3i++/3

EllipticF|[ArcSin|

]+2\/?(e+2f)J-i+\/?+2jlx

((3]‘1+\5)\/71+\/?+ij J1ex

Problem 61: Result unnecessarily involves imaginary or complex numbers.
e+fx
J— dx
(2+x) V1-x3
Optimal (type 4, 153 leaves, 4 steps):

2 (e-2) Ar‘cTanh[& -

9 34/1-x3

2~4/2+/3 [(e+f) (1-x %Ellitid Ar‘cSin@,—7—4\/?
Sul >J(1+ﬁx)2 pric[aresin[ = =] 1/

3ogue | 17X - 1o
143 - x|

Result (type 4, 271 leaves):

1+X
—31+

3fA/ 1+ +21X(1+1\/—+X+1\/— )

\/-]'Hﬁ-zix 2+/3

EllipticF [ArcSin| B ]—Zx/?(e—zf)\/—jux/?—ij
V2 314 -3i++/3

J1ex+x? EllipticPi[i,Ar‘cSin[\/iiJr\/?iziX], 243 ] /
3i+4/3 A2 314 “31++/3

((3]1+\E)ij+\/?fzjx J1-x3
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Problem 62: Result unnecessarily involves imaginary or complex numbers.

J e+fx dx
(2+x) V=14
Optimal (type 4, 156 leaves, 4 steps):

2 (e-27) Ar‘cTan[&} -

9 3vV-1+x3

24/2-+/3 (e+f) (1-X) 1+X+X2EllipticF[ArcSin[M],—7+4\/?]/
(1-V3 -x)° 1-/3 -x

; 31/4J( LI vy
1-

V3 - x) ’
Result (type 4, 269 leaves):

1+X
—31+

3F1+4/3 +21ix ( 1+1\/—+X+1\/—)

[\/—J'l+\/3 ~21ix 2+/3
B
V2 314 ~31i++/3

\J1+x+x2 EllipticPi[ﬁ, Ar‘cSin[\/_iJr\/?_zix B 243 ]]]/

EllipticF [Ar‘cSin

]_2\/?(e_2f)\/_j+\/?_2]1x

3i++/3 V2 34 -3i+4/3
((3i+ﬁ)\/-i+ﬁ-2ix NI e

Problem 63: Result unnecessarily involves imaginary or complex numbers.

e+fx
J(zx)mdx

Optimal (type 4, 150 leaves, 4 steps):
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1 2
E(eJrZ-F)Ar‘cTan{ (2+x) ] +
° 3+-1-x3
_ 2
21/2-/3 (e-f) (1+x) Loxox . EllipticF[Ar‘cSin[w],—7+4\/?]/
(1—\/?+X) 1-+/3 +x

ERRECIZ T R S SRR P
(1—\/?+X)2

Result (type 4, 275 leaves):

1+X
-3i+4/3

EllipticF[Ar‘cSin[\/_j+\/?+sz], 2¥3 | +23 (e+2F)-i+3 +2ix

“3ifi+V3 21X(1—\/?+(—]1+\/?)X)

V2 314 -3i+4/3

23 -1 3 +21ix 243
AJ1-x+x2 EllipticPi{L,Ar‘cSin[\/ 1y3 +2i ], V3 ] /

3i+4/3 V2 314 -3i++/3

[(3j+ﬁ)\/-i+ﬁ+21x m)

Problem 64: Result unnecessarily involves imaginary or complex numbers.

J* e+fx q
X
(2222 - bY3x) Vaib

Optimal (type 4, 297 leaves, 4 steps):

al/3.,p1/3 x 2
2 (b1/3 e+2al3 -F) ArcTanh [J—L}
3al/6/a+b x3

+

9+/a b3

2~/2+4/3 (b2 e-al?f) (a2 + b3 x) J

a2/3 _ a1/3 b1/3 X + b2/3 XZ

((1+\/?) a1/3+b1/3x)2

(1_\/?) al/3 4 pl/3 x
(1+\E) al/3 4+ bl/3 x

, -7-44/3] /

EllipticF [Ar‘cSin [

1/3 1/3 1/3
a a't’? + b3 x
3 31/4 a1/3 b2/3 ( ) ’a+bx3

((1+\/?) a1/3'+b1/3'x)2
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Result (type 4, 419 leaves):

1/3 1/3 : 1/3
2 | XD e (5043 ) @t 1443 ) 01x) [ievE - 2E0 X
(1+ (71)1/3) al’? | 242 al/3
“2ia¥3 4 (i++/3)b¥3x
EllipticF [ArcSin| . ( . ) s 1 (1 +i \/?)] +
(-3i+V/3) a1 2
_2ia3 4 [i+4/3 ) b¥3x 1/3 2/3 2
rerang | [ e
(73 i +\E) al/3 al/3 a2/3
“2ia3 ¢ [i+4/3)b3x
EllipticPi[i,Ar‘cSin[ (i3] ],3(1+jﬁ)] /

3i+4/3 (-3:4+/3]) a2 2

1/3 _1)2/3 pls3
[(—2+(—1)1/3) b2/3\la +< 1> X \Ja+bx3

(1+(-2)2) a1

Problem 65: Result unnecessarily involves imaginary or complex numbers.

e+fx
J dx
(2a1/3+b1/3x> Vva-bx3

Optimal (type 4, 304 leaves, 4 steps):

/ / 2
2 (b¥3e-2a'?f) ArcTanh [ M]
3aY/%+/a-bx3

9+/a b3

2/3 1/3 pi/3 2/3 2
2J2:4/3 (bPeralltf) (a3 piiy) | EIDIXHDTIX
([1:73) a2 b2 x)?

1_\/?) al/3 _pl/3y

EllipticF [Ar‘cSin[
(1 +\E) al/3 _pl/3

|, -7-4v3]|/

1/3 (41/3 _ p1/3
a a“’? -b*°x
3 31/4 a1/3 b2/3 ( ) a—bx3

((1+\E) a1/3—b1/3x)2

Result (type 4, 447 leaves):
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1 al/3 _pl/3

2
1/3 1/3_(~1)%/3 pl/3 s \l (1 + (-1 1/3) al/3
(72 +(-1) ) b** a(1+<—1)1/3) al/Bx a-bx’ -

1 (—i+\/?)a1/3+(i+\/?)b1/3x
-—1if

2 (314v3) e

((73]1“5) a1/37(3]1+\/?) b1/3x)

E1lipticF [ArcSin| |- ol Gl G i ], (1+1v3)] -

(-31+/3]) a2 2

i (bY3e - 2213 f)

i (2a1/3+ (1—1’1\/?) b1/3x) \/ bl/3x  p2/3 x2
- 1+

.
(31473 ) at a2

Ellipticpi[i, ArcSin| | - : (2a1/3+ (1_ - \/?) - X> B : (1+ i \/?)]

31443 (7311+\/?)a1/3 2

Problem 66: Result unnecessarily involves imaginary or complex numbers.

J e+fx 4
X
(2a'3+bY3x) V-a+bx?

Optimal (type 4, 313 leaves, 4 steps):

al/3_p1/3 )2
2 (b2e-2a'3f) ArcTan | ]
3al/6/-a+bx3

9+/a b3

a2/3 + a1/3 pl/3 x + b2/3 x2

((1_ﬁ) a1/3_b1/3x)2

2 27\/? <b1/3e+a1/3 'F) (al/37b1/3X> J

(1+ﬁ) al/3 _pl/3
(1_\/?) al/3 _pl/3y

EllipticF [ArcSin|

|, -7+4+/3] /

1/3 (41/3 _ pl1/3
a at’? -b?x
3. 31/431/32/3 | _ ( ) ; A —a+bx3

((1_\/?) a1/3—b1/3x>

Result (type 4, 448 leaves):
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1 al/3 _pl/3

2
(’2+ (*1>1/3) p2/3 | Bl-L2Peix ST \I (1+ (_1)1/3) al??

(1+ (-1) 1/3) al/3

1 (—i+\/?)a1/3+(i+\/?)b1/3x
-—1if

2 (314v3) e

((73]1“5) a1/37(3]1+\/?) b1/3x)

E1lipticF [ArcSin| |- ol Gl G i ], (1+1v3)] -

(-31+/3]) a2 2

i (bY3e - 2213 f)

i (2a1/3+ (1—1’1\/?) b1/3x) \/ bl/3x  p2/3 x2
- 1+

.
(31473 ) at a2

Ellipticpi[i, ArcSin| | - : (2a1/3+ (1_ - \/?) - X> B : (1+ i \/?)]

31443 (7311+\/?)a1/3 2

Problem 67: Result unnecessarily involves imaginary or complex numbers.

J e+fx 4
X
(2a1/3—b1/3x> V-a-bx3

Optimal (type 4, 310leaves, 4 steps):
2 (b1/3 e+2al3 f) ArcTan [ m)—}
3at/6+/-a-bx3
9+a b3

+

a2/3 _ a1/3 b1/3 X + b2/3 XZ

((1_ﬁ) a1/3+b1/3x)2

2 27\/? <b1/3e7a1/3 'F) (a1/3+b1/3 X) J

(1+\E) al’3 1 b1/3 x

(1_\/?) al/3 L pl/3

EllipticF [ArcSin|

|, -7+4+/3] /

1/3 (41/3 | p1/3
a at’?+b/x
3. 31/431/32/3 | _ ( ) —a-bx3

((1_\/?) a1/3+b1/3x>2

Result (type 4, 422 leaves):
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, | 2P+ Lo ((1eV3) et (mie 3] by i3 iR
(1+(-1)*?) a2 | 2v2

al/3

~2ial? s (1443 ) b12x

EllipticF [ArcSin|
(-3i+V/3)at2

)

(1+ivV3)]

N |

“2ia¥3+ (i++/3)bY3x 1/3 2/3 2
reonirg [P [ i
(31043

+
a1/3 a2/3

2\/? —21'La1/3+(1'1+\/?)b1/3x

EllipticPi[ ————, ArcSin]|
3i+43 (-3j+x/?)a1/3

]s

N |

(1+11\/?)] /

1/3 _ 2/3b1/3
[(—2+(—1)1/3) b2/3\la +(-2) X A/ -a-bx3

(1+(-2)*2) a1

Problem 68: Result unnecessarily involves imaginary or complex numbers.

e+fx
J dx
(c+dx) Ve -8d3x3

Optimal (type 4, 221 leaves, 4 steps):

2 (de-cf) ArcTanh | —(&2d0-— .

c3-8d®x3

9 C3/2 d2

EllipticF[ArcSin|
((1+ﬁ)c-2dx)2 (1443 ) c-2dx

)

’ 22 1—\/? c-2dx
2+4/3 (2de+cf) (CZdX>\l c+2cdx+4d*x ( )

geava]| /s weee | SR o
((1+\/?)c-2dx)2

Result (type 4, 384 leaves):
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) chdx | ieVE)er2 (i3 ) dx
(1+

3i+4/3 ) c-2(31i++/3)dx
(—1)1/3)c (,3j+ﬁ)c (( ) ( ) )

EllipticF [ArcSin[v/2 ic+idxsV3 dx ], = (1+3V3])] +
3ic-+/3 ¢ 2

i id d 242cd 4 d? x?
4\/?(de—c-F) icridx++/3 dx c2+2cdx+ X
3ic-+3 ¢ c?

243 c+1dx 3 dx 1
EllipticPi| ——— V3 , ArcSin|[~/2 ictidx+V3 1, = (1+i\/?)} /
3i+4/3 3ic-+/3 ¢ 2

[2 (72+ (71)1/3) dz\l C(— 1 2/3 4 x e dd @

1+ (- 1)1/3)

Problem 69: Result unnecessarily involves imaginary or complex numbers.

J(2—x>)i/md]x

Optimal (type 4, 129leaves, 4 steps):

4 (1+X>2
fAr'cTanh[
° 37V1+x3

_ 2 _
2+/2+4/3 (1+x) 1#EllipticF[Ar‘cSin[@],—7—4\/?]/
(1+\/?+x>2 1+\/?+x

3 ogue | ATX 1
(1+\/?+X)

Result (type 4, 193 leaves):
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1 1+Xx
2

Viexd [ 1+ (-1)'°

_q)1/3_ (_q)2/3 1 )23
;(<_1>1/3_X) < ( ) ElllpthF [Ar‘csin[ M ], <_1>1/3] +
1+ (-1)23x 1+ (—1)1/3 1+ (_1>1/3
1+ (-1)Y/3

14+ (-1)%3
! 2i+/1-x+x? EllipticPi[i, ArcSin| e () x 1, (-1)*7]

-2+ (-1)° 3i44/3 1+ (1)

Problem 70: Result unnecessarily involves imaginary or complex numbers.

X
j—dlx
(2+x) 1-x3

Optimal (type 4, 145leaves, 4 steps):
(1-x)°

3vV1-x3

4
— ArcTanh |
9

(1+ 3—X) 1+4/3 -x

2 - —
2~/2++/3 (IX)JMXZ EllipticF[ArcSin[@],_7_4\/?]/

3ogve | 1TX 1T
(1+\/?—X)2

Result (type 4, 195leaves):

1 1-x

2
Vioxr 1+ (-1)Y°

_1)13 . (_1)2/3 1 (_1)23
;(<71>1/3+X) < + ( ) ElllpthF {Ar.csin[ M ], <71>1/3j| .
1 (123 1+ (—1)1/3 14 (_1>1/3
1+(-1)Y/3

1 243
2i+/1+x+x* EllipticPi| ————, ArcSin|

24 (1)t 313 i} Jo (-1)"7]
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Problem 71: Result unnecessarily involves imaginary or complex numbers.

J(2+x);_TT§?dM

Optimal (type 4, 148 leaves, 4 steps):

: 1-%)?
—ArcTan| ————] -
9 3+ -14+x%3

24/2-+/3 (1-%) 1+X+X2EllipticF[Ar‘cSin[]M/—H(],—7+4\/?]/
(1—\/?—x)2 l—ﬁ—x

; 31/4J( X e
1-

V?—x)2

Result (type 4, 193 leaves):

1 1-x

2
VI A 1+ (-1)2

_q)1/3, (_q)2/3 i
;(<_1>1/3+x) \l < (+ ()1/>3 X EllipticF[ArcSin[ -7 X ], (_1>1/3] .
_(-1)2/3 1+ (-1
11+(-11)1/3X

1 2+/3
2i+/1+x+x* EllipticPi| ————, ArcSin|

~2+ (-1)%3 3i44/3

SR )

Problem 72: Result unnecessarily involves imaginary or complex numbers.

sz_x>;?1?;fdx

Optimal (type 4, 140leaves, 4 steps):
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B 2
2+/2-/3 (1+x) 1X+XEllipticF[ArcSin[m],-7+4\/?]/
(1—\/?+x)2 1-/3 +x

ERRECIZ T R S SRR P
(1—\/?+X)2

Result (type 4, 195leaves):

1 1+x

2
Vo1ioxd 0 1+ (-1)YP

—1)Y3 o (—1)23 14 (_1)2/3
;(<71>1/37X) < ( ) ElllpthF {Arcsin[ M ], <71>1/3j| +
1+ (-1)%73 1+ (-1)Y3
1+(-1)2/3x
14+(-1)1/3

1 2+/3
2i+/1-x+x* EllipticPi| ————, ArcSin|

,2+(,1)1/3 3i44/3 4 (71> ]

Problem 73: Result unnecessarily involves imaginary or complex numbers.

X
dx
J(2a1/3—b1/3x> Vva+bx3

Optimal (type 4, 260 leaves, 4 steps):

4Ar‘cTanh[M}
3al/6+/a+bx3
9 al/6 p2/3 h
2/3 _ 41/3 p1/3 2/3 2 1-+/3 ) a3 1 pl/3x
2+/2+/3 (a'?+ b3 x) 2 alb XY x EllipticF[Ar‘cSin[( ) ,
((1+\/?)a1/3+b1/3x)2 (1+\E)a1/3+b1/3x

1/3 1/3 L pl/3
~7-4+/3 ] / 3 3V4p?3 el Gl Ja+bx®

((1+\/?) a1/3+b1/3x>2

Result (type 4, 407 leaves):
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21bl3x

al/3

\I al/3 L pl/3 ﬁ31/4((j+\5>a1/3(J‘L+\5)b1/3x)\/i+\/?

(14 (-1)*3) 222

-2]1a1/3+(i+ﬁ) b1/3 x |
)

1
(—3Ji+\/?)a1/3 2

EllipticF[ArcSin|

(1+jm/?)]+

8i a1/3

—2]’1a1/3+(j+\/3)b1/3x \/1 bl/3x  p2/3 %2

.
(3143 ) a7

-21al3 4 ]i+\/? bl/3 x
ﬂ, ArcSin| ( )

3i+4/3 (-3j+x/?)a1/3

EllipticPi|

s

N |

(1+ivV3)] /

1/3 _1)\2/3 pl/3
2 -2+ (-1)*7) b2/3Ja - (=1) 2 Jasex

(1+(-2)*?2) a1

Problem 74: Result unnecessarily involves imaginary or complex numbers.

X
dx
J(zaﬂ/m;,lﬂx) Va-bx

Optimal (type 4, 268 leaves, 4 steps):
4 ArcTanh [ M}
3al/6+/a-bx3

9 a1/6 b2/3

2/3 , 21/3 p1/3 2/3 2 1-+/3 ) a3 -pl/3x
24/2+4/3 (a'?-b'?x) A AT X DT EllipticF [ArcSin] ( )
((1+\/?>a1/3—b1/3x)2 (1+\E)a1/3—b1/3x

]

a1/3 (a1/3 _ b1/3 X)

_7-4+/3] / 3 34p23 a-bx’
((1+\/?)a1/3—b1/3x>2

Result (type 4, 371 leaves):
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i | ) (e

(_1>1/3 (al/sJr (_1>1/3 pl/3 x)

(14 (-2)22) a1

al/3 _ <71> 2/3 bl/3 x

(14 (-2)22) a1

[s (=1)*72]

EllipticF [Ar‘cSin [\l

a1/3_<_1>2/3b1/3x\/ bl/3x p2/3x2
1+

+
(1+ (_1>1/3> 31/3 al/3 a32/3

%2 (71>1/3 (1+ <71>1/3) a1/3\l

al/3 _ (_1)2/3 bl/3 x ], <_1>1/3] /

EllipticPi[i, ArcSin|
31443 (1+(-2)?) a2

1/3 _ (1 2/3 pl/3
[(-2+ (-1)*?) b2/3\l il ) * Ja by

(1+(-2)2) a1

Problem 75: Result unnecessarily involves imaginary or complex numbers.

X
dx
J(2a1/3+b1/3x> V-a+bx3

Optimal (type 4, 277 leaves, 4 steps):

a1/3—b1/3 x 2
4 ArcTan]| —(—)—]
3364/ —a+b x3

—|2+/2-4/3 (al/3fb1/3x)

9 al/6 p2/3

2/3 , 41/3 11/3 2/3 2 1++/3 ) a3 -pl/3x

LA EllipticF[ArcSin[( ) ],77+4\/?}/
((1—\/?)a1/3—b1/3x)2 (17\/?)a1/3—b1/3x

e | al/3 (al/37b1/3 X) - ;
3.37%Db ((1_\/?) al/s_bl/zx)z \/-a+bx

Result (type 4, 372leaves):
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i | ) (e

(_1>1/3 (al/sJr (_1>1/3 pl/3 x)

(14 (-2)22) a1

al/3 _ <71> 2/3 bl/3 x

(14 (-2)22) a1

[s (=1)*72]

EllipticF [Ar‘cSin [\l

a1/3_<_1>2/3b1/3x\/ bl/3x p2/3x2
1+

+
(1+ (_1>1/3> 31/3 al/3 a32/3

%2 (71>1/3 (1+ <71>1/3) a1/3\l

al/3 _ (_1)2/3 bl/3 x ], <_1>1/3] /

EllipticPi[i, ArcSin|
31443 (1+(-2)?) a2

1/3 _ (1 2/3 pl/3
[(—2+(—1)1/3) b2/3\la ( ) X \/-—a+bx3

(1+(-2)2) a1

Problem 76: Result unnecessarily involves imaginary or complex numbers.

X
dx
j(2a1/3b1/3x) v_a-bx3

Optimal (type 4, 273 leaves, 4 steps):

al/24p/3 x)2
4 ArcTan]| ]
3al/6+/-a-bx3

—|2+/2-4/3 (al/3+b1/3x)

9 al/6 p2/3
2/3 _ 41/3 11/3 2/3 2 1++/3 ) a3 +b3x
F e b XX EllipticF[ArcSin[( ) ],77+4\/?}/
(133 ) a1 s bix)? 143 ) o b

1/3 1/3 1/3
a a2+ b3 x
3 31/4b2/3 _ ( ) _a_bx3

((1_\/?) a1/3+b1/3x)2

Result (type 4, 410leaves):
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21bl3x

al/3

\I al/3 L pl/3 ﬁ31/4((j+\5>a1/3(J‘L+\5)b1/3x)\/i+\/?

(14 (-1)*3) 222

~2:als (1443 ) b12x

(*3]'l+\/?) al/3

EllipticF[ArcSin|

],%(1+j\/?)]+

8i a1/3

—2]’1a1/3+(j+\/3)b1/3x \/1 bl/3x  p2/3 %2

.
(3143 ) a7

-21al3 4 ]i+\/? bl/3 x
ﬂ, ArcSin| ( )

3i+4/3 (-3j+x/?)a1/3

EllipticPi|

s

N |

(1+ivV3)] /

1/3 1 2/3b1/3
2 -2+ (-1)*7) b2/3Ja - (=1) *Jaby

(1+(-2)*?2) a1

Problem 77: Result unnecessarily involves imaginary or complex numbers.

J X dx
(c+dx) Ve3-8d3x3

Optimal (type 4, 202 leaves, 4 steps):
2Ar‘cTanh[—(—)—c’2dX : }

c3-8d3x3

9+/c d?

2 2,2 1-+/3)c-2dx
2+4/3 <c2dx)\l cCr2cdx-4dix EllipticF[Ar‘cSin[( ) |

((1+43) c-2dx) (1473 c-2dx

-2d
~7-4+/3 ] / 3 3142 c lc ) ~ o -sdx

([1+V3) c-2dx]

Result (type 4, 295 leaves):
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c-2dx
\/ (14 (1)) ¢

J (-1)*7 [cv2 (-1)7dx]

(1+ (71)1/3) c

(72+ (71)1/3) ((—1)1/3c+2dx)

c-2 (—1)2/3dx

(1+ (71)1/3) c

[s (=1)*7]

EllipticF [Ar‘cSin [J

iz (71>1/3 (1+ <71>1/3) c c-2 (_1)2/3dx \/CZ+2CdX+4d2X2
V3 (1+(_1)1/3) c 2

EllipticPi[Bi:/j?, Ar‘cSin[J c(;i E:i;ji;: I (1>1/3]]]/

PNIPITENE et o R L peppyrpey
20 (1)) (

1+ (—1)1/3) c

Problem 78: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J 1+ \/? + X dx

(1 -3 x) Viex3

Optimal (type 3, 42leaves, 2 steps):
2 ArcTanh [ STy ]

143

-3+24/3

Result (type 4, 267 leaves):
Ji(1+X) ) ] . . )

- 2\/? EE— —1+ﬁ+21x 1+21 —]1\/?+ -2-1 +\E X
e |V [(1+21) [(-2-1) 3] ¥

EllipticF[ArcSin[ j+ﬁizjx], 2\/? ]+4J‘1\/J‘1+\E—2]‘1x AJ1-x+x2

V2 314 3i+4/3
213 ]1+\572]1X] 23 ]]]/

EllipticPi]| , ArcSin|

)
-3+(2+11)V? A2 34 3i+4/3

((—3+(2+J'1) ﬁ)mm
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Problem 79: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J 1+\/?7X dx
(1—\/?—x) 1-x3

Optimal (type 3, 46 leaves, 2 steps):

2Ar‘cTanh[ =342y 3 1”‘}

1-x3
~3424/3
Result (type 4, 269 leaves):
i (-1
26 if-1vx) i+ﬁ+2ix((2+i)-ﬁ+((1+21)-1ﬁ)x)
~3i++/3
EllipticF[ArcSin[\/_“ﬁ_ux], 2v3 [van 143 —2ix \J1exsx2
V2 314 -3i++/3
EllipticPi| 23 ,ArcSin[\/_i+ﬁ_sz s 23 ] /
-3i+ (1+21) /3 \[2 31/4 -3i++/3

((-3i+(1+2i)ﬁ)\/-j+\/_-zix J1ox

Problem 80: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J 1+ \/? -X dx
(1—\/?—x) V-1+x3
Optimal (type 3, 44 leaves, 2 steps):

ZArcTan[jzizzilﬁiﬁ]
A -14x3

-34+2+/3
Result (type 4, 267 leaves):
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i(-1+x])

“3i++/3

26 i+4/3 +21x ((2+i)-\/?+((1+21)-1ﬁ)x)

Ellip‘cicF[Ar'cSin[\/_jlJr\/?_zjlX B 213 ]+4\/—]1+\/?—2]'].X A1+ x+x2

A2 314 “31++/3

2+/3 JArcSin[\/-mv_-zjlx , 2+/3 ]/
-3i+ (1+21) /3 \[2 314 -3i++/3

((-3i+(1+2i)ﬁ)\/-j+\/_-zix NI

EllipticPi|

Problem 81: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J\ 1+ \/? + X dx
(1—\/?+x) Vv-1-x3
Optimal (type 3, 44 leaves, 2 steps):

2 ArcTan | 202202 (L ]

~3+2+/3
Result (type 4, 269 leaves):

i (1+X)

26 Joie3 s 2ix (<1+2i)-1ﬁ+((-2-j)+\/?)x)

3i+4/3

1 3 -21 243
EllipticF [ArcSin| icV3 lx], V3 | +41 P43 —2ix AJ1-x+x?
\[2 31/4 3i++/3

2i+/3 i++/3 -21ix 2+/3 ]]

EllipticPi| » ArcSin|

)
-3+(2+11)\/? N2 34 3i+4/3

((-3+(2+1) \/?)ij/?-zjx NIRRT

Problem 82: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

(1+\/?) al’? + b3 x
J((l_ dx

\/?) a1/3+b1/3x) Va+bx3
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Optimal (type 3, 69leaves, 2 steps):
A\ -3+2+/3 al/s (al/"3+b1/3 x) }
\ a+b x3

\-3+2+/3 al/6pt/3

Result (type 4, 322 leaves):

2 ArcTanh |

a1/3 b1/3 X

13
\/a+bx3 ~1)13) a1/3

al/3 | (71> 2/3 bl/3 x

[[

t hl/3
((—1)1/3 al/3 _pl/3 x) \/ (-1)*°- ib77x EllipticF[Ar‘cSin[\l

31/3 (1+ <_1>1/3) 31/3
o] e [F
(1+ (_1)1/3) al/3
1/3 2/3 2
4 (-1)°° (1+ (-1)1/3) a3 g 2UX PTTX EllipticPi] 243 ,
at?  a?? “3i+ (1+21) /3

ArcSin[J al/3 . (*1)2/3 bl/3 x ], <1>1/3]]/ ((7311+ (1+21‘1) ﬁ) b1/3)]

(14 (-2)22) a1

Problem 83: Result unnecessarily involves higher level functions and more than

twice size of optimal antiderivative.

(1+\/?) al/3 _pl/3
J((l dx

V3 ) @t bisx) asb

Optimal (type 3, 71leaves, 2 steps):
_342+/3 al/s (31,/34)1/3 x)
\/ a-bx3

~3+2+/3 al/fpl/3

2 ArcTanh|

Result (type 4, 446 leaves):
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al/3 _pl/3 x

14 (-1)V3) a1

1

2
(<34 (1+24) V3 ) b12 S R T T \l(

(1+(-1)1/3) al/3

(—Ji+\/?) a1/3+(j1+\/?> bl/3 x
<73]'1+\E) al/3

(—3+(2+J’1>\/?) a1/3+(—3j+<1+211)\5) b1/3x)

i(2a24 (1-23)013x)
EllipticF [ArcSin[ | - ], = (1+ ]1\5)] N

(-31+/3]) a2 2

Tt _21‘1a”3+(11+\/?) bl/3 x 1+b1/3x+b2/3x2
(_3].1+\/?) 31/3 a1/3 aZ/B
i{2at3+(1-1+/3)b¥3x
EllipticPi| 23 , Arcsin| | - | d ) ) ], : (1+1V3]]
S3i4 (1+2d) /3 (73j+ﬁ) al/3 2

Problem 84: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

(1+\/?> al/3 _pl/3
J((l dx

V3 ) @i bi k) a b

Optimal (type 3, 72leaves, 2 steps):
_3:2+/3 al/s (al/_’:ibl/:! x)
\/ —a+bx3

-3+2+/3 al/tb/3

2 ArcTan|

Result (type 4, 447 leaves):
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al/3 _pl/3

1+ (-1)22) a1

2
(-3i+ (1+24) V3 ) b12 S AT Y \I(

(1+(-1)2) 222

(—Ji+\/?) a1/3+(j1+\/?> bl/3 x
<73]'1+\E) al/3

(—3+(2+J’1>\/?) a1/3+(—3j+<1+211)\5) b1/3x)

i(2a24 (1-23)013x)
EllipticF [ArcSin[ | - ], = (1+ ]1\5)] N

(-31+/3]) a2 2

Tt _21‘1a”3+(11+\/?) bl/3 x 1+b1/3x+b2/3x2
(_3].1+\/?) 31/3 a1/3 aZ/B
i{2at3+(1-1+/3)b¥3x
EllipticPi| 23 , Arcsin| | - | d ) ) ], : (1+1V3]]
S3i4 (1+2d) /3 (73j+ﬁ) al/3 2

Problem 85: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

(1+\/?) al/3 + b1/3 x
J((l dx

V3 ) a3 b33 x) Ve b

Optimal (type 3, 72leaves, 2 steps):
-3+2+/3 al/® (al//3+b1/3 x)
Joabx

~3+2+/3 al/6pl3

2 ArcTan|

Result (type 4, 325leaves):
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1 al/3 4 pl/3 x
2
v-a-bx3 (1+(—1)1/3) al/s

i bl/3 1/3 _1)2/3 p1/3
((—1)1/3 al/3 - p?/3 x) (—1)1/6—]Lb7x EllipticF[ArcSin] P (-1) X P
1/3 13
a (1+(-2)2) a1

<1>1/3]]/ [31/4 bl/s\l al’? 4 (-1)*7p13x

(14 (-1)*3) a23

+

3

1/3 2/3 y2 /
4 (-1)%° 1+ (-1)*?) a2 J1- X X ey iptici 23
at?  a?? “3i+ (1+21) /3

(1+(-2)*?) a1

ArcSin[J 22 (1) 70 x P (1)1/3]]/ ((-3i+(1+21)V3) b1/3)]

Problem 86: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

1+\/?+ (Q)I/B
dx
J(l—\/?+ (5)1/3)() Vva+bx3
Optimal (type 3, 73 leaves, 2 steps):
J3avs Ve [1(4) ]
/73+2\/?\/?(§)1/3

Result (type 6, 1527 leaves):

11 4 bx? b x3
[32 (26-15 \/?) a?xAppellF1[=, =, 1, —, 22X —X]]/
3 2 3 a  _10a+6+/3 a

[(—5+3ﬁ) (2(-5+3V3 ) a-bx’|Jarbx®

2Ar‘cTanh[

1 1 4 b x3 b x3
8(—5+3\E)aAppellF1[—, 21, -, e —, - ————— ]«
3 2 3 a 10a-6+/3 a
3 4 1 7 bx b x3
3bx AppellFl[f, =52, T, - e
3 2 3 a 10a-6+/3 a

3 7 b x3 b x3
y 1: e )‘7] -
2 3 a 10a-6+/3 a
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1 1 4 bx3 b x3
32\/?(26—15\/?) a2 x AppellF1[=, =, 1, —, - A S C— ]/
3 2 3 a  _10a+6+/3 a
[(—5+3ﬁ) (2(—5+3ﬁ)a-bx3) Ja+bx3
1 1 4 b x3 b x3
8(—5+3ﬁ)aAppellF1[*, -1, -, 7:*7]+
372 a 10a-6+/3 a
3 4 1 7 b x3 b x3
3bx® |AppellFl[—, =, 2, =, - —, - ——— | +
3 2 3 a 10a-6+/3 a
4 3 7 b x3 b x3
(5—3\/?) AppellFl{—, -1, - - - ]] -
372 3 a 10a-6+/3 a
b 1/3 2 1 5 bx3 b x3
60 (26-15\/?) a? [—] x? AppellFl[ =, =, 1, =, - =, —X}J/
a 3 2 3 a _10a+6+/3 a
[(-5+3\/?) (2(-5+3v3 ) a-bx] Jarbx
2 1 5 b x3 b x3
10 (75+3ﬁ) aAppellF1[=, =, 1, >, - —, - —————— ] &
372 3 a 10a-6/3 a
5 5 1 8 b x3 b x3
3bx® |AppellFl[=, =, 2, —, - —, - ———— ] +
372 3 a 10a-6-/3 a
5 3 8 bx3 b x3
(5*3\/?) AppellFl[*: — 1, > T - T _—— J]]+
3 2 3 a 10a-6+/3 a
by1/3 2 1 5 b x3 b x3
(zeﬁ (26-15 \/?) a? [f] x? AppellF1[=, =, 1, =, - —, }J/
a 372 3 a  _10a+6/3 a
(5233 ) (2503305 ) a-bw) forb
2 1 5 b x3 b x3
10(-5+3ﬁ)aAppe11F1[—, =1, =, —, ]
372 3 a 10a-6+/3 a
5 5 1 8 b x3 b x3
3bx3 |AppellFl[=, =, 2, =, - y ] +
372 3 a 10a-6+/3 a
5 3 8 b x3 b x3
(573\5)AppellF1[*, -1, =, - X :X]J]J
3 2 3 a 10a-6+/3 a
b\ 2/3 1 b x3 b x3
(16 (26—15 \E) a? [f] x3 AppellF1[1, =, 1, 2, - —, ]]/
a 2 a ~10a+6+/3 a

[\E(5+3\E) (2(75+3\/?)a7bx3)\/m

3 3
4(-5+3\/?)aAppe11F1[1, 1, 2,—bX bixp
2

== -
a 10a-6+/3 a

1 b x3 b x3
AppellFl[z, =5 2,3, -—, —7] +
2 a 10a-6+/3 a

3 3
(5-3+/3 ) AppellF1|2, 21,3, 2, DX ]])]
2

b x3

3

a 10a-6+/3 a

| 73
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3

(7 (26 - 15 \/?) ab x* AppellF1|

w | b
N | R

7 b x3 b x3 ]
11) _)_—J —:| /
3 a  _10a+6+/3 a

[(—5+3ﬁ) (2(—5+3ﬁ)a_bx3)m

4 1 7  bx3 b x3
14(—5+3\/?)aAppellFl[*, =1, o, e ——————— |+
3 2 3 a 10a-6+/3 a
5 7 1 10 b x3 b x3
3bx3 |AppellF1[=, =, 2, —, - —, - ——— ] +
372 3 a 10a-6+/3 a
7 3 10 b x3 b x3
(5—3\/?) AppellFl{—, -1, - - - ]]]
3 2 3 a 10a-6+/3 a

Problem 87: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

133 - (2]
dx
J(m—(s)“x) Ve
Optimal (type 3, 75leaves, 2 steps):
Va2 va (1[4
l_3+2\/?\/?(§)1/3

Result (type 6, 835leaves):

2Ar‘cTanh[
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1
3(75+3\E)\/m(2(—5+3ﬁ)a+bx3)
11 4 bx3 b x3
(26-153 ) a (96 1++/3 | aAppellFi[~, =, 1, -, S L ]]/
372 3 a 10a-6+/3 a
11 4 bx3 b x3
( ( 5+3ﬁ)aAppe11F1 =1, 5,2 7)(}—
37 2 3 a 10a-6+/3 a
1 7 bx3 b x3
3b AppellFl[ 52, =, —, 7]
3’ 2 3 a 10a-6+/3 a
4 3 7 bx3 b x3
(573\/?) AppellFl[f: =1, = —, 7] ]]+
3 2 3 a 19a-6+/3 a
by1/3 2 1 5 bx3 b x3
[(60(3+\E)a[] AppellFi[=, =, 1, =, —, ————] /(1@(5 3\5)
a 3 2 3 a 10a-6+/3 a
2 1 5 bx3 b x3 3 5 1 8 bx3
aAppellFl|—, =, 1, =, —, ———————| -3bx? |AppellF1|[ =, =, 2, —, —,
3 2 3 a 10a-6+/3 a 3 2 3 a
b x3 5 3 8 bx3 b x3
7}+(5—3\/?)AppellFl[—, 1 o, —]]]]+
10a-6+/3 a 3 2 3 a 10a-6/3 a
b\ 2/3 1 b x3 b x3
16\/?a(—) AppellF1[1, =, 1, 2, s v }]/ 4(-5+3ﬁ)
a 2 a 10a-6+/3 a
1 b x3 b x3 3 1 b x3
aAppellF1[1, =, 1,2, —, ——————| -bx® |AppellF1|2, ~, 2,3, —,
2 a 10a-6+/3 a 2 a
b x3 3 b x3 b
—X]+(5—3\/?)AppellF1[2, 21,3, 2, —X]]]J+
10a-6+/3 a 2 a 10a-6+/3 a
4 1 7 bx3 b x3
21beppellF1[*, =1, = —, 7} /
372 3 a 10a-6+/3 a
4 1 7 bx3 b x3
(5 3\/—)aAppellF1[* =1, = — 7]*
3 2 3 a 10a-6/3 a
10 bx3 b x3

3bx3 |A 11F1212——
x> |Appe [3,2,, s s

7%
3 a 10a-6+/3 a

7 3 10 bx? b x3
(5-33 ) AppellF1[ =, =, 1, —, —, —— ]
3 2 3 a 10a-6+/3 a

Problem 88: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J +\/7 ( )1/3 .
(1—\/?— (E)l/Bx) V-a+bx3

Optimal (type 3, 76 leaves, 2 steps):
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\=342/3 a (17 (:*) 3 xj
2 ArcTan| ]

l_3+2\/? \/?(5)1/3

Result (type 6, 836 leaves):
1

3(75+3\E) Vv-a+bx3 (2 (—5+3\E)a+bx3)

3 3
(26—15\/?)ax 96(—1+\/?)aAppellF1[l, 14,4 b—x, b—x]]/
3 2 3 a 10a-6+/3 a

1 1 4 bx3 b x3
[8 (75+3ﬁ) aAppellfFl|=, =, 1, -, —, ———— | -
3 3 a 19a-6+/3 a
1 b x3
AppellFl[f, = 2, =, —/, 7] +
372 3 a 10a-6+/3 a
3 7 bx3 b x3
(5—3\/?) App911F1[*; 5) 1, - —, 7}

IN
~
o
x

w

3bx3

IN

.
3 a 19a-6+/3 a ]]
1 b x3 b x3 }

b 1/3 2 5
60 (-3+«/3 ) a [,J AppellFl[—, =, 1, =, y —————————
a 3 2 3 a 10a-6v3a

w

X

2 1 5 bx3 b x3
aAppellfFi[=, =, 1, >, —, —————
3 2 3 a 19a-6+/3 a

b 3 5 3 8 b 3 b 3
7X}+(5_3«/3)AppellF1[—, -1, =, 2 :;]J]JJ’
163—6\/?3 3 2 3 a 10a-6+3 a

b b x3 b x3

2/3 1
16/3 a (—) AppellF1[1, =, 1, 2, —, —}J/
2 10a-6+/3 a

a a

P 51, 8
| -3bx® |AppellF1| =, =, 2, —,
3 2 3

4(75+3ﬁ)

X

1 x3 b x3
aAppellF1[1, =, 1,2, —,

_ AppellF1][2,
2 a 10a-6+/3 a

]—bx3

1

2 a
3 3 ?
bix] + (5,3\5) AppellF1]2, 3, 1, 3, bfx, bx]]]) *

10a-6+/3 a a 10a-6+/3 a

4 1 7 bx3 b x3
21beppe11F1[*, =1, = —, 7} /
372 3 a 10a-6+3 a
1 7 bx3 b x3
:_:1) ) B} ]_
2 3 a 10a-6+/3 a

14 (—5+3\/?) aAppellFl[i
3

7 1 10 bx3 b x3
AppellFl|—, =, 2, —, —,
3 2

3bx3 _— |+
3 a 10a-6+/3 a

-

3 3
(5-3%?) AppellFl[Z, 34,1 b—x, b—X]J]J]]
3 2 3 a 10a-6+/3 a
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Problem 89: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J 1+\/?+(§)1/3X
dx

(1—\/?+ (g)l/gx) Vv-a-bx3

Optimal (type 3, 76 leaves, 2 steps):
\-3+243 Va 1+(:—)1’/3x
\/ -a-bx3
\-3+2+/3 +a (2)1/3

Result (type 6, 1545 leaves):

2 ArcTan [

]

[32 (26 ~15 ﬁ) a2 x AppellF1]

w |

1 4 bx? b x3
T Y —] /
2 3 a _10a+6+/3 a

(5eav3)aow (2 [-522v3)a00)

1 1 4 b x3 b x3
[8(5+3\5)aAppellF1[, -1, =, - y - T |+
3 2 3 a 10a-6+/3 a
5 4 1 7 b x3 b x3
3bx AppellFl[f, =5 2, =y -/, *7] +
3 2 3 a 10a-6+/3 a
4 3 7 b x3 b x3
(5—3\/?)AppellF1[*, =1, ,—:—]]]]‘
372 3 a 10a-6+/3 a
11 4 b x3 b x3
(32ﬁ (26-15/3 ) a?xAppellF1[ =, =, 1, —, - ——, —]]/
372 3 a  _10a+6/3 a

(se2v3)-ae0 (2 [seava]abw)

3 3
8(—5+3\E)aAppellF1[1, 1,4 L b—x]+
37 2

3

, -
3 a 10a-6+/3 a

1 7 b x3 b x3
< L
2 3 a 10a-6+/3 a

3 3
(5—3\E)AppellF1[i,3,1,Z 7bx bix
3

3bx3

E

AppellFl[

+

B )

a 19a-6+/3 a ])
by1/3 2 1 5 b x3 b x3
(60 (26-15 V3 ) a? [f] x2 AppellF1[=, =, 1, =, - —, })/
a 3 2 3 a _-10a+6+/3 a

[(—5+3\/?)\/m(2(-5+3\/?)a-bx3)

3 3
1@(-5+3ﬁ)aAppe11F1[3, 1,2 _bx bixp
3’ 2 3

3 3

a 10a-6+/3 a
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3 5 1 8 b x3 b x3
3bx® |AppellFl[=, =, 2, -, - —, - —————— | +
3 2 3 a 10a-6-/3 a
5 3 8 b x3 b x3
(S—Bﬁ)AppellFl[—, Z 1, —,—,—]]]]+
3 2 3 a 10a-6-/3 a
, (b3, 2 1 5 b x3 b x3
20\/?(26—15\/?)3 [ ] x2 AppellF1[=, =, 1, =, - ,—}/
a 3 2 3 a _18a+6+/3 a
[(5+3\E> A -a-bx3 (2(—5+3\5)a—bx3)
2 1 5 b x3 b x3
10 (-5+3V3 | amppellF1[~, =, 1, =, -, - ——— ]+
3 2 3 a 10a-6-/3 a
5 5 1 8 b x3 b x3
3bx AppellFl{—, — 2, =, -—, ——] +
3 2 3 a 10a-6-/3 a

3 J

8 b x3 b x3 J]J
3 a 10a-6+/3 a
b\ 2/3

1 b x3 b x3
(16 (26—15 ﬁ) a? [—] X3 AppellFi[1, =, 1, 2, 2 —X]]/
a 2 a  _10a+6+/3 a

(5— 3\/?) AppellFlE, z 1,

[ﬁ(mmm(z(mmabxa)

1 b x3 b x3
4(75+3\/?)aAppellF1[1, 1,2, -, ] 4
2 a 10a-6/3 a
R 1 b x3 b x3
b x AppellFl[z, =5 2,3, -——, —7] +
2 a 10a-6+/3 a
3 b x3 b x3
(5—3\/?)AppellF1[2, =, 1, 3,——,—7]]”_
2 a 10a-6-/3 a

7 (26—15 \/?) ab x* AppellF1|

w | b

1 7 b x3 b x3
) _J 1) _J _—J —:| /
2 3 a _10a+6+/3 a

(5eav3)oaow (252293 a-00)

4 1 7 b x3 b x3
14(75+3\/?)aAppe11F1[*, -1, - - 2
372 3 a 10a-6+/3 a
, 7 1 10 bx3 b x3
3bx AppellFl[*, 5 2, —/, - :*7]+
372 3 a 10a-6+/3 a

3 3
(5—3\/?) AppellFl[g, > 1, E.. —bX s bx]]]]

3 bx*
2 3 a 10a-6/3 a

Problem 90: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.
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J\ 1- \/? + X dx
(1+\/?+X) V1+x3
Optimal (type 3, 42 leaves, 2 steps):

2Ar‘cTan[3E(—Mz 3 (1+x ]
NEEYS

34243
Result (type 4, 269 leaves):

2VE 1'1.(1+x)

31+\/?

Joi i3 s 2ix ((-2-1)-ﬁ+((1+2i)+1ﬁ) x)

i3 -2 23
EllipticF [ArcSin[ i [ +ay/i+3 -2ix \J1-x+x
V2 31 3i+4/3

2/3 i++/3 -21ix 2+/3 ]]]/

EllipticPi| » ArcSin|

3i+(1+21) V3 V2 314 S 35443
((3j+(1+21) \/?)\/J'H\/?-zjx J1ex3

Problem 91: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J 1—\/?—x dx
(1+\/?—x) 1-x3

Optimal (type 3, 46 leaves, 2 steps):
2Ar‘cTan[3E(—)—3+2 —

1-x3
3+24/3
Result (type 4, 267 leaves):
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26 if1ex) i+ﬁ+2ix((1+2i)+1\/?+((2+1)+ﬁ)x)
~3i++/3
EllipticF[Ar'cSin[\/_ler\/?_zjlX s 213 ]—411\/—Ji+\/?—2j1x
V2 314 -3i+3
2i+/3 Joie3 —2ix 2+/3
1+x+x%> EllipticPi| —————————, ArcSi ,
J1+x+x iptic 1[3+(2+i)\/? rcsin | ooy ] _3“\/?]”/

((3+(2+i)\/?)\/-i+\/?-21x NET

Problem 92: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

1-v3 -x
dx
J\<1+\/?—X) V-1+x3
Optimal (type 3, 44 leaves, 2 steps):
2Ar‘cTanh[@]

N
3+24/3
Result (type 4, 265 leaves):
1 (71+X>
26 | —— L i+ﬁ+2ix((1+2j)+1ﬁ+((2+1)+ﬁ)x)
“3i++/3

\/—Ji+\/?—2]ix] 2+/3

)
V2 314 -3i++/3

]-41\/-j+\/?-211x

EllipticF [ArcSin|

s o 2843 CeieVE —2ix 23
mElllptlcPl[W, ArcSin | o 1, _3j+\/?]”/

((3+(2+i)\/?)\/-1+\/?-21x Jo1ex

Problem 93: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J 1—\/?+X dx
(1+\/?+X) V-o1-x3

Optimal (type 3, 44 leaves, 2 steps):
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2Ar‘cTanh[3E(—)—3+2 —

Jax
34243
Result (type 4, 271 leaves):
Ji(1+X) ] ] . ] ]
ZV— e —1+ﬁ+21 -2-1 —ﬁ+ 1+21 +1\/?
s Y < ([-2-1) -3 [(1r214) + 13 ) ¥

EllipticF [ArcSin| i+\/?—211x] 23 | +4 i+/3 —2ix AJ1-x+x?

)
V2 34 3i++/3

2/3 . i++/3 -21ix 2+/3
» ArcSin| s ] /
3i+(1+21) V3 N2 34 3i+4/3 ]]

((3j+(1+21) \/?)ij/?-zjx NIRRT

EllipticPi]|

Problem 94: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

(1_\/?) al/3 4 pl/3 x
J((l dx

V3 ) b x] Vb

Optimal (type 3, 69leaves, 2 steps):
\3+2+/3 al/e (al//3+b1/3 x) }
Jabx®

3+24/3 al/tpl/3

2 ArcTan|

Result (type 4, 320leaves):
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1 al/3 1 pl/3 x
2
Varbx® O\ (14 (-1)P7) a1

i

" 13, (_1)2/3 pi/3
( (_1> 1/3 3173 _ p1/3 x) (_1) 16 1b77X EllipticF [Ar'cSin[ a4+ ( ) X
al/3 (1+ <_1>1/3) 31/3

+

s al/s3 . (_1>2/3 b1/3 x
1 ] 31/4 p1/3
( ) ]/ [ \I (1+ <_1>1/3> al/3

1/3 2/3 y2 :
4 (1) (14 (1)) av? \/1— b 1/: L2 2/: EllipticPi[ZL—\/?\/_,
a a 3+ (2+1) V3

Ar‘cSin[J 22 (1) 70 x P (1)1/3]]/ ((3+(2+4) V3] 022

(1+(-2)*?) a1

Problem 95: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J (1_\/?) al/3 _pl/3

dx
((1+\E) a1/37b1/3x> Vva-bx3
Optimal (type 3, 71leaves, 2steps):

3:2+/3 al/e (al/?—blﬁ X)
\a-bx3

3+2+/3 al/6pl/3

2 ArcTan|

Result (type 4, 329 leaves):
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1
b3va-bx>
1/3 _pl/3 _1)V3 (g3 4 (Z1)Y3pl/3
2 a b x ((—1)1/3 al/3 + pt/3 x) ) ( =) ) EllipticF|
(1+ (_1)1/3) al/3 (1+ (_1)1/3) al/3

s a1/3—(—1)2/3b1/3x s a1/3_<_1>2/3b1/3x i
oot e

1 bl/3 x p2/3 x2

—————4(-1)*? 1+ (-1)*?) 2 |1+ "
3+ <2+]'1) V3 al’? a’/?

. 1/3 _ (1 2/3 pl/3
EllipticPi[i, ArcSin| il ) X 1, (-1)Y7]
3+ (2+1) V3 (1+(-1)”3) al/3

Problem 96: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

(1_\/?> al/3 _pl/3
J((l dx

\/?) al/3 _pl/3 x) V-oa+bx®

Optimal (type 3, 72leaves, 2 steps):

A/ 3+2+/3 al/e (al/@—bl/3 x) }
\ -—a+bx3

3+24/3 al/tpl/3

2 ArcTanh |

Result (type 4, 330leaves):
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1
b3 "2t b
1/3 _pl/3 _1)V3 (g3 4 (Z1)Y3pl/3
2 a b x ((—1)1/3 al/3 + pt/3 x) ) ( =) ) EllipticF|
(1+ (_1)1/3) al/3 (1+ (_1>1/3> al/3

s a1/3—(—1)2/3b1/3x s a1/3_<_1>2/3b1/3x i
oot e

1 bl/3 x p2/3 x2

—————4(-1)*? 1+ (-1)*?) 2 |1+ "
3+ <2+]'1) V3 al’? a’/?

. 1/3 _ (1 2/3 pl/3
EllipticPi[i, ArcSin| il ) X 1, (-1)Y7]
3+ (2+1) V3 (1+(-1)”3) al/3

Problem 97: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

(1_\/?> al/3 , pl/3
J((l dx

\/?) al/3 4+ pl/3 x) V-a-bx3

Optimal (type 3, 72leaves, 2 steps):
3:24/3 al/e (a1/3+b1/’3 x)
N

3+24/3 al/tpl/3

2 ArcTanh |

Result (type 4, 323 leaves):
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1 al/3 4 pl/3 x
2
V-a-bx3 (1+(—1)1/3) al/3

al/’3 . (_1> 2/3 p1/3

(1+(-2)2) a1

l5

RVE
((—1)1/3 al/3 _pl/3 x) \/ (—1)1/6—1‘:17)( EllipticF[Ar‘cSin[\l
(_1>1/3] / 3174 p1/3 al/3 . (_1>2/3b1/3x
(1+ (1)) a2

1/3 2/3 y2 :
4 (1) (14 (1)) av? \/1— b 1/: L2 2/: EllipticPi[ZL—\/?\/_
a a (2+1)

Ar‘cSin[J 22 (1) 70 x P (1)1/3]]/ ((3+(2+4) V3] 022

(1+(-2)*?) a1

Problem 98: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J N ()1/3
dx
<1+\/?+(§)1/3x> va+bx3

Optimal (type 3, 73 leaves, 2 steps):

2Ar‘cTan[ 23 ( )1/3 )]

/3+2\/? \E (5)1/3

Result (type 6, 866 leaves):
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1

3(5+3ﬁ) Va+<bx3 (2 (5+3\E)a+bx3)
(26+15ﬁ)ax

4 b x3 b x3

1 1 4 bx3 b x3
[8 (5+3ﬁ)aAppe11F1[—, =1, —,——X,—4X]—
3 2 3 a 10a+6-/3 a
7 b x3 b x3
) > - | *
3 a 10a+6+/3 a

4 3 7 b x3 b x3
(5+3/3 ) AppellF1[—, =, 1, =, - —, - —————] ||| +
2 3 a 10a+6+/3 a

n

1
AppellFl|—, —, 2,

3bx3
3 2

3
1/3 2 1 5 b x3 b x3
x | |60 (3+\/?)a(—) AppellFi[=, =, 1, ]]/
a 372 3 a 10a+6+/3 a
2 1 5 b x3 b x3
10 (5+3\/?) aAppellFl[f, -1, - - —, - —| -
3 2 3 a 10a+6+/3 a

8 b x3 b x3
—] +

3653 [AppellFi[2, =, 2, 2, -2
X ppe [ s s 4 > b}
372 3 a 18a+6+3 a

5 3 8 bx3 b x3
(5+3\/?)Appe11F1[—, 21, o, e, 25 ]]]+
372 3 a 10a+6+/3 a
b\2/3 1 b x3 b x3
X |- 16\/?3(—) AppellFl[l, -, 1, 2,——X,—7X ]/
a 2 a 10a+6+/3 a

b x3 b x3

1
4(5+3\E) aAppellFl[l, - 15,2,-— -———|-b
2 a 10a+6+/3 a

1 b x3 b x3
AppellF1[2, =, 2,3, - —, - ——————
2 a 10a+6+/3 a
3 b x3 b x3
(5+3\/?) AppellF1[2, =, 1,3, - —, ]J
2 a 10a+6+/3 a

x3 +

4 1 7 bx3 b x3
21bxAppellFl[—, =, 1, —, - —, - — | /
372 3 a 10a+64/3 a

4 1 7 b x3 b x3
14 (5433 | aAppellF1[~, =, 1, ~, -, -] -
372 3 a 10a+6+/3 a
3 7 1 10 b x3 b x3
3bx AppellFl[—, — 2, —, —-—, —7] +
3 2 3 a 10a+6+/3 a

7 3 10 bx3 b x3
(5+3/3 ) Appellf1[ =, =, 1, —, -, - ——
3 2 3 a 10a+6+/3 a

11
96 (1+ﬁ) aAppellFl[=, =, 1, —, - —, - —
372 3 a 10a+6+/3 a

1)/

I

)))
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Problem 99: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

5[5
dx
J<1+\/?— (5)1/3)() Vva-bx3
Optimal (type 3, 75leaves, 2 steps):

s e ]

V3+2v3 Va [2)7

Result (type 6, 835leaves):

2 ArcTan|
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1

3(5+3ﬁ) Va-bx3 (2 (5+3\5)a—bx3)

3 3
(26+15ﬁ)ax (96 (1+\/?)aAppellF1[l, 14,2 b—x, bix})/
37 2 3

a 10a+6+/3 a

1 1 4 b3 b x3
8(5+3ﬁ)aAppe11F1[—,— X,4X]+

3 2 3 a 10a+6+/3 a
7 b x3 b x3
3

a 10a+6\/?a]+
a2 )

IN

1
AppellFl|—, —, 2,
372

3bx3

3 7
(5+3\E) AppellFi[=, =, 1, =, ,
3 2 3 a 19a+6+/3 a
1
2

by1/3 2 5 bx3 b x3
- [[60 3+v3)a (—) AppellFi[=, =, 1, 2, 0, — 2% ]
a 3

3 a 18a+6+/3 a

5 bx3 b x3
> 1: N

3 a 10a+6+/3 a

J+(5+3V3) AppellF1|>,
3

}+3bX

5
AppellF1| =,
3

1
e 2:
2

2
aAppellFl| —,
3

N |

8 bx3 b x3

» 1, = —

3 J—
3 @ 10a:+6+/3 a

4(5+3x/?)

b x3
10a+6+/3 a

b\ 2/3 1 b x3 b x3
163 a (—) AppellfFl(1, =, 1, 2, —X, 7)(}]/
a a 10a+6+/3 a

2

1 b x3 b x3 3

aAppellF1[1, =, 1,2, —, ——————| +bx
2

a 10a+6+/3 a
|+ (5+3V3 ) AppellF1|2,

N W

AppellF1]2,

1
2
b x3 b

b x3
» 1,3, —,

10a+6+/3 a

4 1 7 bx3 b x3
21beppellF1[*, =1, = —, 7} /
3 2 10a+6+/3 a

Nl w

a

1 7 bx3 b x3

- 3 J7}+
2 3 @ 10a+6+/3 a
)

7 1 x3 b x3
AppellFl]—, =, 2, — _—
3 2 3 a 10a+6+/3 a

7 3 10 bx? b x3
(5+3V3 ) AppellF1[ =, =, 1, —, —, —— ]
3 2 3 a 10a+6+/3 a

14 (5 3\/—) aAppellFi[—,

3bx3

Problem 100: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J 1_ \/7 ( )1/3
dx
(1+\/?— (E)l/Bx) V-a+bx3

Optimal (type 3, 76 leaves, 2 steps):

[—

P

—_

-
+

b x3
» 2,3, —,

a

a 1ea+:ﬁa]}]J
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WW(L(E)”X)]
Joabx®

V3e24/3 Va (27

Result (type 6, 836 leaves):
1

3(5+3\/?) (2 (5+3\5)a—bx3) V-a+bx3

2 ArcTanh|

3 3
(26+15ﬁ)ax - 96(1+ﬁ)aAppe11F1[5, 1.4 b—x, bix})/
3 2 3 10a+6+/3 a

a
1 1 4 bx3 b x3
8(5+3\E)aAppellF1[f, S, -, e, |+
3 2 3 a 10a+6+/3 a
3 4 1 7 x3 b x3
3bx® |AppellFl|[—, =, 2, =, —, ——————] +
3 2 3 @ 19a+6+/3 a

4 3 7 bx3 b x3

(5+3\/?) App911F1[*, =1, = —, 7} +
372 3 a 10a+6/3 a

1

2

1/3 3 3
60 (3+\/?)a(9) AppellFi[=, s, b b ]

)11 e >

w\N

a 3 @ 10a+6+/3 a [
2 1 5 bx? b x3 3 5 1 8 bx3
aAppellFl|—, =, 1, =, —, ————————| +3bx® |AppellF1][ =, =, 2, —, —,
372 3" a 10a:6+/3 a 372 37 a
b x3 5 3 8 bx3 b x3
7}+(5+3\/?)Appe11F1[—, Z1, 5, 2=, 7]J]J+
10a+6+/3 a 3 2 3 a 190a+6+/3 a
b\2/3 1 b x3 b x3
16\/?a(—) AppellFi[1, =, 1,2, —, —}J/ 4(5+3\/?)
a 2 a 10a+6+/3 a
1 b x3 b x3 3 1 b x3
aAppellF1[1, =, 1,2, —, ——————| +bx® |AppellF1[2, —, 2, 3, —,
2 a 10a+6+/3 a 2 a
b x3 3 b x3 b x
7]+(5+3\/?)AppellF1[2, =,1,3, —, ]]]J
10a+6+/3 a 2 a 10a+6+/3 a
4 1 7 bx3 b x3
21beppe11F1[*, =1, = —, 7} /
3 2 3 @ 10a+6+/3 a
4 1 7 bx3 b x3
14(5+3\/—>aAppe11F1[— =1, =, ]+
3 2 3 @ 10a+6+/3 a
3 7 1 10 bx? b x3
3bx AppellFl[—, -2, — —, ————————
3 2 3 a 10a+6+/3 a
7 3 10 bx3 b x3
(5+3ﬁ)Appe11F1[—, 21, =, =, —]J]J]]
3 2 3 a 10a+6+/3 a
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Problem 101: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J 1—\/?+(§)1/3x
dx

<1+\/?+ (5)1/3)() Vv-a-bx3

Optimal (type 3, 76 leaves, 2 steps):
\3:23 \/?[h(:—)l/zx]}

Vaiavs va (2]

Result (type 6, 869 leaves):

2 ArcTanh |
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1
3(5+3ﬁ) V-oa-bx? (2 (5+3ﬁ)a+bx3)
4

3 3
(26+15ﬁ) ax 96 (1+ﬁ) aAppellFl[l, 1.4 —b—x, —bix}J/
372 3 a 10a+6+/3 a

1 1 4 b x3 b x3
[8 (5+3ﬁ)aAppe11F1[—, -1, =, | -
372 3 a 10a+6+/3 a
3 4 1 7 b x3 b x3
3bx? |AppellFl|—, =, 2, =, - —, - ——— | +
3 2 3 a 10a+6+/3 a
4 3 7 b x3 b x3
(5+3\/?) AppellFl[*, -, 1, ::}]]]Jr
372 3 a 10a+6+/3 a
b)1/3 2 5 b x3 b x3
X 60 (3+\/?) a (7) AppellFl[*: =1, = -, ]]/
a 372 3 a 10a+6+/3 a
2 1 5 b x3 b x3
10 (5+3\/?) aAppellFl[f, -1, = - —, - —| -
3 2 3 a 10a+6+/3 a

b x3 b x3
L LT
a 19a+6+/3 a
5 3 8 b x3 b x3
(5+3\/3)Appe11F1[—, 1, —,-—X,—ix] +
3 2 3 a 19a+6+vV3 a

3 > 1
3bx? |AppellFl[ =, =, 2,
3 2

b 2/3 1 b x3 b x3
16\/?3 (_) Appej-lFl[l; 1,2, - — - ]/
a 2 a 10a+6+/3 a

X

b x3 b x3

1
4(5+3ﬁ) aAppellF1[1, =, 1,2, -—, - ———————| -b
2 a 10a+6+/3 a

R 1 b x3 b x3
X AppellFl[Z, —5 2,3, - —, - — | +
2 a 10a+6+/3 a
3 b x3 b x3
(5+3\/?)AppellF1[2, ,L%:]]]J+
2 a 10a+6+/3 a
4 1 7 b x3 b x3
21bxAppellFl[—, =, 1, —, - —, - — | /
372 3 a 10a+6+/3 a
4 1 7 b x3 b x3
14 (5+3+/3 | amppellF1[~, =, 1, =, -, - —————— | -
372 3 a 10a+6+/3 a
3 7 1 10 b x3 b x3
3bx AppellFl[—, =52, —, —-—, —7] +
372 3 a 10a+6+/3 a

3 3
(5+3ﬁ) AppellFl[Z, 2,0, 20, 2 b—X]J]]]J
372 3 a 10a+6+3 a

Problem 102: Result unnecessarily involves imaginary or complex numbers.

1+X
J(hﬁ”) v
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Optimal (type 4, 145leaves, 4 steps):

Ar‘cTan[ 3+2+/3 1+x

3 1+x3

- +

3+24/3

- 2 B
2+4/3 (1+%) &EllipticF{Ar‘cSin[m],_7_4\/?]/
(1+\/?+x)2 1+4/3 +x

31/4 —1+X 1+x3
2
(1+\/3 +X)

Result (type 4, 269 leaves):

i (1+X)

26 J-irV3E +2ix ((_2-1)-\/?+((1+2]1)+j\/?)x)

3i++/3

J'H\/?-zix] 2+/3

)
V2 314 3i+4/3

]+2\/]1+\/?-211x \/1—x+x2

EllipticF|[ArcSin|

EllipticPi|

2/3 , Arcsin| Jl+\/?—2]lx]’ 2\/?] /
3i+(1421) V3 \[2 31/4 3i++/3

((3j+(1+21) \E)\/j+\g—2jlx NERS

Problem 103: Result unnecessarily involves imaginary or complex numbers.

J 1+X dx
(1 -3+ x) Viex3d
Optimal (type 4, 145leaves, 4 steps):

Ar‘cTanh{E<—)—’3+2 ——
A 1+x3

- +

73+2\/?

_ 2 B
2++/3 (1+x) 1X—+XEllipticF[Ar‘cSin[@],_7_4\/?]/
(1+W+X)2 1+\/?+X

31/4 e 1+x3
2
(1+\/3 +X)
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Result (type 4, 267 leaves):

i (1+X)

2\/? \/71'L+\/?+21'1X (<1+2]'1>7]'1\/?+((—2711>+\E)X)

3i+V3
i V3 -2 23

EllipticF [Arcsin[ =X, J+2i~/i+/3 -2ix AJ1-x+x
V2 314 3i+4/3

EllipticPi| 2iV3 , ArcSin| ]'H\E*MX], Zﬁ] /
-3+ (2+1) V3 \[2 31/4 3i++/3

|

Problem 104: Result unnecessarily involves imaginary or complex numbers.

((—3+(2+J'1) ﬁ)mm

J e+ fx dx
(1+\/?+X) V1+x3
Optimal (type 4, 173 leaves, 4 steps):

(e*f*ﬁf) Ar‘cTan[@L]

L2 2V (e (1-vE) ] (1ex) |
(1+\/?+X)2

3(3+2\/?)

EllipticF[Ar‘cSin[@],—7—4\/?] / 33/4 e 1+x3
1++/3 +x (1+\/?+X>2

Result (type 4, 291 leaves):
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2 i(1+x)
2 — _
J:\/ 3i+4/3

3fF+/-i /3 +2ix ((72711) VER ((1+2j1) H'lﬁ) x) E1lipticF[ArcSin|

i++/3 —21ix 23
J
V2 314 3i+4/3
23 ) i+/3 —21ix 23
,Ar‘cSm[ B ] /
3i+ (1421) V3 N2 34 3i+4/3

[(311+ 1+23) V3 \i+3 V3 o2ix AJ1e%

J+2(-V3 e+ (343 f)\/]‘l+\5—2]‘1x NER

EllipticPi|

Problem 105: Result unnecessarily involves imaginary or complex numbers.

J\ e+fx dx
(1+\/?—x) 1-x3

Optimal (type 4, 187 leaves, 4 steps):
(e + \/?'F) Ar‘cTan[@]

3

_ { 2 V5 fer 05 <>J
3(3+2ﬁ) (1+ﬁ_X)

ElllptlcF[Arcsln[1 ﬁx],74ﬁ]]/{33/4J1X 1x3]

Result (type 4, 291 leaves):

1+X
31+

EllipticF [Ar‘cSin [

C3if i3 —2ix (-i((2+1)+ﬁ)+((2-1)+ﬁ)x)

i+/3 +2ix 2+/3
)
V2 314 3i+4/3

\J1+x+x? EllipticPi| 273 , ArcSin| j+\/?+2jlx}, 23 ] /
3i+(1+21) /3 V2 34 3i+4/3

[(3]‘1+ (1+2i) V3 ) Vi+V/3 V3 r2ix 153

]+2(\/?e+(3+\/?)f) ]'1+\/?+2]'1X
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Problem 106: Result unnecessarily involves imaginary or complex numbers.

J\ e+fx dx
<1+\/?—X) V-1+x3
Optimal (type 4, 190 leaves, 4 steps):

(E+'F+\/?-F) ArcTanh [ 222223 =X

3(3+2\/?)

2-+/3 (e+(1—\/?) f) (1X>\I(11+JX?+X2X)2

EllipticF[ArcSin[%], 7+4\/?]]/ {33/4J(1\1/_3X)2 A -1+ x3

Result (type 4, 289 leaves):

1+X
31+

EllipticF [ArcSin|

S3ifAf-i3 —2ix (-j((2+i)+ﬁ)+((z_j)+ﬁ

—_

)

i+/3 +21x 23
3
A2 314 31+4/3

\/1+x+x* EllipticPi| 2V3 » ArcSin| j+\/?+2jlx], 23 ] /
3i+(1+21) /3 A2 314 3i++3

((311+ +2:|1 )\/Jl+ +21ix A/ -1+x3

]+2(\/?e+(3+\/?)f) ]'].+\/?+2]'].X

Problem 107: Result unnecessarily involves imaginary or complex numbers.

J e+fx dx
(1+\/?+x) V-1-x3
Optimal (type 4, 183 leaves, 4 steps):

(e* (1+\5) -F) ArcTanh [ 2222 x|

e . Z—ﬁ(e—(l—\/?)f) (1+x) Cloxex®
(1—\E+X)2

3(3+2\/?)

EllipticF[Ar‘cSin[@],—7+4\/?] / T R Sk S P
1-4/3 +x (1-+3 +x)7
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Result (type 4, 293 leaves):

1+X
3]l+

3F/ i3 +2ix ((~2-4) -V3 + ((1+21) +iV3 ) x| ELlipticF[Arcsin|

i+/3 —21x 23
)
A2 314 3i+4/3

2/3 , Arcsin| i++/3 -21ix , z\/?] /
3i+(1+21) V3 A2 314 3i++/3

((3]1+ (1+21) V3 ) Vi+V/3 V3 o2ixA-1-%

J+2(-V3 e+ (3:+/3] 'F)\/J'l+\/——2ilx J1-x+x?

EllipticPi]|

Problem 108: Result unnecessarily involves imaginary or complex numbers.

J e+fx dx
(133 ) a3 16 x| Va b3

Optimal (type 4, 332 leaves, 4 steps):
\-3+2+/3 al/e (al/r3+b1/3 x) ]
\ a+b x3

(b1/3eA—(1A—\/§» a1/3f) ArcTanh |

3(-3+2V3 ) Va b2

a2/3 _ g1/3 pl/3 x 4 p2/3 x2

([1+3) a7 bt x)?

2 V3 [bPe (1443 ) a2 (a2 bt0x) J

(1 B \/g‘) al/3 L pl/3
(1+\E) al/3 4+ bl/3 x

EllipticF[ArcSin|

,-7-4v3]|/

1/3 (41/3 |, p1/3
a a2 +b*>x
33/4 a1/3 b2/3 ( > /a 4 b X3

((1+\/?) a1/3+b1/3x)2

Result (type 4, 438 leaves):
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a1/3 + b1/3 X

(1+(-2)2) a2

i hl/3
C R a e (2o 1) o V3 et ((Le2i) i3 ) 01x) [iavE - 2ED X
22 al/3
~2ial?y (1443 012x g
EllipticF [ArcSin| ], = (1+ i \/?)] +
2

(314v3) e

et (i3 ) B

(-3i+V3)at2

i (b1/3e+ (—1+\/?) a1/31‘:)

1/3 2/3 y2
1o X P e ipticei ] 23 ,
al? a2 “3i+ (1+21) V3
—2ial3 4 (i++3]bY3x
ArcSin| ( ) ],£(1+]'l\/?)] /
(-3:4+/3]) a3 2

[(3 (2—1'1> \/?) bz/g’J v <_1)2/3 b x Ja+bx3

(1+(-2)2) a2

Problem 109: Result unnecessarily involves imaginary or complex numbers.

J e+fx dx
((1_\/?) a1/3—b1/3x) va-bx3

Optimal (type 4, 336 leaves, 4 steps):
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3243 avs [ 0]

3 a-bx3

(b1/3e+ (1—\/?) al/3 f) ArcTanh |

3(-3+2ﬁ) Va b3

\2+4/3 (b1/3e+ (1+\/?) al/3 -F) (al/a _pl/3 x) a2/3 4 al/3 pl/3 x4 p2/3 x2
([1:73) a2 b x)?

=

( 7\5) al/3 _pl/3

(1+ﬁ) al/3 _pl/3

EllipticF [ArcSin|

], -7-4+3] /

a1/3 <a1/3 _ b1/3 X>

33/4 4173 p2/3 a-byx3
((1+\/?) a1/3—b1/3x)2

Result (type 4, 466 leaves):

1 al/3 _pl/3
- 4
Y _ 1/3 1/3
al/3—(—1)2/3b1/3/x m (1+ ( 1) ) a
(1+(71)1/3) al/3

(—J'l+\/?) a1/3+(j+\/?) bl/3 x

(—31'1+\/?) al/3

EllipticF [ArcSin| |- ! (2a1/3 . (17 ! ﬁ) o X) B 1 (1+ i \/?)} _

(-3i+V/3)at2 2

i (2a1/3+ (1-11%?) b1/3x)

i (b1/3e— (—1+\/?) al/3 -F)
(73]1”5) al/’3

EllipticPi| s
CHAE “3i+ (1+21) /3

\/1+b1/3x+b2/3xz 2\/?

ArcSin| —j <2a1/3+ (lij\/?) bl/BX) 1, = (1+i\/?)}
(-311+\/?)a1/3 2




Mathematica 11.3 Integration Test Results for 1.3.2 Algebraic functions.nb | 99

Problem 110: Result unnecessarily involves imaginary or complex numbers.

J\ e+fx dx
((1—@) a1/3—b1/3x) V-a+bx3

Optimal (type 4, 345leaves, 4 steps):

A -3:2+/3 al/s (al/Bibl/B x) ]
\/ —a+bx3

3 (73+2\E) Va b2/3

<b1/3e+ (1—\/?) al/3 -F) ArcTan |

a2/3 I a1/3 b1/3 X + b2/3 X2

((1_\/?) al/3 _pl/3 )2

2_\/? (b1/3e+ (1+\/?) al/3 -F) (a1/3—b1/3 x)

1+\/?) al/3 _pl/3
(17\5) al/3 _pl/3

EllipticF [Ar‘cSin [

], -7+4+3] /

1/3 (g1/3 _ pl/3
33/4 31/3 p2/3 | _ a (a X) ; A/—a+bx3
((1_\/?) al/3 _ pl/3 x)

Result (type 4, 467 leaves):
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1 al/’3 _pl/3 x

4
(3-(2-4) V3| b2 | Eecnielie oty J(“(l)”) al/?

(1+ (-1)1/3) al/3

(—Ji+\/?) a1/3+(j+\/?) b1/3 x

%f(j (<34 (2+3) V3 ) a2+ (3 (2-4) V3 ) b72x]

(7311+\/?) al/3

E1lipticF [ArcSin| |- ol Gl Gl 0 L ], : (1+1v3)] -

(-3i+V/3) a2 2

i (2434 (1-14/3) 613 x]
_ (-3i+/3) a2

P [pre (103 a0k

1/3 2/3 y2
2 x DX EllipticPi| 23 )
al?  a?? “3i+ (1+21) V3
i{2al2+ (1-1+/3]bM3x
ArcSin[ | - ( +( ) ) B 1(1+i\/?)}
(-3i+V3)at2 2

Problem 111: Result unnecessarily involves imaginary or complex numbers.

J e+fx dx
((1—\5) a1/3+b1/3x) V-a-bx3

Optimal (type 4, 345leaves, 4 steps):
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3423 at/e (al/24p1/ x|

(b1/3e— (1_\/?) al/3 'F) ArcTan | b

3(-3+2V3) Va b2

\2-4/3 (b1/3e— (1+\/?) al/3 -F) (al/a +pl/3 x) a2/3 _ al/3 pl/3 y 4 p2/3 x2
([1-V3) a0 x)?

(1+\E) al/3 4 pl/3 x
_ﬁ) al/3 | pl/3

EllipticF [ArcSin|

], -7+4+3] /

=

al/3 <a1/3 + pl/3 X)

33/4 g1/3 p2/3 | _ Ca_bx3
((1_\/?) ‘.1‘1/?,“,_,1/3)()2

Result (type 4, 441 leaves):

al’3 1 pl/3 x

\ (1+(-2)2) a1

~|la

21bl/3x

al/3

2+/2

1 1131/4f(((-2-11)+ﬁ)a1/3+((1+2j)-i\/?)b1/3x)Jmﬁ-

~2ial?y (1443 ) 012x g
EllipticF [ArcSin | ], = (1+ i ﬁ)] N

(-3i+V/3) a1 2

2080 (1043 ] 60 x

(-3i+V3)at2

b1/3X b2/3 XZ 2 3
1- + EllipticPi| V3 s
al?  a?? “3i+ (1+21) V3

i (b1/3e+ (—1+\/?) a1/31:)

ArcSin| 211a1/3+(11+\/?>b1/3x] l(1+iﬁ)] /
(-3:4+/3]) a2 "2

[(3 (2-1) V3 bmJ G G ML L N e

(1+(-2)2) a2
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Problem 112: Result unnecessarily involves imaginary or complex numbers.

J<1+ﬁ+x)mdx

Optimal (type 4, 136 leaves, 4 steps):

\/TArcTanP@:XBﬂL] V2 (1+x) ,ﬁ EllipticF[Ar‘csin[f%], ~7-4+/3]

- +
33/4

33/4 ﬁ W

Result (type 4, 209 leaves):

2
W 1+<_1>1/3 1+(_1>1/3

1+(-1)2/3x
1+(-1)1/3

1 1+x ) 1 (<1>1/3X>\I (71>1/37(,1)2/3x

1+ (-1)*°x

|, (-1)) s ——

1+ (-1)%3 3+ (2+1) V3

EllipticF |[ArcSin|

21 (143 ) 1% Ellipticpi[i, ArcSin |

e N e O

Problem 113: Result unnecessarily involves imaginary or complex numbers.

J X dx

<1+\/?—x) 1-x3

Optimal (type 4, 152 leaves, 4 steps):

ﬁArcTan[@)—] V2 (1-x) /ﬁ EllipticF[Ar‘cSin[E\%], ~7-4+/3]

13 1+4/3 -x
- +
33/4

33/4 1-x 1-x3
(1+\/?7X)2

Result (type 4, 232 leaves):
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1-x 1 (-1)*2+ (-1)*Px
21 i
1+ (-1)Y° L 1+ (-1)°
1+ (-1)/3
1- <_1>2/3X 1/3
(3]1+ (1+21) V3 « (3+ (2+1) /3 ) x) E1lipticF [ArcSin | ], (-1)*3] +
1+ (-1)%73

N 2i+/3 . 1‘(‘1)2/3)( 1/3
2 (1++/3)+/1+x+x? EllipticPi —— , ArcSin — 1, (-1)Y
( ) P [3+(2+]'1)\/? [ 1+<—1)1/3 ] ( ) ] /

((3+(2+1)ﬁ) 1-x3

Problem 114: Result unnecessarily involves imaginary or complex numbers.

X
dx
J(1+\/?—X) V-1+x3
Optimal (type 4, 164 leaves, 4 steps):

V2 ArcTanh [ ¥2:223 (-

A/ -1+x3
- +
33/4

2 1.2 (1-x) 1+X+X2EllipticF[ArcSin[m],7+4\/?}/
6 3 (1—\/?—x)2 1-4/3 -x

31/4J( LN )
1-

\/?—x)z

Result (type 4, 230leaves):
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1-x 1 (-1)*2+ (-1)*Px
21 i
1+ (-1)Y° L 1+ (-1)°
1+ (-1)/3
1- <_1>2/3X 1/3
(3]1+ (1+21) V3 « (3+ (2+1) /3 ) x) E1lipticF [ArcSin | ], (-1)*3] +
1+ (-1)%73

N 2i+/3 . 1‘(‘1)2/3)( 1/3
2 (1++/3)+/1+x+x? EllipticPi —— , ArcSin — 1, (-1)Y
( ) P [3+(2+]'1)\/? [ 1+<—1)1/3 ] ( ) ] /

((3+(2+i>\/?) A -1+x%3

Problem 115: Result unnecessarily involves imaginary or complex numbers.

X
dx
J(1+\/?+X) V-1-x3
Optimal (type 4, 156 leaves, 4 steps):

V2 ArcTanh [ ¥3:223 (x

\ -1-x3
- 33/4 i

B 2
2 |12 1y | X EllipticF[Ar‘cSin[@],—7+4\/?} /
6 3 (1—\/?+X)2 1-4/3 +x

31/4 | 1+x 13
(1—\/?+X>2

Result (type 4, 211 leaves):



Mathematica 11.3 Integration Test Results for 1.3.2 Algebraic functions.nb | 105

! 2 1+ x 1 1)1/3
Vo138 14 (-1)1/3 - ((_ ) _X)
“l-x +( ) 14(-1)%%x
1+ (-1)Y/3
—1)V3 o (—1)23 14 (1123
t) (-2) 7 x EllipticF [ArcSin| M ], (1)) + o
1+(—1)1/3 1+<71)1/3 3+<2+J’1>\/?

2 (143 ) 1% Ellipticpi[i, ArcSin |

3+ (2+1) V3 g U

Problem 116: Result unnecessarily involves imaginary or complex numbers.

J(l—\/?+x)mdlx

Optimal (type 4, 147 leaves, 4 steps):
ﬁArcTanh[@]

\ 1+%3
B 33/4 *
- 2 B
2 2.2 (1+x) T EllipticF[Ar‘cSin[@], ~7-4~/3] /
6 \/? (1+\/?+X)2 1+\/?+X

31/4 . 143
2
(1+\/3 +x)

Result (type 4, 225leaves):
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_1)1/3_ (_q)2/3
) 1+X1/3 1 ( > ( 1/>3 X (3—(2+j)\/?+(—3i+(1+2]i>\/?)x)
1+ (-1) L (112 1+ (-1)
1+ (-1)Y/3

14 (_1)%/3
E1lipticF [ArcSin| 1o ()" x [ (-2)*2] -2 (-1 V3 ) 1-x4x2

1+ (-1)%7

2+/3
-3i+ (1+21) V3

EllipticPi]| , ArcSin|

— = L7/

((—31’1+ (1+21) ﬁ) NETR

Problem 117: Result unnecessarily involves imaginary or complex numbers.

X
J((l—\/?) a1/3+b1/3x)mdx

Optimal (type 4, 278 leaves, 4 steps):

-3+2+/3 a6 (al/3+b1/3 x)

ﬁArcTanh[ ]
_ Varbx? + 12 7 . 2 (a¥/? + b3 x)
33/4 41/6 p2/3 6 3
2/3 _ 41/3 11/3 2/3 2 1-4/3 ) a3+ pl/3x
2 aTb X b EllipticF[ArcSin| ( ) |, -7-4+/3] /
([10+/3) a2 - i)’ 1243 ) a2 b1

1/3 1/3 1/3
a a“’? +b*?x
31/4 b2/3 ( ) ’a+bx3

((1+\/?) al/3+b1/3x)2

Result (type 4, 427 leaves):
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a1/3 + b1/3 X

(1+(-2)2) a2

21 b3 x

al/3

- i3V4 (((-2-1) +/3 a2+ ((1+2i) -1V3 ) bY3x) [i++/3 -
ZWB (((2 ) 3) ((12) 3)b )J 3

—2ial3s J'H\/?) bl/3 x
EllipticF [Ar‘cSin [ } B

(314v3) e

(1+]'1\/?)]+

N |

EllipticPi]|

—2ial3 4 (i++/3]b¥3x h1/3 b2/3 x2
(1) e [13) Jl__x x

.
(3143 ) a7

—2ial3+ [1++/3 ] b¥3x
2\5 ,Ar‘cSin[ ( ) },

-3i+ (1+21) V3 (,3j+ﬁ)al/3

(1+jﬁ)] /

N |

[(3— (2-1) \/?) b2/3J NI Ja+bx®

(1+(-2)*2) a1

Problem 118: Result unnecessarily involves imaginary or complex numbers.

X dx
J\((l—\/?) a1/3—b1/3x> VJa-bx3

Optimal (type 4, 286 leaves, 4 steps):
N -3+2+/3 al/e (al/3—bl/3 x) ]

\/2 ArcTanh [

_ Vabx® + 12 7 . 2 (a1/3 _pl/3 x)
33/4 a1/6 b2/3 6 \E
2/3 , 41/3 11/3 2/3 2 1-+/3 ) a3 _pl/3x
AL A EllipticF[ArcSin| ( ) |, -7-4+/3] /
((1+\/?) a1/3_b1/3x>2 (1+\/?) al/’3 _pl/3

1/3 1/3 1/3
a a/? -b'3x
31/4 p2/3 ( ) a-bx3

((1+\/?) al/3_b1/3x)2

Result (type 4, 454 leaves):
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1 31/37b1/3X

4
(3 (2-8) V3 ) 23 [E2LT0s Ty J (14 (-2)) a2

(1+(-1)1/3) al/3

(—Ji+\/?) a1/3+(i+\/?) bl/3 x
(73]'L+\E) al/3

% (i (-3+ (2+4) V3 ) a¥2+ 3- (2-1) V3 | b¥2]

i(2a24 (1-13 )01 2x)
EllipticF[ArcSin[ |- 1, ; (1+ i ﬁ)] N

(3143 ) a7

i(-14/3) a2

EllipticPi|

i (2a1/3+ (1—1’1\/?) b1/3x) \/ bl/3x  p2/3 x2
- 1+

.
(31473 ) at al? a2

2V3 » ArcSin| —j(2a1/3+(1_j\/?)b1/3x) ],l(1+11\/?)]
“3i+ (1+21) V3 (731'L+\/?)a1/3 2

Problem 119: Result unnecessarily involves imaginary or complex numbers.

X
J((l—\/?) b Vabe

Optimal (type 4, 282 leaves, 4 steps):

\/2 ArcTan [ mal/"ﬁ (al/é_bmx) }
~/ —a+b x3
- 33/4 31/6 p2/3 N
2/3 . 41/3 11/3 2/3 2 1++/3 ] a3 -bl/3x
V2 (a*?-b'?x) Al ralTb X b EllipticF [ArcSin| ( ) ]s
((1_\/?) a1/3_b1/3x)2 (17\/?) al/’3 _pl/3

1/3 (g1/3 _pl/3
eavs]| [ [peen |2 2 x) by
((1_\/?) a1/3—b1/3x)

Result (type 4, 455 leaves):
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1 al/’3 _pl/3 x

4
(3-(2-4) V3| b2 | Eecnielie oty J 10 (-2)¥7) 2

(1+(-1)1/3) al/3

(—Ji+\/?) a1/3+(i+\/?) bl/3 x
(73]'L+\E) al/3

%(j(,3+<2+j)¢§yaws+(3,(z,j>¢§jbw34

i(2a24 (1-13 )01 2x)
EllipticF[ArcSin[ |- 1, ; (1+ i ﬁ)] N

(3143 ) a7

i(-14/3) a2

EllipticPi|

i (2a1/3+ (1—1’1\/?) b1/3x) \/ bl/3x  p2/3 x2
- 1+

.
(31473 ) at al? a2

2V3 » ArcSin| —j(2a1/3+(1_j\/?)b1/3x) ],l(1+11\/?)]
“3i+ (1+21) V3 (731'L+\/?)a1/3 2

Problem 120: Result unnecessarily involves imaginary or complex numbers.

X
J““l—vgﬁa”3+N”x)viE?F;?dx

Optimal (type 4, 278 leaves, 4 steps):

\/2 ArcTan [ mal/"ﬁ (al/aJ'bl/Bx) }
A\ -a-bx3
- 33/4 31/6 p2/3 N
2/3 _ 41/3 11/3 2/3 2 1++/3 ) a3 +p3x
V2 (a*? + b3 x) 2 L S EllipticF [ArcSin| ( ) ]s
((1_\/?) a1/3+b1/3x)2 (17\/?) al/3 4 pl/3 x

1/3 1/3 1/3
~7+43] / aps |2 (a7 + 572 x] ~a-bx?
((1—\/?)a1/3+b1/3x)2

Result (type 4, 430 leaves):
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a1/3 + b1/3 X

(1+(-2)2) a2

21 b3 x

al/3

- i3V4 (((-2-1) +/3 a2+ ((1+2i) -1V3 ) bY3x) [i++/3 -
2ﬁ3 (((2 ) 3) ((12) 3)b )J 3

—2ial3s J'H\/?) bl/3 x
EllipticF [Ar‘cSin [ } B

(314v3) e

(1+]’1\/?>]+

N |

EllipticPi]|

—2ial3 4 (i++/3]b¥3x h1/3 b2/3 x2
I B A

.
(3143 ) a7

—2ial3+ [1++/3 ] b¥3x
2\5 ,Ar‘cSin[ ( ) },

-3i+ (1+21) V3 (,3j+\g)al/3

(1+jﬁ)] /

N |

[(3— (2-1) V3 b2/3J SR \J-a-bx?

(1+(-2)*2) a1

Problem 121: Result unnecessarily involves imaginary or complex numbers.

dx

J 1+\/?+x
(c+dx) Vi+x?

Optimal (type 4, 319leaves, 6 steps):

4/ ¢?+c d+d? 1;( 5
N EFY R
(c—(1+\/?)d) (1+x) %ArcTan[ i ]

2

(1+\/37+X) Ved Vd 1-x+x2
[17\‘§+xJ
Ve-d Vd V2 +cd+d? | —EX— 13
<1+\/?+X)
_ 2 C - 1+\/? d 2
4 3Y4244/3 (14x) LXZ EllipticPi| ( ) )2,
1473 o] (134

1-+/3 +x 1+X
— i —_— |, - — A/ — — 1/ B — + 3
Ar‘CSIn[1+V3 +X} e 3} / (c <1 3)d)\l (1+\/3 +X>2 o
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Result (type 4, 214 leaves):

1 1+x 1

2 - ((_1)1/3_)()
dv1+x3 1+ (—1)1/3 L1y
1+ (-1)Y/3
_1)Y3 ()23 14 (1123
-2 (-2) 7 x EllipticF [ArcSin | 1 [-1)77x I, (-1)*?] Lo
1+ (-1)*3 14 (-1)Y2 ¢+ (-1)2d

ilc-(1++/3]d 1-x+x? EllipticPi ﬂ, ArcSin
- (13 ] d)y [ [

C+ (—1)1/3d

X,

Problem 122: Result unnecessarily involves imaginary or complex numbers.

dx

1++/3 -x
J

c+dx) V1-x3
Optimal (type 4, 331 leaves, 6 steps):
5 1+ 34‘
(c+d+\/?d) (1-x) | 22— ArcTanh| | — |
(1+\/?7X) \Hm

Lex+x?

— 3
‘1+V3 x|

Vd Ve+d Vc2-cd+d? —1x 1 x3

(1+\/?—x)2
4 3 2ens (1ox) |2 EllipticPi[—(c+d+ﬁd) ,
(1+\/?—X)2 (C+d—\/?d)2
—ArcSin[@},-7-4ﬁ}/ (c+d-+/3d X 1w
14+4/3 —x (1+\/?*X>2

Result (type 4, 235leaves):
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1 ) 1-x 1
3dV1-x3 1+ (-1)Y2 iy
)1/3
5 (( 1)1/3 X) (_1)1/3 ( )2/3
1+ (-1)%73

c- (71)1/3(1 -

i3 d

EllipticPi[ —————
-C+ (—1) 134

R Ar‘cSin[

Problem 123: Result unnecessarily involves imaginary or complex numbers.

3 -X
dx
J(c+dx>\/ﬁ

Optimal (type 4, 327 leaves, 6 steps):

A/ €2-cd+d?
1 3 x
(c+d+\/?d) (1-x) (“\Xﬁ—*xz)z ArcTanh | -
1+V3 -x Vd Afcad

\/?\/Cer Ve2—cd+d? 1_7)(2\/—1+X3

(1+\/?*X)
2 c+d+\/?d 2
4 3V44024+/3 (1-x) LXZ EllipticPi[)z,
(1+\/?—X) (C+d—\/?d)

—Ar‘cSin[@}, ~7-4+/3] / (c+d—\/?d) J 1_—X2 A -1+ %3

1+/3 -x (1+\/_—X)

Result (type 4, 233 leaves):



Mathematica 11.3 Integration Test Results for 1.3.2 Algebraic functions.nb | 113

1 1-x 1
3dV-1453 1+ (-1)*° 1 x
)1/3
_q)1/3 2/3
3(< 1)1/3 X) ( ) ( )
1+ (-1)%73

c- (71)1/3(1 -

i3 d

EllipticPi[ —————
-C+ (—1) 134

R Ar‘cSin[

Problem 124: Result unnecessarily involves imaginary or complex numbers.

J 1+\/?+X dx
(c+dx) V-1-%°

Optimal (type 4, 323 leaves, 6 steps):

(C— (1+\/?) d) <1+X) (1j%+—i)z Ar‘CTan i lliix
[1\ng
Ve-d \d Vi rcd+d? (r) V13
4 3V4.024+/3 (1+x) _loxexd
(1+\/?+X)2
EllipticPi | (C7 (1“/?) d) , ,A,«csin[@}, 743 ] /
c—(l—ﬁ)d)z 1+4/3 +x
(e~ (1-v3]a) | — 2 e
(1+\/?+X)2

Result (type 4, 216 leaves):
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1 1+x i 1 (1) ]
dv/-1-x3 1+(—1)1/3 RN
1+ (-1)1/3
—1)V3 o (—1)23 14 (1123
t) (-2) 7 x EllipticF [Arcsin| 1 (-2)7x I, (-1)*?] Lt
1+(—1)1/3 1+<71)1/3 c+<71>1/3d

ifc-{1++/3]d 1-x+x% EllipticPi ﬂ ArcSin
(- (23] ¢) pticPi| » Arcsin|

C+ (—1)1/3(1

s e 17

Problem 125: Result unnecessarily involves imaginary or complex numbers.

dx

J 1—\/?+X
(c+dx) Vi+x3

Optimal (type 4, 360 leaves, 6 steps):

2/2++3 Vc2+cd+d? —1%)(2
(17\E+X)

Nrpry ﬁszLﬁJ(“—f“)Lz
1-4/3 +x

I/

N (cf (17\/?> d) <1+X>\I(11\/X—3+j1)2 Ar‘cTanh[

1+x
Vec-d d?x/c2+cd+d2\l+ 1+x3 +

(17\/?+X)2

4 34325 (1) |2 EllipticPi[(c_(
(1—\/?+X)2 (C—(1+

1+ﬁ+x
1—\/?+X

~ArcSin|

|, -7+4+3] c-d-+/3 d o 1e
/ ( )J (1—\/?+X)2

Result (type 4, 213 leaves):



Mathematica 11.3 Integration Test Results for 1.3.2 Algebraic functions.nb | 115

1 1+x 1 Us
d\/1732 1+ (123 | ((_1) ‘X)
X * ( ) 1+(-1)%3x
1+(-1)Y/3
—1)V3 o (—1)23 14 (1123
t) (-2) 7 x EllipticF [Arcsin| 1 (-2)7x I, (-1)*2] + 1
1+(—1)1/3 1+<71)1/3 c+<71>1/3d

i (c+ (—1+\E) d) AJ1-x+x? EllipticPi[ﬂ, Ar‘cSin[

C+ (71)1/3d

T

Problem 126: Result unnecessarily involves imaginary or complex numbers.

1-+/3 -x
J dx
(c+dx) V1-x3
Optimal (type 4, 348 leaves, 6 steps):

Jecdid? 7{ :\Z
(c+d—\/?d) (1-x) hxi*)‘zzAr‘cTan{ = ]

(13 %] Ja Vod

Vd Ve+d V2 -cd+d? - —2— J1-3
]

: 31/4@(14) - Ellipticpi[w,
(1_\/?‘)‘)2 (c+d+\/?d)2

1+\/?—X
1—\/?—x

_ArcSin[ },—7+4\/?} / (C+d+\/?d)J( 1-x )2 1-x3
1-+vV3 -x

Result (type 4, 235leaves):
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c- (71>1/3d

i3 d

EllipticPi[ —————
-C+ (—1) 134

R Ar‘cSin[

Problem 127: Result unnecessarily involves imaginary or complex numbers.

J 1-v3 -x dx
(c+dx) V-1+x°
Optimal (type 4, 344 leaves, 6 steps):
N 2ocded? |- X —

17/374
(c+d—\/?d) (1-x) —Lexex® . ArcTan| [ ]
(1/3 ] HWF
1-4/3 —x

\/?\/C+d Ne—cd+d? —1'7)(2 V-1+x3
I

4 31/4412_\/? (1—X> % EllipticPi[M,
(1—\/?—X)2 (c+d+\/?d)2

1+ﬁ—x
1—\/?—x

~ArcSin|

i e
3

05

},—7+4\/?} / (C+d+\/?d)J

Result (type 4, 233 leaves):
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c- (71>1/3d

i3 d

EllipticPi[ —————
-C+ (—1) 134

R Ar‘cSin[

Problem 128: Result unnecessarily involves imaginary or complex numbers.

dx

1-/3 +x
J(c+dx>\/ﬁ

Optimal (type 4, 364 leaves, 6 steps):

22443 VEicar@E |-
[ (17\E+X)

N \H\/7+4\E+€%
1-4/3 +x

I/

_ (c— (1—\/?) d) (1+X>\I(11\/X—3+j2x)2 ArcTanh

(17\/?+X)2

1+x
Ve-d \/?x/c2+cd+d2\l+ ~1-%3 +

4 3Y%2-+/3 (1+x) _loxex E1lipticPi| < |
(1—\/?+X)2 (C—(1+

1+ﬁ+x
1—ﬁ+x

~ArcSin|

|, -7+4+/3]

/oo [

(1—\/?+X)2

Result (type 4, 215leaves):
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1 1+x i 1 (1) ]
dv/-1-x3 1+(—1)1/3 RN
1+ (-1)1/3
—1)V3 o (—1)23 14 (1123
t) (-2) 7 x EllipticF [Arcsin| 1 (-2)7x I, (-1)*?] Lt
1+(—1)1/3 1+<71)1/3 c+<71>1/3d

ilc+(-1++/3]d 1-x+x? EllipticPi ﬂ, ArcSin
G ) d) | [

C+ (71)1/3d

T

Problem 129: Result unnecessarily involves imaginary or complex numbers.

1+ﬁ+x
J—dlx
xV1+x3

Optimal (type 4, 125leaves, 5steps):

2 (1+\/?) ArcTanh[~/1+x3 | +

3

~7-4+/3 ] /

_ 2 _
2+/2++/3 (1+%) o loxext EllipticF[Ar‘cSin[@],
(1+\/?+X)2 1+\/?+X

e | 2T 10
(1 + \/? + X) 2
Result (type 4, 149leaves):

2 ArcTanh|V1 + X3
—EArcTanh[xller?’}— reran [ X }—
3 \/?

T \|(1)2/3((1)2/3+x)

1+ (-1)%73 1+ (-1)%73

2 ((_1)1/3_)()

14 (_1)2/3
EllipticF [ArcSin| 1o ()" x s (-1)*?] /
1+ (-1)*°
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Problem 130: Result unnecessarily involves imaginary or complex numbers.

1+\/?—X
J—dlx
xV1-x3

Optimal (type 4, 139leaves, 5steps):

—§ (1+\/?) ArcTanh[~/1-x3 | +

2+/2++/3 (1-%) 1+X—H(2EllipticF[ArcSin[@],_7_4\/?]/
(1+\/?*X)2 1+\/?—x

31/4 1-x 1-x3
(1 + \/? - X) 2
Result (type 4, 157 leaves):

2 ArcTanh|V1-x3
—EAr‘cTanh[xll—xi‘ } _cAareran [ X } -
3 V3

2 17)(1/3 ((1)1/3+X>\I <_1>1/3+(_1>2/3X

1+ (-1) 1+ (-1)%73

E1lipticF [ArcSin| %], (-1)*2] /
1+ (-1)Y3

Problem 131: Result unnecessarily involves imaginary or complex numbers.

J1+\/?X d
xV-1+x3

X

Optimal (type 4, 142 leaves, 5 steps):

%(1+\/?) ArcTan [~/ -1+x* | +

24/2-+/3 (1-x) uEllipticF[ArcSin[@],—7+4\5]/
(1—\/?—x)2 l—ﬁ—x

31/4J< L e
1-

\/?—x)2

Result (type 4, 150leaves):
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3

ArcTan[+/-1+x* | + \/?Ar'cTan[x/ ~14x3 | -
1/3 2/3
3 1 -X 1/3
14 ( 1/3 1/3
)23
EllipticF[ArcSin| 1/3 )12

Problem 132: Result unnecessarily involves imaginary or complex numbers.

Y
14+ /3

X

J1+\/?+X g
xV-1-x3

Optimal (type 4, 136 leaves, 5steps):

§(1+\E) Ar‘cTan[xI—l—xg’ } n

_ 2
2+/2-+/3 (1+%) LEllipticF[Ar‘cSin[@],—7+4\/?]/
(1—\/?+X)2 1-/3 +x

qua | 1+x 2 13
(14/3 +x)

Result (type 4, 155leaves):

3

ArcTan[+/-1-x* | ++/3 ArcTan[~/-1-x* | -

[3(<1>“3x) Lo J<1>”3<1>wx

1+ (-1)*° 1+ (-1)Y°

1+<—1)2/3X 2/3

1+<_1>1/3 I <1>1/3]]/[ 1o (-1 1/3 \ -

EllipticF [ArcSin|

=

Problem 133: Result unnecessarily involves imaginary or complex numbers.
Jl—\/?+x
—dXx
xV1+x3
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Optimal (type 4, 127 leaves, 5steps):

2 (1—\/?) Ar‘cTanh[x/1+x3 ] +

3

_ 2 B
2+/2+4/3 (1+x)J1X+X EllipticF[ArcSin[@],,7,4\/?]/

(1+\/?+X)2 1+\/?+X

31/4 ot e
(1 + \/? + X) 2
Result (type 4, 149leaves):

2 ArcTanh |V 1 3
—EArcTanh[x/1+x3 } + rean [ X } -
3 73

2 [(c1)7x) |2 J (1) ({-1)*2 )

1+ (-1)%73 1+ (-1)%73

14 (-1)2/3
EllipticF[ArcSin[ M ]: (*1>1/3] /
1+ (-1)%3

Problem 134: Result unnecessarily involves imaginary or complex numbers.

1—\/?—x
Jidlx
xV1-x3

Optimal (type 4, 141 leaves, 5steps):

2 (1—\/?) ArcTanh[~/1-x3 | +

3

2 —_ —
2~/2+/3 (1X)J1+X+X2 EllipticF[Ar‘cSin[@],_7_4\/?]/

(1+ 3—x) 1+43 -x

31/4 17X_2 1-x3
(1+\/?7X)

Result (type 4, 158 leaves):
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3

~ArcTanh[+/1-%° | +\/?Ar‘cTanh[x/1—x3 | -

1_ (_1)2/3)(

EllipticF [ArcSin| W ] (1>1/3]]/[ - ( 2:3 J

Problem 135: Result unnecessarily involves imaginary or complex numbers.

dx

1-4/3 -

Optimal (type 4, 144 leaves, 5steps):
2

g (1—\5) Ar‘cTan[x/—1+x3 } +

2~/2-3 (1-X) &EllipticF[Ar‘cSin[@],—7+4\/?]/
[1-V5 )’ 143 x

1-x
31/4J2 A -1+ X3
-

\E—X)

Result (type 4, 151 leaves):

3

ArcTan[+/-1+x? | —\/?Ar‘cTan[x/—1+x3 | -

Problem 136: Result unnecessarily involves imaginary or complex numbers.

X

Jl—\/?+x g
xV-1-x3
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Optimal (type 4, 138 leaves, 5steps):
2

S (1—\/?) Ar‘cTan[xl—l—x3 } +

B 2
24/2-+/3 (1+%) iEllipticF[ArcSin[@
TN LT x

e | 1+x 13
(1—\/?+X)2

Result (type 4, 156 leaves):

|, -7+4+/3] /

2 ArcTan[\/—l—xg’ } —\/?Ar‘cTan[\/—l—xg’ } -
3

3((—1)1/3_)() 1+x \I <_1>1/3_(_1>2/3X

1+ (-1)%73 1+ (-1)%73
14 (-1)2/3 1+ (-1)23
EllipticF[ArcSin| 1o ()" x 1, (-1)*7] / 1o)X \-1-x%3
1+ (-1)%73 1+ (-1)%3

Problem 137: Result unnecessarily involves imaginary or complex numbers.

J(3+x))i/ﬁdlx

Optimal (type 4, 334 leaves, 8steps):
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3 (1+x) (1;‘_7”‘2)2 ArcTan |
1+4/3 +x

Va5 [ aee
1+4/3 +x

2 /2(97+56+/3 ) (1+x _Loxexd EllipticF[ArcSi 1-V3 4x , —7-44/3
\/ ( ) ( >J(1+\/?+X)2 P [r n[1+\/?+x] ] /

31/4 —1+X 1+x3 | -
2
(1+\/3 +X)

XX -
12 3% (1+4x) \l LXZ EllipticPi[97-56/3 , —Ar‘cSin[m
2

+\/?+X) 1+4/3 +x

|, -7-4v3] |/

243 | X 1
(1+\/?+X)2

Result (type 4, 194 leaves):

1 1+x 1

2 _
V1% 1+ (71>1/3 1+(-1)%3x
1-*-(—1)1/3

—— 5 1, (-1)*°]+

((-2)¥ -] \I <11113(_ £>1/>32/3 X EllipticF[Arcsin|

1 , I ') .
———————31i+/1-x+x?* EllipticPi| sy ArcSin|

3+ (-1)%° 3+ (-1)°

=X

Problem 138: Result unnecessarily involves imaginary or complex numbers.

X
J—dlx
(3+x) 1-x3

Optimal (type 4, 379 leaves, 8steps):
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3 (1-x) ﬁ ArcTanh |

2T [ e
(1+\/?7X)

2\/2(37+20\/?) (1-x) ELL A EllipticF[ArcSin[@],—7—4\/?]/
(1+\/?7x)2 1+\/?—x

2
12 342443 (1-x) sz EllipticPi (553 +304/3 |,
(1+\E—x) 169

-ArcSin[@},J-m/?} / 13 1;)(2 1-%3
1+4/3 -x (1+\/?—X)
Result (type 4, 195leaves):

1 1-x

2
VI A 1+ (-1)Y?

1 1/3 <_1>1/3 (_ )2/3 S . 1/3
—————((-1)*?+x) EllipticF [ArcSin | ], (-1)*3] +
1-(-1)%3x 1+ (71>1/3
1+(71)1/3

1 2+/3
3i+/1+x+x? EllipticPi| 23 pesin [

-3+ (-1)%? 5i+4/3

s )]

Problem 139: Result unnecessarily involves imaginary or complex numbers.

X d
J(3+x)m "

Optimal (type 4, 375leaves, 8 steps):
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3 (1-x) ﬁ ArcTanh |

247 | —2— V13

<1+\/?7X)
22 (1-x) /ﬁ EllipticF[Ar‘cSin[i—i*%], ~7+4+/3]
34 (4443 = }X ; VT
1-+/3 -x

2
12 3Y44/24+/3 (1-x) 1+x—+xEllipticpi[i(553+3e4\/?),
15 ) 169

1-+/3 -x 1-x
_ArcSin[———"—=17, —7-4+/3 13 | ——————— /-1+%3
rc n[l+ . _X} ] / \I (1+ . _X)z

Result (type 4, 193 leaves):

1 1-x

2
Vo143 1+ (-1)Y°

_1\V3, (_q1)2/3 e
;(<71>1/3+x) \l < (+ ()1/>3 X Ellip‘ticF[Ar‘cSin[ e Sy B ], (—1)1/3] .
- (- )2/3 1+ (-1
11+(}1)1/3X

1 243
3i+/1+x+x* EllipticPi] L, ArcSin|

_3+(_1)1/3 513 7}, (,1>1/3]

Problem 140: Result unnecessarily involves imaginary or complex numbers.

J(3+x>\jﬁdx

Optimal (type 4, 343 leaves, 8steps):
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3 (1+x) (1;‘_7”‘2)2 ArcTan |
1+4/3 +X 1-x+x2
[1*\/?4(}2

(1+\/?+x)

B 2
2/14+8+/3 (1+x) LEllipticF[APcSin[@},—7+4\E]/
(17\/?+X)2 1-/3 +x
31/4 71;)( “1-x3 | -
(17\5+X)2
_ 2 —
1234 (14 x) x| EllipticPi[97-56+/3 , -ArcSin[m},J-m/?}/
(1+\/?+X)2 1+4/3 +x
2.3 |1t [
(1+\/?+X)2

Result (type 4, 196 leaves):

1 1+x 1

2 _
1/3

V-1-x3 1+ (71) 14(-1)23 x

14(-1)/3

—— 5 1, (-1)*°]+

((-2)¥ -] \I <11113(_ £>1/>32/3 X EllipticF[Arcsin|

1 , I ') .
———————31i+/1-x+x?* EllipticPi| sy ArcSin|

3+ (-1)%° 3+ (-1)°

=X

Problem 141: Result unnecessarily involves imaginary or complex numbers.

e+fx
J dx
(c+dx) Vi+x3

Optimal (type 4, 452 leaves, 8 steps):
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1
A/ ¢?+c d+d? x =

—

‘1w 3 +><J

(de-cf) (1+x) L"ZZ ArcTan|
(1+\/?+X) m\/?

Ve-d A/d V2 +cd+ d? 1+7X2\/1+X3
(1+\/?+X)

1+\E+X)2

2+/2+3 (e-f-ﬁf) (1+x) \l Cloxex®

1—\/?+X
1+\/?+X

EllipticF [Ar‘cSin [

J,-7-4v5]|/

31/4(cd\/?d)Jl+x 1433 | +]4 342443 (de-cf) (1+x)

(1+\E+X)2
_roxexd EllipticPi| [c-[23)¢) , ,Apcsin[@]’ 7443 /
(1+ﬁ+x)2 (c—(l—ﬁ)d)z 143 +x

1+x

(2-2cd-2d*) | ————— J1+%X
(1+\/?+X)2

Result (type 4, 211 leaves):

1 9 1+x ~ 1 f((—l)l/B—X)
dvV1+x3 1+ (—1)1/3 L1y
1+(-1)1/3
)13 (_q)2/3
1) (-2) 7 x EllipticF [Arcsin| | ————— ], (-1)*?] Lt
1+(—1)1/3 C+<71)1/3d

. 1. (_1)2/3
i(-de+cf)/1-x+x? EllipticPi[ﬂ, ArcSin| M B (—1)1/3]

c+ (-1)*3d 1+ (1)



Mathematica 11.3 Integration Test Results for 1.3.2 Algebraic functions.nb | 129

Problem 142: Result unnecessarily involves imaginary or complex numbers.

e+fx
J dx
(c+dx> 1-x3

Optimal (type 4, 476 leaves, 8steps):

A/ c2-c d+d? ? ~
1+ 3 -x
(de-cf) (1-x) IL"ZZ ArcTanh | iy ]
(1+\E—x) Jad Jod Loxex?

Ll»\/? x}z

Vd Verd V2 -cd+d? | —2— 13
(1+\/?7X)

2\/2+\/? (e+f+\/?f) (1—X) \I &

1+\E—x)2

1—\/?—x
1+\E—x

EllipticF [Ar‘cSin [

J,-7-4v5]|/

31/4(c+d+\/?d)J1X 1-53 |+ |4 3Y4/24+/3 (de-cf) (1-X)

(1+\E—X>2
& EllipticPi[M, 7Ar.csin[w}, 7774\5] /
(1+\/?7X)2 (c+d—\/?d)2 14++/3 —x

1-x

(C2+2Cd72d2) — J1-%3
(1+\/?7X)2

Result (type 4, 233 leaves):
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! (<1)7° 43 (14 (-1)*) (-de+cf) 1exond

e (-1)V3d

i3 d

EllipticPi[ —————
-C+ (—1) 134

R Ar‘cSin[

Problem 143: Result unnecessarily involves imaginary or complex numbers.

J e+fx dx
(c+rdx) V-1+%

Optimal (type 4, 477 leaves, 8 steps):
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A/ c2-c d+d? 1x -

143 x
(de-cf) (1-x) %Ar‘cTanh[ iy
(1+\E—x) Jad Jod Loxex?

LLV? x]z

\/di\/Cer \/C27Cd+d2 (\jﬁ_ix)z \/7:|.+X3
1+ 3 -x

272-43 (e+f+V/3 f) (1-x) S bexexd
R

1+\/?—X

EllipticF [Ar‘cSin[
1- \E - X

|, -7+4+/3] /

A [l |-
3

]

31/4 (c+d+\/?d)J

4 342,33 (de-cf) (1-x) | X
(1+\ﬁfx)2

EllipticPi[M, —Ar‘cSin[@], ~7-4+/3] /
(c+d-\/?d)2 143 -x

(c2+2cd2d2)\llx A -1+ %3
(1+

\/?—X)z

Result (type 4, 231 leaves):
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1 1-x 1

2
1/3
3d\/71+X3 1+<_1> 1-(-1)23 x
1+(-1)1/3

_1\1/3, (_q1)2/3
3F((-1)12 x| =2) 7 (1) x EllipticF [ArcSin|
1+ (-1)%73

! (<1)7° 43 (14 (-1)*) (-de+cf) 1exond

e (-1)V3d

— 0 L ()]

i3 d

EllipticPi[ —————
-C+ (—1) 134

, ArcsSin| , (—1)1/3]

Problem 144: Result unnecessarily involves imaginary or complex numbers.

J e+fx dx
(c+dx> V-1-x3

Optimal (type 4, 465 leaves, 8 steps):
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(de-cf) (1+x) 1ol AncTan | V3 ]

[
(1443 74] Jod yd | e

‘LJ?yxr

\/Cfd \Hm ﬁ\/ﬁ
1+4/3 +x

272-V3 [e-f-V3 f) (1+x)\llx”‘2

(1—\E+X)2
1+\/?+X
ipti rcSin| ———=1, -7+4+/3
EllipticF[ArcS [17\/?+x] 7+4 3]/
34 (cd-v3d) |- o1e |-
(1—\/?+X)2
4 314./2./3 (defcf) (1+x) 1-x+x2
(1+\E+X)2
EllipticPi] Ci(hﬁ) d) , _Apcsin[@}_ﬁz‘ﬁ} /
C—(l—\/?)d)z 1+\/?+x

1+x

(2-2cd-2d*) | ————— \/-1-%
(1+\/?+X)2

Result (type 4, 213 leaves):

! 2 1+ x 1 £ 1)1/3
V1% 14 (-1)1/3 - ((‘ ) ‘X)
dv-1-x +( ) 12
1+(-1)%/3
1 1/3 _ _1 2/3 ~
2] (-2) 7 x EllipticF[ArcSin| | ———— ], (-1)*?] + 1
1+(—1)1/3 C+(71>1/3d

. 1. (_1)2/3
i(-de+cf)/1-x+x? EllipticPi[ﬂ, ArcSin| M B (—1)1/3]

c+(—1)1/3d 1+(_1)1/3
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Problem 145: Result unnecessarily involves imaginary or complex numbers.
e+fx
J; dx
xV1+x3
Optimal (type 4, 120leaves, 6 steps):

—EeAr‘cTanh[x/1+x3 |+

3

Cx a2 .
2 2+\/?f(1+x)\llx+x2 EllipticF[ArcSin[m],74\/?]/

(1+\/?+X) 1+\/?+X

31/4 b 1+x3
2
(1+\/3 +X)

Result (type 4, 134 leaves):

_EeArcTanh[m]_ 2{((_1)1/3_)() 1+x \I(1)2/3(<1)2/3+X>

3 14 (_1>1/3

14 (_1)2/3
EllipticF [Arcsin| e ()" x I, (-1)*?] /
1+ (-1)%3

Problem 146: Result unnecessarily involves imaginary or complex numbers.

e+fx
J STX ax
xV1-x3
Optimal (type 4, 134 leaves, 6 steps):

—EeAr‘cTanh{dl—x3 |-

3

2 _ —
2 2+v?f(1x)\l1+x+x2 EllipticF[ArcSin[@],—7—4\/?]/

(1+ 3—x) 1+4/3 -x

31/4 1-x 1-x3
(1+\/?—X)2

Result (type 4, 140leaves):
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——eArcTanh[ 1-x3]+|2F 1/3 <_1>1/3+(_1)2/3X
1 1/3 14+ (_1)1/3

2/3
E111pt1cF Arc51n 1/3
1/3

Problem 147: Result unnecessarily involves imaginary or complex numbers.
e+fx
J —2TTX ax
X\ -1+x%x3
Optimal (type 4, 137 leaves, 6 steps):

%eAr‘cTan[xl—1+x3 ] -

3

225 fl1ox) | EllipticF[Ar‘cSin[@],—7+4\/?]/
(1—\/?—x)2 1-+/3 -x

sva | 1TX [
13 )’

Result (type 4, 136 leaves):

2 1-x
2 earctan[yf 10 | < 26 | A (<1>”3+X)J

3

1- (_1)2/3)(

T L, -2/

EllipticF [ArcSin|

Problem 148: Result unnecessarily involves imaginary or complex numbers.
J e+fx
— dX
xV-1-x3

Optimal (type 4, 131 leaves, 6 steps):
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%eAr‘cTan[xl—l—x3 ] +

3

22 V3 f(1ex) | =22 ElipticF[Arcsin 103 +x , 7443
v < >J s ] [arestnf =] 1/

Jua | 1+x 2 13
(14/3 L X

Result (type 4, 138 leaves):

EeAr‘cTan[m]_ 2{((_1>1/3_x) 14+x J<1)2/3((1>2/3+X)

3 1+ (-1)*°

1 1 2/3
EllipticF[Ar‘cSin[ M ], (_1>1/3] /
1+ (_1>1/3

Problem 149: Unable to integrate problem.

J c-dx dx
(c+dx> <2c3+d3x3>1/3

Optimal (type 3, 95leaves, 1step):

1+ 2 (2c+dx|
\/?ArcTan[—'%‘—] Log[c+dx] 3Llogl[d(2c+dx)-d (2¢*+d>x3)'?]
_ — +

d d 2d

Result (type 8, 33 leaves):

J c-dx dx
(c+dx) <2c3+d3x3>1/3

Problem 150: Unable to integrate problem.

J e+fx dx
(crdx) (-2 +d?>x3)??

Optimal (type 3, 234 leaves, 3 steps):

2dx 213 (c-dx)

1+ 1- 5
fAr‘cTan[—‘——%“' ] /3 (de-cf) Ar‘cTan[—‘——%*" ] (dec ) Log[(c-dx) (c+dx)?]
+
3 42 2 21/3 ¢ g2 4 213 ¢ g2

fLog[-dx+ (—c3+d3x3)1/3] 3 (de-cf)Log[d (c-dx) +2%3d (—c3+d3x3)1/3]

2d? 4 213 cd?
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Result (type 8, 32leaves):

J e+fx dx
(c+dx> (—c3+d3x3)1/3

Problem 158: Result more than twice size of optimal antiderivative.

dx

(a+bx)" (c+dx3)?
|
Optimal (type 5, 209 leaves, 3 steps):
a’d (2b*c-a*d) (a+bx)1+n ad (4b°c-5a%d) (a+bx)2*"
- +
b® (1+n) b (2+n)

2d<b3c—5a3d> (a+bx)3+” 10 a2 d2 (a+bx)4+” 5 ad? (a+bx)5+”
N _
b® (3 +n) b® (4 +n) b® (5+n)

+

d (a+bx)®" c? (a+bx)"" Hypergeometric2F1[1, 1+n, 2+n, 1+ b?)‘]

b (6 +n) a(1+n)

Result (type 5, 420leaves):
(a +b X) n

bx\)™"
[(2cd(1+_) 2stbnn
a

3 bx\n
2a (71+ [1+*)

bx\n bx\n
1+—) +ab2n(1+n)x2 1+—) +
a

a

bx\n
1+—J +b3(2+3n+n2)x3
a

])/(b3 (1+n) (24n) (3+n))+

a
bx)" bx\" bx)\"
(dz (1+—] [lzaasbnx 1+—) -60a*b’n (1+n) x* |1+ —| +
a a a
3,3 2\ o3 bx)" 2 14 2. .3\ 4 bx\"
20abn(2+3n+n>x 1+7] —Sabn(6+11n+6n +n)x 1+ —| +
a a

5 2 3.4\ o5 bx\"

ab n(24+50n+35n +10n +n)x 1+ —| +
a

n n

b x
-120a° [71+ (1+—
a

b x
1+ —
a

b® (120+274n+225 n?+85n3+15 n4+n5> x®

)/

(b° (1+n) (2+n) (3+n) (4+n) (5+n) (6+n)) +

b x

2 a |\ " ; a
C (1+ ) Hyper‘geometr‘1c2F1[—n, -n, 1-n, —bx] ]

n

Problem 159: Result more than twice size of optimal antiderivative.

sz (a+bx>n <c+dx3)3dlx

Optimal (type 3, 459 leaves, 2 steps):
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a? (b3c—a3d)3 (a+bx)1+n a (2b3c—11a3d) (b3’c—a3d)2 (a+bx)2*”

+

b2 (1+n) b2 (2 +n)
(b>c-a®d) (b®c?-29a°b’cd+55a°d?) (a+bx)3’*"+
b2 (3+n)

3a%d (10b°c?-56a*b’cd+55a°d?) (a+bx)*"

b'? (4 +n) :
15ad (b°c?-14a°b>cd+22a°d?) (a+bx)>" 3d(b®c2-56a>b’>cd+154a°d?) (a+bx)®"

b2 (5+n) : b2 (6 + n) :
42a2d? (2b3c-11a%d) (a+bx)’" 6ad? (4b3c-55a%d) (a+bx)®"

b2 (7 +n) ) b'? (8 +n) :

3d? (b*c-55a%d) (a+bx)®" 55a2d® (a+bx)™" 11ad® (a+bx)™" d* (a+bx)™"

b2 (91 n) " b2 (104n) b2 (11+n)  b% (12 n)

Result (type 3, 1134 leaves):
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((a+bx)1*” (39916800 a'" d* + 39916800 a'° b d® (1+n) x - 19958400 a° b* d* (2+3n+n2) X2 +

120960 a® b> d* (c (1320 +362n+33n”*+n’) +55d (6+11n+6n°+n’) x*) -
302402’ b*d® (1+n) x (4c (1320+362n+33n?+n?) +55d (24+26n+9n”+n?) x3) +
30240a°b°d* (2+3n+n?) x* (2¢ (1320+362n+33n*+n’) +11d (60 +47n+12n*+n?) x?) -
360 2> b®d (c* (665280 + 434568 n + 117454 n” + 16815 n> + 1345 n* + 57 n° + n®) +
56 cd (7920 + 16692 n + 12100 n* + 3861 n° + 571 n* + 390> + n®) X3 +
154.d* (720 + 1764 n + 1624 n> + 735n° + 175 n* + 21 n° + n®) x°) +
360a*b’d (1+n) x (c* (665280 + 434568 n + 117454 n? + 16815 n> + 1345 n* + 57 n° + n%) +
14cd (31680 + 43008 n + 22084 n* + 5460 n° + 685 n* + 42n° + n®) x> +
22 d* (5040 + 8028 n + 5104 n* + 1665 n* + 295 n* + 27n° + n®) x®) - 182> b®d (2 + 3 n+ n?)
x* (10 c* (665280 + 434568 n + 117454 n* + 16815 n° + 1345n* + 57 n° + n®) +
56 cd (79200 + 83760 n + 34834 n* + 7275 n° + 805 n* + 45n° + n®) x° +
55d® (20160 + 24552 n + 12154 n® + 3135 n° + 445n* + 33 n° + n®) x°) +
b (246400 + 593520 n + 541508 n® + 251352 n° + 66489 n* + 10448 n° + 962 n° + 48 n’ + n?)
x* (c? (648+234n+27n2+n3) +3c%d (324+171n+24n2+n3) X3+
3cd® (216 +126n+21n*+n?) x®+d> (162+99n+18n*+n’) X°) -
ab'® (280 + 418 n+159n*+ 22 n® + n*) x
(2c (285120 + 221544 n + 70254 n* + 11645 n® + 1865 n* + 51 n° + n®) +
15c*d (57024 + 70920 n + 32574 n? + 7115 n> + 801 n* + 45n° + n®) x> +
24 cd® (23760 + 32652 n + 17160 n* + 4421 n* + 591 n* + 39n° + n®) x® +
11d® (12960 + 18612 n + 18404 n® + 2915 n> + 435n* + 33 n° + n%) x°) +
2a’b’ (c® (79833600 + 101378880 n + 56231712 n° + 17893196 n* + 3602088 n* +
476049 n> + 41328 n°+2274n” +72n% +n’) +30c*d (3991680 + 9925488 n +
9476652 n° + 4665572 n® + 1332327 n* + 233481 n° + 25518 n° + 1698 n” + 63 n® + n?) X° +
84 c d* (950400 + 2589120 n + 2806008 n> + 1617020 n> + 552426 n* + 116949 n° +
15432n°+1230n’ + 54n® + n?) x® + 55d> (362880 + 1026576 n + 1172700 n* +

723680 n® + 269325 n* + 63273 n° + 9450 n° + 870 n” + 45 n® + n°) xg)))/
(b12 (1+n> (2+n) (3+n) (4+n) (5+n) (6+n) (7+n)

Problem 160: Result more than twice size of optimal antiderivative.

Jx (a+bx)" (c+dx3)3d1x

Optimal (type 3, 396 leaves, 2 steps):
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- (b3’c—a3d)3 (a+bx>1*” . (b3c—10a3d) <b3c—a3’d>2 <a+bx)2*” X

bl (1+n) b1l (2+n)

9a2d (2b3c—5a3d) (b3c—a3d) (a+bx)3+” 3ad (4b6c2—35a3b3cd+40a6d2) (a+bx>4+”
- +

b (3+n) b™ (4+n)

3d (b®c?-35a°b°cd+70ad?) (a+bx)5*” 63a2d? (b>c-4ad) (a+bx)6*”

+

bl (5+n) bl (6 +n)
21ad? (b>c-10a%d) (a+bx)”" 3d?(b>c-40a*d) (a+bx)®"
+ +
bl (7 +n) bt (8+n)

45 a2 d3 (a+bx)9*" 10 ad3 (a+bx)1e*n d3 (a+bx)11*n
- +
b (9+n) b (10 +n) b (11 +n)

Result (type 3, 903 leaves):

((a+bx)1*“ (36288<a(aa1e d®> - 3628800 a°bd? (1+n) X + 1814400 a® b? d* (2+3n+n2) X2 -

151202’ b>d* (c (990 +299n+30n*+n’) +40d (6+11n+6n°+n’) x*) +
15120a°b*d* (1+n) x (c (990 +299n+3@0n®+n?) +10d (24+26n+9n*+n’) x°) -
7560a° b° d* (2+3n+n*) x* (c (990 +299n+30n%+n*) +4d (60+47n+12n%+n?) x3) +
72a*b®d (c® (332640 + 245004 n + 74524 n? + 11985 n> + 1075 n* + 51 n° + n®) +
35cd (5940 + 12684 n + 9409 n” + 3120 n> + 490 n* + 36 n° + n®) X +
70 d* (720 + 1764 n + 1624 n* + 735n> + 175 n* + 21 n° + n%) x°®) -
18a*b’d (1+n) x (4c* (332640 + 245004 n + 74524 n* + 11985 n* + 1075 n* + 51 n° + n®) +
35cd (23760 + 32916 n + 17404 n* + 4485 n° + 595 n* + 39 n° + n®) X3 +
40 d* (5040 + 8028 n + 5104 n* + 1665 n> + 295 n* + 27 n° + n®) x°) +
18a’b%d (2+3n+n?) x* (2c? (332640 + 245004 n + 74524 n” + 11985 n> + 1875 n* + 51 n° + n®) +
7cd (59400 + 64470 n + 27733 n* + 6048 n° + 706 n* + 42 n° + n°) X +
5d? (20160 + 24552 n + 12154 n? + 3135 > + 445 n* + 33 n° + n®) x®) +
b'® (45360 + 95436 n + 72180 n* + 27109 n’ + 5620 n* + 654 n> + 40 n® + n”) x
(c® (440 +183n+24n%+n?) +3c*d (176 + 126 n+21n*+n’) ° +
3cd® (110+87n+18n>+n’) x®+d’ (80 + 66 n+15n? +n?) x°) -
ab’ (162+99n+18n*+n?) (c* (123200 + 111960 n + 41214 n® + 7875 n> + 825 n* + 45n° + n%) +
12c*d (12320+24132n + 15600 n* + 4341 n> + 591 n* +39n° + n®) x> +
21 c d® (4400 + 9420 n + 7068 n* + 2427 n> + 411 n* + 33> + n®) X

6+
10 d* (2240 + 4968 n + 3954 n? + 1485 n® + 285 n* + 27 n° + n°) x9)))/

(b™ (1+n) (2+n) (3+n) (4+n) (5+n) (6+n) (7+n)
(8+n)
<9+n)
(18 +n)
(11+n))

Problem 161: Result more than twice size of optimal antiderivative.

J(a+bx)” (c+dx3>3dlx

Optimal (type 3, 337 leaves, 2 steps):
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(b3c—a3d)3(a+bx)1*” 9a2d(b3c—a3d)2(a+bx>2*”
N _
ble (1+n) b1e (2+n>

9ad (b*c-4a%*d) (b°c-a’d) (a+bx)3’*n 3d (b®c?-20a°b°cd+28afd? (a+bx)4+”
+ +

6% (3+n) b*® (4 n)

9a2d? (5b°c-14ad) (a+bx)5+n 18ad? (b*c-7ad) (a+bx)6*"

+

b'® (5 +n) b'® (6 +n)
3d? (b*c-28a*d) (a+bx)”" 36a2d® (a+bx)®" 9ad®(a+bx)’" d®(a+bx)¥T"
+ - +
b® (7 +n) b (8 +n) b (9 +n) b (10 +n)

Result (type 3, 706 leaves):
((a+bx)1*“ (-362880a° d> +362880a°bd> (1+n) x-181440a’ b*>d® (2+3n+n?) x*+
2160 a°b>d* (c (720+242n+27n*+n’) +28d (6+11n+6n”+n’) x°) -
2160a° b*d* (1+n) x (c (720+242n+27n%+n?) +7d (24+26n+9n”+n?) ) +
216 % b°d® (2+3n+n?) x* (5¢ (720+242n+27n*+n’) +14d (60+47n+12n*+n’) X°) -
9ab®d (80+146n+81n°+16n°+n?) x* (c* (3780 + 1968 n + 379 n + 32n> + n*) +
2cd (1080 + 858 n +235n% + 26 n* + n*) x* + d* (504 + 450 n + 145n® + 20 n> + n*) x°) -
182 b°d (c? (151200 + 127860 n + 44524 n® + 8175 n> + 835n* + 45n° + n®) +
20 cd (4320 +9372n + 7144 n* + 2475n% + 415n% + 33n° + n®) X +
28 d* (720 + 1764 n + 1624 n* + 735n> + 175n% + 21 n° + n®) x®) +
18a’b’d (1+n) x (c* (151200 + 127860 n + 44524 n® + 8175 n> + 835 n* + 45n° + n%) +
5cd (17280 +24528n +13420n + 3624 n% + 511 n* + 36 n° + n®) x> +
4 d* (5040 + 8028 n + 5104 n” + 1665 n> + 295 n* + 27 n° + n®) x°®) +
b® (12960 + 18612 n + 18404 n® + 2915 n’ + 435 n* + 33 n° + n%)
(c* (280 +138n+21n*+n’) +3c*d (70+87n+18n>+n’) x> +

3cd? (40+54n+15n2+n%) x° +d® (28 +39n+12n%+n?) x9)))/

(b1<0 <1+>n> (2+n) (3+n) (4+n) (5+n) (6+n) (7+n) (8+n)
9+n
(10+n))

Problem 162: Result more than twice size of optimal antiderivative.

dx

J(a+bx)“ (c+dx3)3

X

Optimal (type 5, 358 leaves, 3 steps):
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a2d<3b6c2—3a3b3cd+a6d2> (a+bx)1*” ad<6b6c2—15a3b3cd+8a6d2> <a+bx)2*”
- +
b? <1+n) b? <2+n>
d(3b°c2-30a°b>cd+28a°d?) (a+bx)>" 2a2d? (15b>c-28a*d) (a+bx)*"

+ —

b® (3+n) b% (4 +n)
5ad? (3b>c-14a%d) (a+bx)*>" d?(3b*c-56a%d) (a+bx)®" 28a%d® (a+bx)’"
+ + -
b (5+n) b° (6 +n) b° (7 +n)

gad® (a+bx)®" & (a+bx)" (a+bx)™"Hypergeometric2F1[1, 1+n, 2+n, 1+ "‘_TX}
N _

b® (8+n) b® (9+n) a(1+n)

Result (type 5, 856 leaves):

(a+bx)" (3c2d[1+b—xjin [—Zazbnx 1+b—x)n+ab2n(1+n) x? 1+b—x n+
a a a
3 5 bx\" bx\"
b (2+3n+n)x3 1+7] +2a3(71+[1+f])J]/(b3(1+n> (2+n) (3+n)>+
a a
1 bx)™"
3cd2(1+—)
b (1+n) <2+n> (3+n> (4+n) (5+n) (6+n) a

bx\n bx\" bx\"
(120a5bnx 1+*) —60a4b2n(1+n) x2 1+—) +20a3b3’n<2+3n+n2>x3 1+ —
a a a
2 L4 2 3 4 bX n 5 2 3 4 5 bX "
5a’b n(6+11n+6n +n)x 1+—| +ab n(24+50n+35n +10n +n)x 1+ —| +
a a
6 2 3 4 5 6 bX n 6 bX "
b (120+274n+225n +85n3+15n +n)x 1+—| -120a% -1+ |1+ — +
a a
(1/(b° (1+n) (2+n) (3+n) (4+n) (5+n) (6+n) (7+n) (8+n) (9+n)))
3 bxy)™" 8 bx\"n . ) bx\n
d (1+—] [—40320a bn x 1+—) +20160a’ b n(1+n)x 1+ —| -
a a a
6 1.3 2\ o3 bxn 5 1.4 2.3\ 4 bxn
6720 a°b n(2+3n+n)x (1+7] +1680a°b n(6+11n+6n +n>x 1+ —| -
a a
4 .5 2 3 4 5 bX "
336abn(24+50n+35n +10n +n)x 1+ —| +
a
3 Lo 2 3 4 5 6 bX "
56abn(120+274n+225n +85n3+15n +n>x 1+ —| -
a
2 LW 2 3 4 5 6 7 bX "
8a’b n(720+1764n+1624n +735n3+175n%*+21n +n)x 1+ —| +
d
8 2 3 4 5 6 7 8 bX n
ab®n (5040 + 13068 n + 13132 n” + 6769 n® + 1960 n* + 322n° +28n%+n’) x® |1+ —| +
a
b° (49 320+ 109584 n + 118124 n? + 67284 n3 + 22449 n* + 4536 n° + 546 n® + 36 n” + n8)
9 bx\" 9 bx\n
X’ |1+ —| +40320a (—1+[1+* ]+
a a

c3 (1 + ;7) o Hypergeometric2F1[-n, -n, 1-n, - bix]

n
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Problem 163: Result is not expressed in closed-form.

dx

x> (e+Fx)"
j a+bx3
Optimal (type 5, 324 leaves, 7 steps):

e? (e+fx)1*n 2e(e+fx)2*” (e+fx)3*”
- +

b3 (1+n) b3 (2+n) b3 (3+n)
a (e+fx)"" Hypergeometric2F1[1, 1+n, 2+n, s:%‘zef’;%i]

+

3653 (b3 e -al3 f) (1+n)

) ¥*" Hypergeometric2F1[1, 1+n, 2+n, M}

bl/3 e+ (-1)1/3 al/3 f

3b°/3 (b1/3e+ (-1)*? a1/3-F) (1+n)

a(e+fx

+

) **" Hypergeometric2F1[1, 1+n, 2 +n, — Dt

pl/3 e (-1) 2/3 31/3

3 p5/3 (b1/3e7 <71)2/3 a1/3f) (1+n)

a(e+fx

Result (type 7, 423 leaves):

f x
2-2 (1+7
e

1
3bf3

(e+fx)" (3 (—Zezfnx+ef2n (14n) x>+ (2+3n+n?) P+ €’

N/

1
(6+11n+6n*+n®) - —af® |e?RootSum[be’-af>-3be?nl+3beni’-bni’g,

bn
. 25 e+fx -n
Hypergeometric2F1[-n, -n, 1-n, - e#Xim] (eﬁxqﬂ) o -
e? -2enl+m1?
2eRootSum|[be®-af’-3be’nl+3beni®-bul’g,
. 01 e+fx -n
Hyper‘geometr‘1c2F1[—n, -n, 1-n, - eﬂcHﬂ] (eﬂquﬂ | &] .
e?-2enl + 12
RootSum[be®-af®-3be?nl+3benl?-bul’g,
s _ _ _ __om e+fx |\ M. 42
Hyper‘geometr‘1c2F1[ n, -n, 1-n, eﬂquﬂ} (en:xfttl) =1 &]

e2-2efl + 112

Problem 164: Result is not expressed in closed-form.

dx

Jx“ (e+fx)"

a+bx3

Optimal (type 5, 332 leaves, 7 steps):

| 143
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e (e fx)b (e+-Fx)2*” a2/3 (e+-Fx)1*” Hypergeometric2F1[1, 1+n, 2 +n, %:%H
+ - +

Cbf2(1+n) b (24n) 3643 (b3 e-al3 f) (1+n)
(—1)2/3b1/3 (e+Fx)

(_1) 2/3p1/3 o _ g1/3

{(—1)1/3 a?/3 (e+-Fx)1*n Hypergeometric2F1[1, 1+n, 2 +n,

1)/

(3b4/3 ((—1)2/3 b1/3e—a1/31:) (1+n)) +
(-1)*2 b3 (e+fx)

(—1)1/3 bl/3e+al/3f

1)/

{(1)2/3 a?’? (e + fx) " Hypergeometric2F1[1, 1+n, 2 +n,

(3 b*/3 ((—1)1/3 b3 e+ a3 F) (1+n))

Result (type 7, 298 leaves):

1
3bf2

3 [refnx £ (1en)xve? [1- (14 )7 v
2+3n+n2

<e+'FX)n

1
—aef?RootSum[be®-af?-3be’nl+3benl?-bnul®g,
bn

Hypergeometric2F1[-n, -n, 1-n, - - {Hxl,m} (eef*;’;l)fn

&\ -
e2 - 2efl+ 112 ]

1
—af?RootSum|[be®-af’-3be’nl+3beni?-bul’g,
bn

Hypergeometric2F1[-n, -n, 1-n, - —3—] ( erfx )7n 11

e+f x-H1 e+f x-H1

e2_2erl+H1?

Problem 165: Result is not expressed in closed-form.

Jx3 (e+-Fx)" 5
— " dx

a+bx3

Optimal (type 5, 293 leaves, 7 steps):

(e fx)bn al’? (e + f x) " Hypergeometric2F1[1, 1+n, 2 +n, M]

bl/3 e-al/? f

bf (1+n) ' 3b (b3e-a'?f) (1+n)

. _1)2/3 p1/3 i
al/? (e +fx)'"" Hypergeometric2F1[1, 1+n, 2 +n, 1—)—(—)—“1)2/3 21’3 :af/jf]

3b ((71)2/3 b1/3e—a1/31‘) (1+n)

a'’3 (e + fx) " Hypergeometric2F1[1, 1+n, 2+n, l’—l)mﬁ(e*—’:")—]

(-1) 1/3 p1/3 a1 a1/3

3b ((—1)1/3 b1/3e+a1/3-F) (1+n)

Result (type 7, 142leaves):
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(ex£x)" 3b (e+fx)
3b2f 1+n n

Hypergeometric2F1[-n, -n, 1-n, - —*—] ( erfx )_n

e+f x-t1 e+f x-#1

&]
e2_2erl+H1?

Problem 166: Result is not expressed in closed-form.

sz (e+-Fx)” 5
— 1 dx

a+bx3

Optimal (type 5, 253 leaves, 5steps):
bY/3 (e+f x) ]

(e +f X> o b1/’3 e-al/3 f

Hypergeometric2F1[1, 1+n, 2+n,

3b?/3 (b3 e-al3f) (1+n)

bY/3 (e+f x) }

bl/3 ey (-1) 1/3 31/3 ¢

(e+Fx) 1" Hypergeometric2Fil [1,1+n, 2+n,

3623 (b3 e+ (-1)'2 a1 f] (14n)

b/3 (e+f x) }

pl/3 e (-1)2/3 al/3 £

(e+Fx) 1" Hypergeometric2F1[1, 1+n, 2+n,

3b2/3 (b1/3ef (71)2/3 al/3f) <1+n>

Result (type 7, 337 leaves):

(e+fx)" |e*Rootsum[be®-af’-3be’n1+3ben1’-bul’g,

3bn
. j=x 1 e+f x -n
Hyper‘geometr‘1c2F1[—n, -n, 1-n, - e+fx_m] (e+-Fx—u1 &} )
e?-2enl+n1?
2eRootSum|[be®-af’-3be’nl+3beni®-bul’g,
. jax e+f x -n
Hypergeometric2F1[-n, -n, 1-n, - e+fx—n1] (eﬁxml) 1l 8] -
e? - 2erl+nl?
RootSum|[be®-af?-3be’nl+3beni®-bul’g,
. B B _ _ =51 e+fx -n 2
Hypergeometric2F1[-n, -n, 1-n, > Xiul} (e+~F Xim) w1l o]

e2-2efl + 112

Problem 167: Result is not expressed in closed-form.

jx (e+Fx)" ix

a+bx3

Optimal (type 5, 288 leaves, 5steps):

1
- ~af’RootSum|[be®-af’-3be’nl+3beni®-bul’g,

| 145
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)1+n b3 (e+fx) }

b'/3 e-al/3 f

(e+1:x Hyper‘geometr‘icZFl{l, 1+n, 2+n,

3a13b13 (b3 e-al/? f) (1+n)
(—1)2/3b1/3 (e+fx>

(_1>2/3 b1/3 e - a1/3 £

1)/

( (-1) 13 (e+fx) " Hypergeometric2F1[1, 1+n, 2+n,

(3a1/3 p1/3 ((_1>2/3 bl/3 a_ g1/3 -F) (1+n)) _
<71>1/3 pl/3 <e+fx)

(—1)1/3 bl/3e+al/3 f

1)/

( (-1) 2/3 (e+fx) 1" Hypergeometric2F1[1, 1+n, 2 +n,
(3a2b%2 [ (-1)* b2 e+ at?f) (14n))
Result (type 7, 229 leaves):

eRootSum[be®-af®-3be?nl+3benl?-bni®g,

S f e+ Fx)"
Ton (e+ x)

-n

1l ] ( e+fx
e+f x-H1 e+f x-rl

Hyper‘geometr‘icZFl[—n, -n, 1-n, - }
&l -

e? -2enl+ 12
RootSsum[be®-af’-3be’nl+3benl?-bul’g,

Hypergeometric2F1[-n, -n, 1-n, - —*—| ( erfx )7n 1

e+f x-H1 e+f x-H1

e2_2efrl+ 112

Problem 168: Result is not expressed in closed-form.

J(ewa)“ i

a+bx3

Optimal (type 5, 263 leaves, 5 steps):

(e + fx)"'"Hypergeometric2F1[1, 1+n, 2 +n, 2Llefx]
bl/3 e-al/3 f
32?3 (b2e-a'3 f) (1+n)
1+n s -1)2/3bY/3 (e+fx
(e + fx)*"Hypergeometric2F1[1, 1+n, 2+n, 1 pre st s ]
N
3 a2/3 ((—1)2/3 b1/3e—al/3-F> (1+n)

~1)Y/3bY/3 (erfx)

(-1)1/3 bl/3 esal/3 £

(e+Fx) 1" Hypergeometric2F1[1, 1+n, 2+n,

3a2/3 ((—1)1/3 b1/3e+a1/3f) (1+n)

Result (type 7, 122 leaves):
1
3bn

Hyper‘geometr‘icZFl[—n, -n,1-n, -

f2 (e+fx)"RootSum[be®-af’-3be’nl+3ben1?-bul’g,

ol ] ( e+fx ) -n
e+f x-#1 e+f x-H1

&]
e2_2enl+n1?
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Problem 169: Result is not expressed in closed-form.
j (e+Fx)“ dx
x (a+bx?)
Optimal (type 5, 300 leaves, 8 steps):

b3 (e + fx) " Hypergeometric2F1[1, 1+n, 2 +n, M]

bl/3 e-al/? f

3a(b1/3e7a1/3f) (1+n) "

1/3 1+n ; bR (erfx)
b'/3 (e+fx)*"Hypergeometric2F1[1, 1+n, 2+n, RTIPRT RV ]

+

3a (b1/3e+ (—1)1/3 a1/3-F) (1+n)

bl/3 (e + £ x) " Hypergeometric2F1[1, 1+n, 2+n, — ol (esfx)
( )" Hyperg (1, 2+n, 24n, ]

3a (b1/3e— (—1)2/3 a1/3-F) (1+n)

(e + fx) " Hypergeometric2F1[1, 1+n, 2+n, 1+ %‘]

ae (1+n)

Result (type 7, 377 leaves):

(e+Ffx)"|3 (1+ £ nHyper‘geometr‘icZFl[—n, -n, 1-n, —i] -

3an

fx fx
e?RootSum[be®-af*-3be’nl+3ben1?-bul’g,
. 1l e+f x -n
Hypergeometric2F1[-n, -n, 1-n, - e+fx7111] (eﬂc#m o
e?-2emnl+nl?
2eRootSum|[be®-af’-3be’nl+3bent®-bul’g,
. =1 e+f x -n
Hypergeometric2F1[-n, -n, 1-n, - e+fxfn1] (Q#Xim 1 g -
e?-2enl+ml1?
RootSum|[be®-af?-3be’nl+3beni®-bul’g,
. B B _ _ 0l e+fx -n 2
Hypergeometric2F1[-n, -n, 1-n, > xful} (e+f Xim) w1 o]

e2-2efl + 112

Problem 170: Result is not expressed in closed-form.

J (e+fx)" x

x2 (a+bx3)

Optimal (type 5, 326 leaves, 8 steps):

| 147
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bY/3 (e+f x) }

p ;
b'/3 e-al/3 f

b?/3 (e + Fx)l*” Hypergeometric2F1[1, 1+n, 2+n,

+

3a%/3 (b1/3e—a1/3-F) (1+n)
(—1)2/3b1/3 (e+-Fx)

(_1) 2/3p1/3 o _ g1/3

1)/

{(—1)1/3 b2/3 (e+-Fx)1*n Hypergeometric2F1[1, 1+n, 2 +n,

(3a4/3 ((—1)2/3 b1/3e—a1/31:) (1+n)) +
(-1)*2 b3 (e+fx)

(—1)1/3 bl/3e+al/3f

1)/

f (e+fx)1*” Hypergeometric2F1[2, 1+n, 2+n, 1+ %‘]

{(1)2/3 b?’? (e + f x)**" Hypergeometric2F1[1, 1+n, 2 +n,

2 ()10 ] (1) aen
ae 1+n

Result (type 7, 280leaves):
3 (1 + i) " Hypergeometric2F1 [1 -n, -n, 2-n, - i]

Lo fx)" .

3a (—1+n)x

1
~efRootSum[be®-af®-3be’nl+3ben1?-bul’g,
n

1 } ( e+fx )-n

Hyper‘geometr‘icZFl{—n, -n,1-n, - P
e+f x-

e+f x-t1

&] -
e2_2erl+ 112

1
~fRootSum|[be®-af’-3be’nl+3beni®-bul’g,
n

Hypergeometric2F1[-n, -n, 1-n, - —*—| ( erfx )7n 1

e+f x-11 e+f x-H1

e2_2efrl+H1?

Problem 171: Result is not expressed in closed-form.

x2 (c+dx)1+n
J a+bx3

Optimal (type 5, 253 leaves, 5 steps):

dx

Hypergeometric2F1 [1, 2+n, 3+n, M]
bl/3 c_al/3d

(c erx)z*n

3 p2/3 (b1/3c —a1/3d) (2+n)

b'/3 (c+dx }

bl/3 ¢+ (-1) 1/3 31/3 ¢4

(c+dx)*" Hypergeometric2F1[1, 2+n, 3+n,

3 p2/3 (b1/3c+ (—1)1/3 a1/3d) (2+n)

bY/3 (c+d x }

b2 c-(-1)%2a'/2d

(c+dx)*" Hypergeometric2F1[1, 2+n, 3+n,

3b2/3 (b1/3c— (—1)2/3 a1/3d) (2+n)

Result (type 7, 375leaves):
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1

——————— (c+dx)" | (bc®-ad®) (1+n) RootSum[bc®-ad®-3bc?nl+3bcni?-bnl’g,
3b%n (1+n)

-n

Hypergeometric2F1[-n, -n, 1-n, - —*—] ( cxdx

c+d x-#1 c+d x-11

&}+
c?-2cHl+ 112

b|3n(c+dx)-2c?(1+n) RootSum[bc®-ad®-3bc?nl+3bcnl?-bul®g,

Hypergeometric2F1[-n, -n, 1-n, - —*3—] ( c-dx >7n111

c+d x-11 c+d x-H1
&} +
c2-2cul +u1?
c (1+n) RootSum|[bc®-ad®-3bc?nl+3bcnl®-bni®g,
. 1 c+d x -n 2
Hypergeometric2F1[-n, -n, 1-n, - c+dx—u1} (de,m) 11 o]
c?-2cul +n1?
Problem 172: Unable to integrate problem.
X" (e+fx)"
Ji dx
a+bx3
Optimal (type 6, 211 leaves, 8steps):
xbm (e 4 fx)" (1+ Z_X)'”AppellFl[1+m, -n, 1,2+m, —fe%‘, —b;—zx} 1
N
3a (1+m) 3a(1+m)
£ ‘n £ 1 1/3 b1/3X
xL+m (e+'FX>n (1+ ™ AppellF1[1+m, -n, 1, 2+m, —7)(.- #] +
e e a1/3
1 Fx)m f -1) 22 p1/3 x
———x"" (e+fx)" 14 2% AppellF1[1+m, -n, 1,2+m,—fx,—¥
3a (1+m) e e al/3

Result (type 8, 22 leaves):

Jxm (e+fx)"

a+bx3

dx

Problem 173: Result unnecessarily involves imaginary or complex numbers.
J\/c+dx3 B

a+bx

X

Optimal (type 4, 1482 leaves, 13 steps):
2/ c+dx3 2ad¥3+/c+dx3
3b bz((1+\g)c1/3+d1/3x)

| 149
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2/3 _ di/3 x d2/3 x2
¢ (1 c1/3 * c2/3

c1/6 \/b cl/3 _ 5 d1/3 \/bz 23 . abcl/3dl/3 4 a2 g2/3 (c1/3 L dl3 x)

((14—\/?) C1/3+d1/3x)2

((1-3 ) @ v drox)? /

ArcTanh[ [+/2-+/3 +/b2c??rabcl/?dV? a2 d?? |1-
([1033) 2 s aiian)?

((1_\/?) c1/3+d1/3x>2
((1+\E) c1/3+d1/3x)2

314 b 6, [bcl/3 _adt/? |7_4+/3 + ]/

b5/2 c’? (C1/3+d1/3 X> ; ,C+dX3 + 31/4J27\E ac1/3 d1/3 (C1/3+d1/3 X)

((14—\/?) C1/3+d1/3x)

iy

B ﬁ) cl/3 | gi/3
EllipticE [ArcSin

NS
((1+\/?) c1/3+d1/3x)2 (1+\/?) C1/3+d1/3x] 7-4 } /

\I C2/3_C1/3 d1/3X+d2/3 XZ [ (

C1/3 (C1/3 +d1/3 X)
b? dx3
([1ovs)asean)®

N

c2/3 _ c1/3 d1/3 x 4+ d?/3 x2

([1473) a2 vqx)?

242:04/3 a([1-4/3 ) bctiad ) a3 (3L iy J

13 ] e dix

(1+\E) cl/3 4 di/3

EllipticF [Ar‘cSin [

|, -7-4v3]|/

1/3 (#1/3 , 41/3
C ct/? +dY° x
3174 p3 ( ) Ne+dx® | -

((1+\/?) C1/3+d1/3x)2

C2/3 _ C1/3 d1/3 X + d2/3 X2

((1+\E) c1/3+d1/3x)2

2/2++/3 (b3c—a3d> (c1/3+d1/3x>J

1-3 ) cl/3 4 d1/3 x

+\/?) cl/3 4 dl/3 x

EllipticF[ArcSin|

|, -7-4v3]|/

=
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P (a3 o -ad) ((1%):)) Jerar)-

1/3 2/3 2
C2/3 (1_d/x+d/’x)
c1/3 c2/3

((1+\/?) C1/3+d1/3x)2

4 3V4.[24+/3 13 (p*c-a’d) (c'?+dx)

(1+\/?)bc1/3—ad1/3)2 (1_ﬁ) c1/3 1 di/3
, —ArcSin] |, -7-4+/3] /

EllipticPi|
((1—\/?)bc1/3—ad1/3>2 (1+\/?)c1/3+d1/3x

b*> (2b*c*? +2abct?dV? - a%d*?) P (P dP ] \Je+rdx?
((1+\/?) C:”3+d1/3X)2

Result (type 4, 820 leaves):
1

3b/c+dx3

2 lc+dx3-

33/4 52 42/3 ((—1)1/3 cl/3 _ 4/3 x) \I c1/3+dll//33x (—1)1/67 jldijzx
(1+(—1) )c1/3 c

EllipticF[Ar‘cSin[\l cl(: +<<11>)12//33)d1:3x 1, (1)1/3}}/ [bz\l

21dY3x

c1/3

33/4 5 c1/3 g1/3 ( (_1>1/3 cl/3 _ g1/3 X) \/]-l +/3 -

(_1)1/6_ idY/3 x
/3 <71>1/3
(—1+ (—1)2/3> EllipticE [ArcSin| B +
31/4 -1+ (-1)°

EllipticF [Ar‘cSin [

J(l) aleera | (-1)*2 | /[b\l 3. (1) di

31/4 4 1. (_1)1/3 (1+ (71)1/3) cl/3
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cl/3 1 gi/3 x dl/3x  d2/3 x2 i~/3 bcl/3
3ibct3 1- + EllipticPi] s
1+ (71>1/3) cl/3 cl/3 c2/3 (_1)1/3bc1/3+ad1/3

1/3 1 2/3 d1/3
Ar‘cSin[ < +< ) X ], (_1)1/3} /((_1>1/3bcl/3+ad1/3) +
(1+ <_1>1/3> cl/3

1/3 , 41/3 1/3 2/3 2
(1)1/3ﬁ(1+(1)1/3)a3c1/3d\l P +de x \/1_d x+d X

(1+ (_1>1/3) cl/3 cl/3 c2/3

EllipticPi|

: 1/3 1/3 1 2/3 d1/3
l\/?bc ,Ar‘cSin[ < +< ) X},(—l)l/z'] /(b2
(_1)1/3bc1/3+ad1/3 (1+ (71)1/3) cl/3

((—1)1/3bc1/3+ad1/3))

Problem 174: Unable to integrate problem.

dx

J(d3+e3 X3>P

d+ex

Optimal (type 6, 135leaves, ? steps):

1,50 5 a0 2(d+ex) 2(d+ex) )

— ()P 1y ———— S Sy B

ep (ssqﬁ)d (3+1\5)d
2(d+ex) 2<d+ex)

AppellFl[p, -p, -p, 1+p, - ’
(73+iﬁ)d (3+1ﬁ)d
Result (type 8, 23 leaves):

J<d3+e3 X3>P

d+ex

dx

Problem 175: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

j 2-2x-x2 dx
<2+X2> V14 x3

Optimal (type 3, 16leaves, 2 steps):
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1+X }
Viex3d
Result (type 4, 296 leaves):

1 1+x 1
2 Ml-x+x? | —MmM—
31+ %3 1+ (—1)1/3 1+ (—1)2/3x

2 ArcTan [

V3 (14 (-1)%2) ((-1)*" - x] EllipticF [ArcSin|

SR, )

2+/3
—i-2+/2 +4/3

3i (—1'1 + \/7) EllipticPi| » ArcSin|

23
—]'l+2\/7+\/?

3(5+iV2 +iV/3 +V/6 | Ellipticpi|

1+ (—1)2/3x

ArcSin|
1+ (-1)Y°

|, (-1)*?] /(5]'1+2\/7+\/?+2j1\/?>

(_1>5/6+ﬁ

— 5 L ()

Problem 176: Result unnecessarily involves higher level functions and more

than twice size of optimal antiderivative.
24+2x%x-x?
J dx
(2+x2) V1-x3
Optimal (type 3, 20leaves, 2 steps):

1-x

-2 ArcTan|
1-x3

Result (type 4, 280 leaves):
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1 1-x
2 AJ1+x+x2
31\ 1+ (1)

1

1- (71)2/3X

3 (1+ (—1)1/3) (<_1>1/3+x) EllipticF[Ar‘cSin[ L. (_1)1/3

[s (=1)*2]

1+ (—1)2/3x

1

i+2+4/2 -4/3

(1)
2v3 , ArcSin]| (-1)7"x

—1-24/2 «+/3 1+(—1)1/3

6 (1+1+/2 | Ellipticpi]

Jo (1)) +

1

(71>5/67\/?

2+/3
—]'1+2\E+\/?

1- (_1)2/3)(

3(1-1+2 | EllipticPi| e
1+ (-1

, ArcSin [

Js (-2)*7]

Problem 177: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J 2+2x-x? dx

(2+x%) Vo143

Optimal (type 3, 18 leaves, 2 steps):
1-x

Result (type 4, 278 leaves):

1 1-x 3
A/1+X+X

2
3vV-1+x3 1+ (-1)%73

-2 ArcTanh|

1 1_ (—1)2/3x

3 (1+ (—1)1/3) (<_1>1/3+x) EllipticF[Ar‘cSin[ . (_1)1/3

-1+ (-1)*?x Js (-1)*7] -+

1

2\/? 17(71>2/3X
i+22 -3

, ArcSin]|

122 43 1+(_1)1/3

6 (1 fi ﬁ) E1lipticPi|

Jo (1)) +

1

(71>5/67\E

2+/3
—]'1+2\E+\E

1- (71)2/3)(

1+ (-1)*°

3 (17 i \/7) EllipticPi] , Arcsin|

Js (-2)*7]
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Problem 178: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

2-2x-x?
J dx
(2+x2) V-1-%
Optimal (type 3, 18leaves, 2 steps):

]

1+x
V-1-x3
Result (type 4, 298 leaves):

1+x /
1/3 1-x+x? 2/3
3+v-1- x3 1+ 1

2Ar‘cTanh[

o _ 1+ (-1)*°x 1
3 o(1+ (-1)Y3) ((-1)Y3 - x| EllipticF[ArcSin| | ——F—— 1, (-1)**] - — " —
20 (-2)*7) ((-2)*° 5] ensitice{avesinl | TS5 (4020 -
3i(-i+V2 ) Ellipticpi| 23 , Arcsin| 1 (1)7x ], (-1)*3] «
—i-24/2 ++/3 1+ (-1)%73

23
3 (542 i3+ Ve ElLipticei[— 2,
—]'l+2\/7+\/?

1+ (—1)2/3x

ArcSin|
1+ (-1)Y°

|, (-1)*?] /(5j+2\/7+\/?+2i\/?>

Problem 179: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

2-2x-x2
J dx
<2+d+dx+x2) V1+x3

Optimal (type 3, 30leaves, 2 steps):

2Ar‘cTan[3Z(—)—1*d Lex) ]
£ 1+x3

1+d

Result (type 4, 424 leaves):
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1 1+x \/7
1-X+X

3VIox | 1 (1)

! 23 (1+ (-1)*2) ((-1)*? - x| EllipticF [ArcSin]

PR )

1+ (—1)2/3x

1

(z+ (-1)22+d+ (71)1%) V-8 _4d+d?

3i (8+8 (-1)*° (14 (1)) d?+4/-8-ad+d? -2 (-1)*>/-8-4d+d® +

(1+(-1)*?] d (4+\/mj] EllipticPi| 2i 3
2 (-1 d-v 8 adsd

1+ (—1)2/3x

ArcSin| ) 1, (-1)1/3}+((1+(-1)1/3) d?+ (1+(-1)?) d
(74+x/—874d+d2 J -2 [4+4(—1)1/3—2«/—8—4d+d2 v (-1)?+/-8-4d+d? )]
EllipticPi| 21 V3 , ArcSin| M}, (-1)*3]
2 (-1)*34d+ VoE-adid® 1+ (-1)%°

Problem 180: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

2+2x-x?
J dx
(2-d+dx+x?) V1-x
Optimal (type 3, 38 leaves, 2 steps):

ZAPCTan[D—Hd 1-x ]

1-x3

1-d

Result (type 4, 427 leaves):
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1 1-x
A1+ x+x?
34153 1\ 1+ (-1)"7°

1

1- (71)2/3X

2/3 (1+ (_1)1/3) ((_1)1/3+x) EllipticF[Ar‘cSin[ . ( 1)1/3

[s (=1)*2]

1+ (—1)2/3x

1

(727 (-1)22+d+ (71)1%) V-8+4d+d?

3i (8+8 (-1)*2- (14 (-1)*?) 2 -4/-844d+d® +2(-1)"3/-8+4dd? +

(1+(-1)) (-4+\/m)) EllipticPi| 213

2 (—1)1/3—d+\/—8+4d+d2 ’

1- (71)2/3)(

1+ (-1)%3
4./-8+4d+d> +2(-1)"3/-8+4d+d? + (1+ (71)1/3) d [4+x/—8+4d+d2 ]]

. 1-(_1)23
2iV3 ,Ar‘cSin[ M

~2 (1) d+ V-8 4dd? 1+ (-1)%°

ArcSin| ], (-1)*3] + (—8—8 (-1)Y3. (1+ (-1)1/3> d? -

EllipticPi|-

[s (-2)*7]

Problem 181: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J 2+2X%X-Xx? dx
(2—d+dX+X2) V-1+x3

Optimal (type 3, 36 leaves, 2 steps):
2 ArcTanh [ Vi-d a-o }

~14x3

1-d

Result (type 4, 425leaves):
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1 1-x
A L1+x+x3
341453 O\ 1+ (-1)Y°

1

1- (71)2/3X

2/3 (1+ (_1)1/3) ((_1)1/3+x) EllipticF[Ar‘cSin[ . ( 1)1/3

[s (=1)*2]

1+ (—1)2/3x

1

(727 (-1)22+d+ (71)1%) V-8+4d+d?

3i (8+8 (-1)*2- (14 (-1)*?) 2 -4/-844d+d® +2(-1)"3/-8+4dd? +

(1+(-1)*?) d (“HW)) EllipticPi| 213 ,
2(-1) 4. Biads @

1- (71)2/3)(

1+ (-1)%3

4./-8+4d+d> +2(-1)"3/-8+4d+d? + (1+ (71)1/3) d [4+x/—8+4d+d2 ]]

ArcSin| ], (-1)*3] + (—8—8 (-1)Y3. (1+ (-1)1/3> d? -

. 1-(_1)23
2iV3 ,Ar‘cSin[ M

~2 (1) d+ V-8 4dd? 1+ (-1)%°

EllipticPi|-

[s (-2)*7]

Problem 182: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

J 2-2x-x2 dx
<2+d+dX+X2) V-1-x3

Optimal (type 3, 32leaves, 2 steps):

2Ar‘cTanh[m]

-1-x3

1+d

Result (type 4, 426 leaves):
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1 1+X \/7
1-Xx+X

3v/-1-x3 1+( 1/3

! 23 (1+ (-1)*2) ((-1)*? - x| EllipticF [ArcSin]

PR )

1+ (—1)2/3x

1

(z+ (-1)22+d+ (71)1%) V-8 _4d+d?

3i (8+8 (-1)*° (14 (1)) d?+4/-8-ad+d? -2 (-1)*>/-8-4d+d® +

(1+(-1)*?] d (4+ij] EllipticPi| 2i 3
2 (-1 d-v 8 adsd

1+ (—1)2/3x

ArcSin| ) 1, (-1)1/3}+((1+(-1)1/3) d?+ (1+(-1)?) d
(74+«/—874d+d2 ] -2 [4+4(—1)1/3—2«/—8—4d+d2 v (-1)?+/-8-4d+d? )]
EllipticPi| 21 V3 , ArcSin| M}, (-1)*3]
2 (-1)*34d+ VoE-adid® 1+ (-1)%°

Problem 183: Result unnecessarily involves imaginary or complex numbers.
J(d+ex)3«/a+cx4 dx

Optimal (type 4, 355leaves, 11 steps):

3 6adexva+cx? 1
“d?ex?Ja+rcx? + : +—dx(5d2+9e2x2>x/a+cx4+
4

5+ (Va e ) 18

3ad?eArcTanh| M]

e3 (a+cx4)3/2 Jarext 1
N _
6cC 4+c 5c34a+cxt
a+rcx?t cl/4 x 1 1
6a°/*de? (\EJr\/?xz) S EllipticE[ZAr‘cTan[ f] "
(Va /e )’ it "2 g5 aion
a+cxt cl/4 x 1
a¥4d (5%d2+9\/?e2) (\/?+\/?x2) _oarer EllipticF[2ArcTan| 1> =]
(V?Jrﬁxz)z at/* 2

Result (type 4, 310leaves):
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10a*e’+c?x° (20d° +45d*ex+36de* x> +10e> X°) +

c x?
acx (20d®*+45d%ex+36de”x*+20e’x?) +45a~/c d?e/a+cx? Ar‘cTanh[\/——] +
Vva+cx?t

4

C X
72a%%2+/c de? |1+

Problem 184: Result unnecessarily involves imaginary or complex numbers.
J(d+ex)2\/mdlx
Optimal (type 4, 326 leaves, 10 steps):
ldex2m+ 2ae’xVa+cx? .

2 5+/c (\/?Jr\/?xz)
adeAr‘cTanh[@}
ot
ix(5d2+3e2x2)x/a+cx“+ = !
15 2+/c 5c¢3/4+/a+cxt
4 1/4
2 a°/4 g2 (\/?+\/?x2) _arex EllipticE[ZAr‘cTan[C X s 1 + !
(ﬁ+ﬁxz)2 att = 27 g5 ¢4 faroxt
a+cx? L c4x, 1

ad/4 (5\/?d2+3\/?e2) (\/;+\/?x2) ———————— EllipticF[2ArcTan]| 1, =]

(\/?+\/?x2)2 at/t 2

Result (type 4, 247 leaves):
ive

2
e x (16d*+15dex+6e*x?) (a+cx?) +15aderja+cx? Ar‘cTanh[L] +

Ja va+cxt
4

12232e? |1+ EllipticE[i ArcSinh| x], 1] -4a (5ivc d+3+/a e
a

4

CcX
1+

EllipticF[i ArcSinh|
a
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Problem 185: Result unnecessarily involves imaginary or complex numbers.

J(d+ex) \Ja+coxt dx

Optimal (type 4, 158 leaves, 8 steps):

aeAr‘cTanh[@]
1 1 NERE
“dx+Ja+rext + —ex?Ja+cxt o+ aex
3 4 4-/c
a¥d (Va +Vc x| | —=— Elliptick[2arcTan[ <X, 1]
(\/a—+\/c—xz) al/4 2
3c4yar ot
Result (type 4, 132leaves):
3aeAr‘cTanh[—*@}
1 NERE
— x(4d+3ex)x/a+cx4+ e
12 Ve

8iad |1+ EllipticF|iArcsinh[ | 2L x], -1]
a Vo

TS
Va

Problem 186: Result unnecessarily involves imaginary or complex numbers.

Jx/a+cx4 dx

Optimal (type 4, 105leaves, 2 steps):

23/4 (\g+ﬁxz) 2 E11ipticF |2 ArcTan| €2X], 1]
1 (Va e ) S
Na+ext o+

— X

3 3caacxd
Result (type 4, 89leaves):

2ia 1+% EllipticF[iAr‘cSinh{ % x},—l}

x(a+cx4)—
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Problem 187: Result unnecessarily involves imaginary or complex numbers.

Va+cx?

d+ex

J dx

Optimal (type 4, 730 leaves, 15steps):

Vva+cx* e dxVa+cx?

V-cd*-ae* ArcTan|

A/ -cd*-ae* x }
de/a+cx*

+

2e ez(\/?Jr\Exz) 283
Ve d? Ar‘cTanh[M] Vecd*+aet ArcTanh[w]
a+cx* A/ cd*+ae* +/a+rcx* 1
- +
2¢° 2¢e’ e2+/a+cxt
a+cx? cl/4 x 1 1
al/4 /4 d (\EJr\/?xz) S EllipticE[ZAr‘cTan[ —] -
(Va /e as 2 petiaiod
c d? a+cx? ct/4x 1
at/4cl/4d Ve + e? (\/?+\/?x2) : EllipticF[2ArcTan| 1, =]+
Ve Va +ve )’ e 2
a+cx? ct/4 x 1
ct’*d (cd*+ae?) (\/?+\/?x2) - EllipticF|[2ArcTan| " =] /
a 2

(Zal“‘e4 (\/?d2+\/?e2) Ja+ex? | -

e e

(\/?dz—\/?e2> (cd*+ae?) (\/?+\/?x2)
\

cl/4

(\/?d2+\/?e2)2

1
R 2Ar‘cTan[ i ], ;}

4+/a \c d?e?

Result (type 4, 451 leaves):

a+cx?

o]

EllipticPi|

/ [aaeciaet (Ve @ va @) arext
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4

1

2 MWE ct/4de*arcxt

a

c X
-2+a c34d?e? |1+

4

C
1+

2 ¢34 g2 (j\Eder\/?ez)

a

4

3 2 -1 3/4 _1/4
EllipticPi[@, Ar‘cSin[M

a \/? 42 al/4

CX
1+

2 (-1)Y4al4 (cdt v ae?)

ae2+ce2x4+\/cd4+ae4 \/a+cx4 Log[-d?+e?x?| ++/c d*~/a+cx* Log[cx?+

c1/4 de

\/?\/a+cx4]f\/cd4+ae4 \/a+cx4 Log[ae2+cd2x2+\/cd4+ae4 \/a+cx4]

Problem 188: Result unnecessarily involves imaginary or complex numbers.

j\/a+cx4 B

(d+ex)2

X

Optimal (type 4, 1221 leaves, 32 steps):
2+/c xVa+rcxt B dva+cx? xVa+cx*
2 (\/;M/?Xz) e (d?-e?x?)  d*-e?x?

V-cd*-ae* ArcTan| fredaet x | (cd*-ae*) ArcTan| [rcdtaet x ]
defa+rcx? de+ a+tcx*

2de3 2de3+/-cd*-ae*

\/?dAr‘cTanh[M} cd? Ar‘cTanh[&]

\ a+rcx* N cd*+aet ~fa+cxt 1
+ _
3
e e3vcd*+aet e?+va+cx?

a+cx L cMix.o1 1
EllipticE[2ArcTan| ) ], =]+

(\/?+\/?X2)2 al/

2 al/4 cl/4 (\/;Jr\/?xz)

a+cx? L c4x, 1
E111pt1cF[2 Ar‘cTan[ f] -

- )
(Va e Ve ) att 2

—

3 al/4 ct/4 [\/?dz +e2J <\/?+\/?X2)

a

cl/4 1
EllipticF [2 Ar‘cTan[ ], *} /
2

(\/?+\EX2>2 a1/4

a+cx?

cl/a (\Edz—\/?ez) (\/;Jr\/?xz)

(2a1/4e4xla+cx4)+
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1/4 2 2 2 a+cxt . L. cl4x, 1
c (\/c d“++vVa e ) (\/a +4/¢C x) D — ElllptlcF[ZAr‘cTan[ T4 ] /
(\/a +c x2> a 2

(4a1/4e4x/a+cx4)—

a+cxt cl/4 x

4 (cd*+ae?) [Va ++/c x2 ———— EllipticF |2 ArcTan ,1

(Zal/“e4 (\Ed2+\/?e2) N a+ex?t

L e N e
(Va «Ve 22

(\Ed2+\/?e2)2 /4y 1

,» 2ArcTan| 1, =] /[4a1/4c1/4d2e4x/a+cx4

a~a T der a2

EllipticPi|

+

a+cx?

(Ve d-+a e (cd*vae’) (Va +v/c x| | ——————— EllipticPi|
e e

(\/?d2+\/?ez)2 cl/4
, 2ArcTan|

a~/a T de? at/s

], %} /(4a1/4c1/4d2e4 <\/?d2+\/?e2) m

Result (type 4, 531 leaves):
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e*vVa+cxt

—2x/?(ix/?d2+\/?e2)
ive
\/?

EllipticF i ArcSinh|
a

4 e2 <_1>3/4 cl/4 x

cX i Va
1+ EllipticPi| ———, ArcSin|
a (C d2 a1/4

ae’/cd*+ae* +ce’yfcd*+ae® x*+cd® (d+ex)Ja+cx® Log[-d®+e?x?] +

Ve daJcd*+aet (d+ex)/a+cx?t Log[cx2+\/?«/a+cx4]—
cd*Ja+cx* Log[ae2+cd2x2+\/cd“+ae4 \/a+cx4]—

2 (71) 1/4 a1/4 C3/4 d2

e

cd®*exqfa+cx?t Log[ae2+cd2x2+\/cd4+ae4 \/a+cx4]

)/( cd*+aet (d+ex))

Problem 189: Result unnecessarily involves imaginary or complex numbers.

J(d+ex)3 x

Vva+cx*
Optimal (type 4, 295 leaves, 9 steps):
3d2 e ArcTanh [ —Lex
e3a+cx? 3de?xVa+cx? [w/a+cx4} 1
+ + -
2c¢ \/?(\/?+\/?x2) 2+/c c34Ja+cxt
a+cx? cl/4 1
3al/4de? (\/?+\/?x2) _oarex EllipticE[2ArcTan| X], =]+
(Va e )’ att 2

c1/4x 1

4
d (\/?d2+3\/?e2) (\/;+\/?x2) _arex EllipticF[2ArcTan| s /
(\/?+V?x2)2 at/t 2

(2 at’4c34/a+cx?

Result (type 4, 240leaves):
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. 2
e e ez(a+cx4)+3\/?d2\/a+cx4 ArcTanh[g] +
Va Va+cx?

ive

[i ArcSinh]|

x], -1] ~2v/c d [iVe d?+3/a e

cx*
6va vc de? |1+
\/ a

4 . ,
1+ % EllipticF [i ArcSinh| Ve x|, -1] / 2 Ve cya+cx?
: vE vE

Problem 190: Result unnecessarily involves imaginary or complex numbers.

(d+ex)2
Jidlx
Vva+cx*

Optimal (type 4, 263 leaves, 8 steps):

d e ArcTanh [ e
e?xvVa+cxt [W
+
Ve (Va e ) Ve
J1/4 o2 (\/;+¢?X2) 20X E11ipticE[2 ArcTan [ €2X], 1]
(\/?+\/?X2) al/4 2 1
.
34\ ar ot 2¢34Jarcxt
5 4 1/4
1/4 [Wd (Va e ) —2rCX EllipticF[2ArcTan| %], 1]
Va (Va +ve x)? a2

Result (type 4, 204 leaves):

2
e~/a+cx* ArcTanh| Ve x — ]+

\/— \/a+cx4
4 .
a e? 1+CX [J‘lAr'cSinh[ 1\/c— x], ] (\/_d2+\/— )
\/ a
4
1. X EllipticF[i ArcSinh| 1\/_\/_ \/—x/a+cx
a a

Problem 191: Result unnecessarily involves imaginary or complex numbers.

d+ex
Jidlx
Va+cx?
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Optimal (type 4, 121 leaves, 6 steps):

eAr‘cTanh[M] d (\EJr\EXZ) LAZ EllipticF[ZAr‘cTan[%], l]
et \ (VA Ve at/e 17 2
a+C X . ( )

2+/c 2al%4 cV4+[atcxt
Result (type 4, 107 leaves):

eAr‘cTanh[—\%] ) id l1+°a—"‘1 EllipticF[i ArcSinh| MVFE x|, -1]
2+/c

Va

Problem 192: Result unnecessarily involves imaginary or complex numbers.

J# dx
Vva+cx?
Optimal (type 4, 88leaves, 1 step):
(\/? e xz) —=2:0¢__— EllipticF[2ArcTan| ﬂ] 2]
(ﬁ+ﬁxz) 31/4 2
261/4C1/4“/6+CX4
Result (type 4, 74 leaves):

i /149 EllipticF[i ArcSinh| | L& x], -1]
a 5

Va

Problem 193: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(d+ex> Vva+cx?

Optimal (type 4, 405 leaves, 7 steps):



168 | Mathematica 11.3 Integration Test Results for 1.3.2 Algebraic functions.nb

eAr‘cTan[A:’c d*-aet *]  eArcTanh| —2&c—— elcd’x? ]
de~/a+cx* A/ cd*+ae* A/ a+cx?

- +

2/ -cd*-aet 2+Vcd*+ae?

/g (\g+ﬁxz) J%EllipticF[zArcTan[‘;fjj], 2]

2al/4 (\/?d2+\/?e2) Vva+cx?t

(Ve d-va &) (va i x] A yipticei (Ve d+/a e ,
(\EJr\/?xz)z 4~/a \Jc d?e?

1/4
2Ar'cTan[C X], l] /(4a1/4c1/4d (\/c_d2+\/?e2) x/a+cx4)

a1/4 2

Result (type 4, 200 leaves):

4 d4 : 2 1 3/4 cl/4
1.5 |, (-1)Y*av4 |14 €9 . EllipticPi[@, ArcSin[L , -1] +
a ae4 \/?dz al/4

cd?x?+ae?
a

-d?+e?x? cd*
c**dLog| ] / 2c¢t4d 1+ " eJa+cx?
1+ [14<% 14 << o
ae*

Problem 194: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(d+ex>2\/a+cx4

Optimal (type 4, 610leaves, 11 steps):
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e3va+cx?t Ve e2xva+cx?t

+

(cd*+ae’) (d+ex) (cd*+ae) (\/?+\/?x2)
cd3eArcTan[@] cd3eAr‘cTanh[&}
B \Jcd*raet 1Jarcx?t B

dea+cx*

(-cd*-ae*)?? (cd*+ae?)??

arcxt lioti Véx., 1
———————— EllipticE[2ArcTan| o | ;] /

al/4 c1/4 o2 (\E+\/?Xz) .
(Va +e )

arext EllipticF[ZAr‘cTan[cl’:“x}, 7]

v (Va e ) [t
(\E+\Exz) a
+ _
2al/4 (\/?d2+\/?e2) Vva+cx?t

((cd4+ae4) \Ja+cx?

3

a+cxt tf€d2+v5’é)2
EllipticPi|

34 g2 (Wdz—\/?ez) (H“/?XZ)J(\/—MVTXZ)Z 4+/a \/c d?e

cl/4 x

ZAPCTan[ 1 ],
a

] /[Zal/“ (\Ed2+\/?e2) (cd*+ae*)\/a+cx?

1
2

Result (type 4, 462 leaves):
1

ive (cd“+ae“)3/2 (d+ex) Va+cxt

Va

EllipticE|i ArcSinh|

4 .
(\Ed2+j\ge2) \Jcd*+ae* (d+ex) [1+ €X EllipticF[i ArcSinh| i X
a Jva

e*yJcdtraet (avext)+2 (-1)V* a4 ¥4 d?\Jcdtraet (drex) |1+
a
2 _1)3/4 /4
ivae ,Ar‘cSin[M],—1]—cd3e(d+ex> \Ja+cx

al/4

ive
\a

EllipticPi|
Ve d?

Log[-d*+e’x*| +cd’e (d+ex) \/a+cx? Log[ae2+cd2x2+\/cd“Jrae4 \/a+cx4 }]
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Problem 195: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(d+ex)3\/a+cx4

Optimal (type 4, 659 leaves, 12 steps):
e*va+cx? 3cd®*e*Va+cx? 3c32d3e?xvVa+cx?

- - + +

2 (cd*+ae?) (dvex)? (cd*+ae*)? (d+ex) (cd4+ae4)2 (\/?+\/?x2)

3cd’e (cd“—ae“) Ar‘cTan[@] 3cde (C d4—ae4) Ar‘cTanh[&]

dea+cxt N cd*+ae* +Ja+cxt

2 (~cd*-ae?)®? 2 (cd*+aet)?
4 1/4
3 g1/4 5/4 g3 @2 (\/;Jrﬁxz) _oarexr E11j_pticE[2Ar‘cTan[C X}, 1] /
(Va +ve )’ avt o2

e d (Va s e x| \/%EllipticF[ZAr‘cTan[c;ijax], 2]

+

((cd“+ae“>2wa+cx4

2a'4 (cd*+ae*) Va+cx?t

scd (Ve & -va e (Va oo k] |2

(\/?+\/?x2)2
Ve &+ va e?)? 1/4
EllipticPi[( ) ,2Ar‘cTan[c X], 1] /[4a1/4(cd4+ae4>2x/a+cx4
4~/a Jc d?e? al/4 2

Result (type 4, 884 leaves):
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1

2 (cd“Jrae“)S/2 (d+ex)2x/a+cx4

-e3 (cd“+ae4)3/2 (a+cx?) -6cd*e®+/cd*+ae® (d+ex) (a+cx?) -

6ia ive cd’e 2 d+ae d+ex [ ive x|, -1] +
“a Va
41 c2d° d+ae d+ex [ ive x|, -1] +

]LC \/7
]l d32 4y d+ x)? 1+CX4 ipti | i j%x,—l -
NS 2t (drex)? [1:© | L

2iacde* d+ae d+ex [ x|, -1] -
i+c \/—
Va
4
6 (-1)Y*at/t 7t d +ae* (d+ex)? €x
2 3/4c1/4x
E111pt1cP1[ ivae Ar‘c51n[(1—/4 , 1] +6 (-1)V* a4 det
a

/_a o2 1 3/4 cl/a x
cd +ae* (d+ex)? EllipticPi]| Ar‘cSin[g}, ~1] +
\/7d2 al/4

3c2dbe 2\Ja+cxt Log[-d*+e?x?| -3acd?e® (d+ex)’+Ja+cx* Log[-d?+e?x?] -
3c?dbe 2 Ja+cxt Log[ae +cd2x2+\/cd4+ae \/a+cx |+

3acd?e® d+ex \Ja+cx* Loglae +cd2x2+\/cd4+ae4 \/a+cx4]

Problem 196: Result unnecessarily involves imaginary or complex numbers.

(d+ex)3 5
j(aJrcx“)B/2 g
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Optimal (type 4, 298 leaves, 4 steps):

3de?xascxt ae’-cx (d®>+3d’ex+3de?x?)

_ _ +

2a\/?<\/?+\/?x2) 2acva+cxt

3d e? (\/;H/?Xz) ﬁ EllipticE[ZAr‘cTan[%], 7]

2a3/4c3/4+/a+cx? '
4 1/4
d (Ve d-3va e (va /e x) — 21X EllipticF[2ArcTan| %], 1] /
(Va « Ve )’ a2

(4 a5/4 c3/4 }a + CX4

Result (type 4, 215leaves):

ive
Va

4 ,
3va Ve de |19 ertiptice[s arcsinn[ | S x|, ] «ved [-ive di3va ¢
a
4 Ve

Va
CcX 1 Ji\/? R
a e /1 \ va

(—ae3+cdx(d2+3dex+3e2x2)) -

1+ EllipticF[i ArcSinh|

Problem 197: Result unnecessarily involves imaginary or complex numbers.
d 2
J ( +EX> dx
(a+cxt) 3/2
Optimal (type 4, 270leaves, 4 steps):

x(dJrex)2 e2x+va+cxt
2ava+cx? Za\/?(\/?Jf\/?xz)

e (Va +3/c x| \/%Enipticqzmdan[%], 2]

233/4 C3/4“/a+CX4

+

c1/4 X 1

(\/?dz—\/?&) (\/?+\/?x2) _arext EllipticF |2 ArcTan| , /
(\/?4—\/?)(2)2 a1/4 2

(4 a”/4c34\Ja+cx?
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Result (type 4, 188 leaves):

. .
i ive Ve x(d+ex)?-~/a e [1+ ex EllipticE[i ArcSinh| ive x|, -1] +
v . vz

x4 i+
-1 2, 2 +C i i i ArcSin X|, -
[~ive @v/a et |1 - [ ArcSinh| : Lo-a]||/

[2a3/2 [£J3/2w1a+cx4]

Va
Problem 198: Result unnecessarily involves imaginary or complex numbers.
d+ex
——dx
J(a+cx“)3/2

Optimal (type 4, 114 leaves, 3 steps):

d(va +vVc x2 —arex*  E11ipticF[2ArcTan| €4x], L
x (d+ex) ( ) (Vo /e ) ’ | | a1/4 | 2]
+
2ava+cx?t 4354 cl4a+cxt
Result (type 4, 90leaves):
id /1+% E11ipticF i ArcSinh| e x|,-1]
X (d +ex) -
Ja
2ava+cx?

Problem 199: Result unnecessarily involves imaginary or complex numbers.

Y
J(a+cx“)3/2

Optimal (type 4, 108 leaves, 2 steps):

2 _aext ipti fx, L
X (\/?-F € x ) (\E+\/?X2)2 Elllpt]-CF[ZAr‘CTan[ al/4 }J 2]
+
2av/arox 4a/t e Varext

Result (type 4, 102 leaves):

/ i1+ i EllipticF|i ArcSinh[ |+ ive x|, -1]
\/7

2a % Vva+cx?t
a
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Problem 200: Result unnecessarily involves imaginary or complex numbers.

dx

1
J(d+ex> <a+cx“)3/2

Optimal (type 4, 818 leaves, 14 steps):
e (ae?-cd*x?) cdx (d? +e?x?)
+

2a (cd*+ae*) Va+cx* 2a(cd*+aet)Va+cxt

e® ArcTan| focdtaet x *]  e®ArcTanh| 22— eticdlx? ]
\/?deZX\/aJrCX4 de~/a+cx? x/cd“+ae“\/a+c7x‘1

- - +

2a (cd*+ae?) (\/?Jr\/?xz) 2(7cd47ae4)3/2 2<cd4+ae4)3/2
4 1/4
ct/4de? (\/?Jr\/?xz) _arex EllipticE[ZAr‘cTan[C X}, 1] /
(\/?+\/?x2)2 at/* 2

+

[2a3/4 (cd*+ae*)\/a+cx?

» s . , a+cx? . . cx, 1
cl/4g (\Ed 7\/;e) (\/;Jr\/?x) — E111pt1cF[2Ar‘cTan[ 1a ], *} /
(\/?+\Ex2) a 2

+

[4a5/4 (cd*+ae*)\/a+cx?

4 1/4
cl/4 g et (\/;Jr\/?xz) _oarexr EllipticF[2Ar‘cTan[C X}, 1] /
(Va )’ a2

[Zal/4 (\/?d2+\/;e2) (cd*+ae*)\Ja+cx?

e (Ve d -Vae] [Va e x| — 3 eipticei] Ve avae) ,
(\/?Jr\/?xZ)z 4+/a vJc d?e?

1/4
2Ar‘cTan{c X], l] /(4a1/4c1/4d (\/c_d2+\/?e2) (cd*+ae*)\/a+cxt

a1/4 2

Result (type 4, 464 leaves):
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1

2a | iV cl/“d(cd“+ae“)3/2\/a+cx4

a

c x*
1+
a

i
-2 (-1)Y*a*%e*[cd* +ae EllipticPi|

<_1> 3/4 174 ¢

ArcSin| ”
al/

], -1] +c1/4d[ cd*+ae* (ae’+cdx (d®-dex+e’x?)) +ae’

\Ja+cx? Log[-d*+e?x?| -ae®+a+cx? Log[ae2+cd2x2+x/cd4+ae4 \/a+cx4]

Problem 201: Result is not expressed in closed-form.

JXB (c+dx)”d]
— " dx

a+bx?

Optimal (type 5, 349 leaves, 10 steps):

1/a

(c+dx) 1" Hypergeometric2F1[1, 1+n, 2+n, bg(m)—]

bY/4 ¢~/ -+/~a d
4 b3/4 [bl/‘*c-\/-ﬁ d) (1+n)
¢ +dx) " Hypergeometric2F1[1, 1+n, 2 +n, —Dilcdx
e dx) [ 2 2em, bmmmd}
43 [b1/4c+\/—\/j d) (1+n)

(c+dx) " Hypergeometric2F1[1, 1+n, 2+n, ﬁ(iﬁ)ﬁ]

4034 (b4 c- (-a)¥*d) (1+n)

) **" Hypergeometric2F1[1, 1+n, 2 +n, M]

bl/4 ¢y (-a) 1/4 4

4034 (b4 c+ (-a)¥4d) (1+n)

(C+dx

Result (type 7, 526 leaves):
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1
4bn

(c+dx)" |c®RootSum[bc*+ad*-4bc*Hl+6bc?n1’-4bcul®+bul* g,

-n

Hypergeometric2F1[-n, -n, 1-n, - —*—] ( cxdx

c+d x-H1 c+d x-11
c3-3c?n1+3cn1?-p13
3c?RootSum|[bc*+ad*-4bc*nl+6bc?n1?-4bcnl’® + bl g,

&] -

-n

#1

Hyper‘geometr‘icZFl[—n, -n,1-n, - —2 ] ( crdx

c+d x-#1 c+d x-11

&]+
c3-3c?nl+3cnl1?-p13
3cRootSum|[bc*+ad*-4bc*H1+6bc?m1?-4bcul’® + bnl® g,

. _ _ B B 1 c+d x -n 2
Hypergeometric2F1[-n, -n, 1-n, c+dxfm] (udxﬂl) 1l o] -
c3-3c?11+3cm1?-113
RootSum|[bc*+ad*-4bc®m1+6bc? 112 -4bcnl®+ bul® g,
. B B _ N =1 c+d x -n 3
Hypergeometric2F1[-n, -n, 1-n, - Xiul} (Gd Xim) 11 o]

c3-3c?2a1+3cn1?-m13

Problem 202: Result is not expressed in closed-form.

x3 (c+dx) Len
J T ax
a+bx?
Optimal (type 5, 349leaves, 10 steps):

(c+dx)*" Hypergeometric2F1[1, 2+n, 3+n, b;Mﬂ)—]

b4 c-+/ -/~a d
4p3/4 {bl/“c—\/—\/—a d) (2+n)

(c+dx)*" Hypergeometric2F1[1, 2+n, 3+n, M’—}
bY/4 c+ f\/: d

4p3/4 [b1/4c+\/fd) (2+n)

Hypergeometric2F1 [1, 2+n, 3+n,

b4 (c+d x) ]

(c+dx) 2:n / ,
b/4 ¢ (-a)Y/4d

4b%4 (bY4c- (-a)¥*d) (2+n)
2+n . bY/4 (c+d x)
) Hypergeometric2F1 [1, 2+n, 3+n, b1/t e (2 Vi g ]

4034 (b4 c+ (-a)¥4d) (2+n)

(c+dx

Result (type 7, 691 leaves):
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S
4b2n <1+n>

(c+dx)"|(bc*+ad*) (1+n) RootSum[bc*+ad*-4bc®nl+6bc’u1>-4bcnl®+bnl®g,

-n

Hypergeometric2F1[-n, -n, 1-n, - —*—]| ( c+dx

c+d x-H1 c+d x-11

c3-3¢211+3cnl1?- 13

&] -

b|-4cn-4dnx+3c®(1+n) RootSum|[bc*+ad*-4bc®m#1+6bc? w12 -4bcul’® + bul® &,

Hypergeometric2F1[-n, -n, 1-n, - —*—] ( crdx )mnl

c+d x-11 c+d x-#1

& -
c3-3c?nm1+3cn1?-113
3¢” (1+n) RootSum[bc*+ad*-4bc?nl+6bc’u1>-4bcnl®+bni®g,

. 0l cedx |\ M 2
Hyper‘geometr‘1c2F1[—n, -n,1-n, - c+dx7n1} <c+dx71:t1> o1 &] X
c3-3c2u1+3cm1?-m13
cRootSum[bc*+ad*-4bc>rl+6bc?n1?-4bcnl®+ bl &,
. B B B B 71 c+d x -n 3
Hypergeometric2F1[-n, -n, 1-n, — Xim} (Gd x—nl) 11 il -
c3-3c2ml+3cn1?-n13
cnRootSum[bc*+ad*-4bc®nl+6bc?H1?-4bcul®+ bnl* g,
. B B B B =1 c+d x -n 3
Hypergeometric2F1[-n, -n, 1-n, - Xim} (Gd Xim) a1 o]

c3-3c?2a1+3cn1?-:13

Problem 203: Result unnecessarily involves imaginary or complex numbers.

1
dx
J(c+dx+ex2> Va+bx*

Optimal (type 4, 1605 leaves, 16 steps):

\/7\/(—bd4+4bcdze—2bc2e2—2ae4—bd«/d2—4ce (d2—2ce)
\/a+bx4 }/
\/Tx/dz—4ceJ(—Zae“—b[d“—4cd2e+2c2e2+d3wd2—4ce—2cdex/d2—4ce)
eZAr‘cTan[[\/?\/(—bd“+4bcd2e—2bc2e2—2ae4+bdxld2—4ce (d2—2ce) /
\/a+bx4 }/
[\/Tx/dz—4ce\/(—Zae“—b[d“—4cd2e+2c2e2—d3xld2—4ce +2cdex/d2—4ce)

e ArcTan | X

/

e d+\/d2—4ce

] ;

X

e d—\/d2—4ce
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2

2

e? ArcTanh | X

4ae2+b(dfx/d274ce /
2\/7\/(bd4—4bcd2e+2bc2e2+2ae4—bdx/d2—4ce (d2—2ce) rJa+bx?*

N2 AJd-4ce \/bd44bcd2e+2bc2e2+2ae4bd\/d24ce (d*>-2ce) |+

2
4ae2+b(d+x/d2—4ce 2/
[2\/7\/(bd4—4bcd2e+2bc2e2+2ae4+bdw/d2—4ce (d2—2ce) vJa+bx*

X
V2 A/d*-4ce de“4bcd2e+2bc2e2+2ae4+bd«/d24ce (d>-2ce) |+

1)/

e? ArcTanh |

1)/

a+bx?* L bl/4 x
E111pt1cF[2 Ar‘cTan[ },
1/4

(\/?+\/FX2)2 a
[231/4m(2\/?e2+\/3(d2—2ce—d\/d2—4ce \/a+bx4

a+bx?* bl/4 x
d++/d*-4ce :

EllipticF [2 ArcTan [

(Va + Vb x2)? al/d
[Zal/“\/m(2\/?e2+W(d2—2ce+d\/d2—4ce \/a+bx4

d-+/d*-4ce

b1/4e

(Va +b x?]

N |
\

b1/4 e

N |
\

(Va +b x|

+

) (\/;+\/sz) _axbxt

e Zx/?ez—\/g(dz—2cefd\/d2—4ce ;
(\/?+\/Fx2)
(Z\Eeer\m(d2—2ce—d\/d2—4ce))2 bl/4 x 1
EllipticPi| , 2ArcTan| 1/4} =] /
a 2

4+/a /b e? (d—\/d2—4ce)2
Z\Ee2+\m[d2—2ce—d\/d274ce

(2a1/4b1/4\/d274ce d—\/d2—4ce

\/a+bx4)f

e

) (\/?Jr\/sz) a+bx? 2
(Va +b x?]

Zﬁez—\m(dz—2ce+dx/d2—4ce

(2\/?e2+\/F(d2—2ce+dx/d2—4ce))2 bl/4 x 1
, 2ArcTan| 1, =] /
4V b e (den/@dce )’ att 2
\/a+bx4

2\/?e2+\m[d272ce+d\/d274ce

EllipticPi|

(2a1/4b1/4\/d274ce d+\/d274ce
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Result (type 4, 653 leaves):

i ((71)1/4 al/4 , pl/4

<1)1/4ﬁ\l B

(71> 1/4 al/4 _pl/4x

(i3 B ) |02 (/B co (-2 4 aebied i o e)

i ( <71>1/4 al/4 , pl/4 x)

\d®-4ce EllipticF[Ar‘cSin[\l - , -1+

(7 1) 1/4 al/4 _pl/ax

EllipticPi]|

<—1>1/4al/4 —[—Zj\EeZJrW [d2—2ce+dxld2—4ce

5 (71)3/4 al/da_ i pl/a (,d+m)
5 (_1>1/4 al/4 e 4 pl/4 (—d+\/m)

-1] - (Zix/?e2+\/F (—d2+2ce+dw/d2—4ce)
i (2 (—1)1/4a1/4e+b1/4 (d+\/d2—4ce ))
-2 (-1)Y*alhe s bl/4 (d+\/m)

, ArcSin|

Jl((l) 2t b x)]

(_1) 1/4 al/4 _pl/4 g

EllipticPi|-

)

ArcSin[\I - ! (<_1>1/4 @t X) ], —1] /

(_1) 1/4 al/4 _pl/ay

- 2
al/4+/d*-4ce (bcz—aez—j\g\m(dz—2ce)) iva +vb x

( (_1>1/4 al/4 _ pl/4 x) 2

\Ja+bx*

Problem 204: Unable to integrate problem.

e

Optimal (type 3, 75leaves, 6 steps):

3v7ax®B V1+x5  ax® J1+x®  3+Vax® ArcSinh[x*/2]
- + +
20 x° 10 x4 20 x23/2

dx
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Result (type 8, 21 leaves):
J Vax?
V1o

dx

Problem 205: Unable to integrate problem.

=
Optimal (type 3, 50 leaves, 5steps):
Vax® 1+x5 WAPCSinh[XS/Z}

5 X4 5 X13/2

dx

Result (type 8, 21 leaves):
J Vax®
V1o

dx

Problem 206: Unable to integrate problem.
ax3
Jieoe
Optimal (type 3, 24 leaves, 4 steps):
2+vax® Arcsinh[x5/2]

5 X3/2

dx

Result (type 8, 21 leaves):

3

J ax
V1+x®

dx

Problem 212: Unable to integrate problem.
J 1 vaxé

Optimal (type 3, 49leaves, 8steps):

dx

1-x4 x(l—x“)

ArcTan[x] +~ax® ArcTan[x] ArcTanh[x] +ax® ArcTanh[x]
+ + -
2 2 x3 2 2 x3

Result (type 8, 35leaves):
J 1 Vax®

1-x4 x(l—x“)
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Problem 213: Unable to integrate problem.
J 1 Vaxé

Optimal (type 3, 49leaves, 9steps):

1-x* x-x°

ArcTan[x] +~ax® ArcTan[x] ArcTanh[x] +ax® ArcTanh[Xx]
+ + -
2 2 x3 2 2 x3

Result (type 8, 32leaves):

J

Problem 216: Result unnecessarily involves imaginary or complex numbers.

1 ax®

dx

1-x* x-x°

J ax3
Viex?
Optimal (type 4, 83 leaves, 4 steps):

1+x2 . . 1
2 VI Vax® (1+x) | ot EllipticF[2ArcTan[v/x |, 5]

3 X 3 x3/2

dx

1+ x2

Result (type 4, 77 leaves):

-1 1/4
_r 2+/ax® m[ /1+X1—2 x3/2 - (—1)1/4EllipticF[JiAr‘cSinh[( ) ], -1]

3 [1+LX5/2 X
XZ

Problem 218: Result unnecessarily involves imaginary or complex numbers.

\/—X
[

Optimal (type 4, 131 leaves, 4 steps):

2 1 | 2 E1lipticE[2 ArcTan|¥2X ], 1
i V1T \/?( +x) T ip 1c[ rc an[ﬁ],z}
1+Xx 1/:I_JrXZ

dx

Va (1ex) |22 EllipticF[ZAr‘cTan[ﬂ], i]

(1+x)2 Ja

Viex?
Result (type 4, 58 leaves):
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LZ (71)3/4\/37)(
Vx

(-EllipticE[i Arcsinh[(-1)**~/x |, -1] + EllipticF [ ArcSinh[(-1)**~/x ], -1])

Problem 219: Result unnecessarily involves imaginary or complex numbers.

I

V1+x2

dx

Optimal (type 4, 54 leaves, 3 steps):

| 3 VX (1+x) | ﬁ EllipticF[ZAr‘cTan[\/?}, i]
Viex2
Result (type 4, 57 leaves):

1)1/4\/€mEllipticF[iAr‘cSinh[i'\—lﬁ))(i], -1]

1+%\/;
X

Problem 221: Result unnecessarily involves imaginary or complex numbers.

o

V1+x?

dx

Optimal (type 4, 159 leaves, 6 steps):

( Ny
2\/7 1+ x2
2 /;—3 X3/ (1+x) /éix EllipticE[2ArcTan[+/x |, %]

V1+x?
\/:T X372 (1+x) (iz) EllipticF[2ArcTan[+/x |, i]
Vi+x?

Result (type 4, 74 leaves):
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2 /;—3 X[ -+/1+x% + <_1)3/4\/?

-EllipticE[i Arcsinh[ (1) /x|, ~1] + ELlipticF[i Arcsinh[(-1)*~/x ], -1] ))

Problem 224: Result unnecessarily involves imaginary or complex numbers.

ax3
e
Optimal (type 4, 292 leaves, 5steps):
(1+ ﬁ) Vaxd J1+x3
x(1e(1ev3)x]

dx

B 2
[31/4 ax? (1+x)\l ( 1oxrx EllipticE [ArcCos |
1+

1+ (1-V3 ) x4
(1+\/?)x)2 1+(1+\5)x] 4 ]/

(1= ) axt (1+x) Loxext
(1+<1+\/?)X)2

§ X (1+x) 1oy
<1+ (1+\/?) X)2

_ M 1 1/4 X (1+x) x>
ElllptlcF[Ar‘cCos[1+(1+ﬁ)x}, . (2+\/?)}]/{2 3 J(1+(1+\/?) x)z 1+

Result (type 4, 174 leaves):

1

vax® V1+x3

ax |1+x3+

x2

\/1—(1<1>2/3)X2\l ‘(—1)1/j/+3x J(ux) (1143 +2x]
6 (14 (-2)7) x

[1)7 (1%

(-1+ (_1)2/3) x

Joas (1)) -

[(1 + (-1)*?) EllipticE [Arcsin [\l

(-1)%7 (1+x)

(71+ (71)2/3) x

EllipticF [Ar‘cSin [\l

o]

Problem 225: Result unnecessarily involves imaginary or complex numbers.

a x?
J dx
V1+x3
Optimal (type 4, 260 leaves, 4 steps):
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2vVax? \V1+x3 )

X(1+\/?+x>

31/4./2_-+/3 ~Jax? (1+x) L Loxex® EllipticE[Ar‘cSin{@],—7—4\/?] /
(1+\/?+x)2 1++/3 +x

1+Xx 3
X T 1+x
(1+\/3 +X)

1-x+x2 1-+/3 +x
2/2 \Jax? (1+x) | ————— EllipticF[ArcSin[——=], -7-4+/3
[ ( )J (1+\E+X)2 [ [1+\/?+X] ]]/

31/4 o tex ; 1+x3
(1+\/?+X)

Result (type 4, 134 leaves):

2ax\/—(—1)1/6( 2/3 )\/1 1/3 1)2/3)(2

[\/_ <_1>5/6 <1+X) }) (_1>1/3] N

{\/? EllipticE [ArcSin
31/4

(71>5/6 EllipticF[Ar‘cSin[\/_(_1>351/;<1+X> I, (-1) 1/3 ]]/ [31/4\/7«/1+X

Problem 227: Result unnecessarily involves imaginary or complex numbers.

Viex3
Optimal (type 4, 116 leaves, 3 steps):

dx

a 1-x+x2 o 1+ 1*\/?>X 1
\/jx(1+x>J (1+(1+ﬁ) X>2 ElllptlcF[ArcCos[W}, Z (2+\/?H]/

31/4 X (1+X) 1+x3
(1+ (1+\/?) X)2

Result (type 4, 106 leaves):
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1 1/6 | ([ _q\1/6 [ [ 2/3+l
= Ju) ()2

2/3 1/3 —<_1>5/6 1+i
\/1+ (71> + (71) \/EaszllipticF[ArcSin[\/ ( ) }) <_1>1B]

31/4

Problem 229: Result unnecessarily involves imaginary or complex numbers.

JW
Optimal (type 4, 312leaves, 6 steps):

l - X2V 1+x3
-2 ,7 XA/1+x3 +

dx

2 34 |2 e (1+x)
X3
1-x+x? L
EllipticE [ArcCos |
(1+

(1+ﬁ)x)2 1+ (1443 ] x ’

X (1+x) 1oy
<1+ (1+\/?) X)2

1+(1-\/?)x 1
1+(1+\/?)X ,4

EllipticF [Ar‘cCos [

Result (type 4, 165leaves):

1+(1)2/3)a\l 7(71)1/3+x \/(1+x) (_1+Zi\/?+zx)
(W (1+(

71>1/3) X
(1+(-1)*7?) EllipticE[ArcSin[\I

w N

(-1)%7 (1+x)

(-1+ (-1)2/3) X

EllipticF [ArcSin [\I

}:1+(-1)“}]
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Problem 230: Result unnecessarily involves imaginary or complex numbers.

a

J ix
V1+x3
Optimal (type 4, 281 leaves, 5steps):
2 2T
x~/1+x3
V 1++/3 +x
- X+ x? - +
31/44)2 2 (1+x) Aot EllipticE[ArcSin[@}, -7-4+/3] /
(1+\/?+X)2 1+\/?+X

2 e 1+x3 | +
(1+\E+X)2

—J 1-x+x2 1-+3 +x

2 i—ﬁ(1+ﬂ

a EllipticF[APcSin[

- - \ﬁ
(1+\/?+X)2 1+\E+x} e 3]/

31/4 —1+X " 1+x3
(1+\/?+X)

Result (type 4, 146 leaves):

—3<1+X3)—33/4X\/—<—1>1/6((—1)2/3+X)

1

341 +x3

a
—X

[\/7 (71)5/6 (1+X> ]) <_1>1/3] N

\/1 . (- 1/3 ( 1)2/3 X2
31/4

xf__ElllptlcE[Arc51n

(-1)°® EllipticF [ArcSin o

N—(—W ETIRY (_1>1,3]]J

Problem 235: Result unnecessarily involves imaginary or complex numbers.

J Vax
Vd+ex Ve+rfx

dx

Optimal (type 4, 114 leaves, 2 steps):
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2vV-e2+df “Jax ﬂeﬁ)— EllipticE[Ar‘cSin[M], 1- i}

—e?+d f df
ef /—E(TX e+ fx

Result (type 4, 106 leaves):

f X
-ll21evax 1+ —
e
L. . e x df L. . ex df
ElllpthE[j Arc51nh[ — }, —] - E111pt1cF[Ji Ar‘cSmh[ — ], —} /
d e? d e?
| =X Vdiex Verfx
d+ex

Problem 261: Result more than twice size of optimal antiderivative.
J\(\/lx +\/1+X)2

dx
X

Optimal (type 3, 32leaves, 6 steps):

2+/1-x* -2ArcTanh[~/1-x* | +2Log[x]

Result (type 3, 84 leaves):
2[\/1—X2 +Log[-x] +Log[1-+1+x]-
Log[2+V/1-x -V/1+x | -Log[1++1+x|+Log[2++/1-x +v/1+x |

Problem 263: Result more than twice size of optimal antiderivative.
J(m T )

x3

dx

Optimal (type 3, 34 leaves, 6 steps):

1 1-x2
- ; + ArcTanh[/1-x? |

x2 X

Result (type 3, 88leaves):
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12
lz Viox 2 Log[1-VTix ]
X

Log[2+\/1—x -vV1+x ] +Log[1+\/1+x ] —Log[2+\/1—x +\/1+x]

Problem 286: Result more than twice size of optimal antiderivative.
J(—\/l—x —\/1+x) (\/1—x +\/1+x)

dx
X

Optimal (type 3, 32leaves, 7 steps):
-2m+2ArcTanh[m} -2 Log[x]
Result (type 3, 84 leaves):
-2 (\/ﬁJrLog[—x] +Llog[1-+V1+x |-
Log[2+V1-x -V1+x ]| -Log[1+V1+x]+Log[2+V1-x +V1+x |

Problem 288: Result more than twice size of optimal antiderivative.
J(—\/l—x —\/1+x) (\/l—x +\/1+x)

x3

dx

Optimal (type 3, 33 leaves, 7 steps):

1 1-x?
= 5 - ArcTanh[+/1-x? |

x2 X

Result (type 3, 85leaves):
1 V1-x2

— +

N +Log[1—\/1+x]—
X X
Log[2+V/1-x -V/1+x|-Log[1++V1+x|+Log[2++/1-x +V/1+x |

Problem 289: Result more than twice size of optimal antiderivative.

Jmm N

Optimal (type 3, 28 leaves, 15 steps):

\/1-x* —ArcTanh[+/1-x? | + Log[x]

Result (type 3, 82leaves):

\J1-x* +Llog[-x] +Log[1-~1+x |-

Log[2++V1-x -V1+x|-Log[l+V1+x|+Log[2+V1-x +V1+x]
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Problem 291: Unable to integrate problem.

n

e? x?
d+ex+f [a+ dx
.FZ

Optimal (type 5, 121 leaves, 4 steps):

1+n
e? x?
drex+f [a+ ——
£ 1

2e (1+n) +2d2e<1+n)

1+n a
e? x? f2
Hypergeometric2F1 [2, 1+n, 2+n, ]

af?|drex+f |a+

Result (type 8, 27 leaves):

d+ex+-F

Problem 298: Unable to integrate problem.

e? x?

d+ex+f

Optimal (type 3, 225leaves, 6 steps):

2adf2\/d+ex+1: aneic;‘2 adzfz\/d+ex+-F a+'321c;‘Z

- +

2,2
ex+f [a+ &2 ]
'FZ

e
2e

d+e x+f

L

7/2
e2 x?
2 5ad3/2 f2 ArcTanh [

+ —

3e 7e 2e

a2 d+ex+f

3/2
e? x?
d+ex+f a+1:—2

Result (type 8, 29 leaves):

5/2

e? x?
d+ex+f |a~+ dx
.FZ
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Problem 299: Unable to integrate problem.

3/2
e? x?

d+ex+f [a+ dx
.FZ

Optimal (type 3, 183 leaves, 6 steps):

afz\/d+ex+f /a+ejcfz ad-FZ\/d+ex+-F a+eifz

+

e
2elex+ T a+eZXZJ
.FZ
5/2 —
diex+ f a e? x? d+ex+f [ a+ -
TERET 9T R 3a+/d f2ArcTanh|
—_ \/?
5e 2e

Result (type 8, 29 leaves):

3/2
e? x?
d+ex+f [a+ dx
'F2

Problem 302: Unable to integrate problem.

1

J\ 2 42
d+ex+f [a+ &%
1c2

Optimal (type 3, 158 leaves, 5 steps):

dx
3/2

d?

3 f2 ds+e £ a e? x2 d+e x+f a+e#X
1428 \/ rexs T e 3af? Ar‘cTanh[ ]
+ Vd

[ 2
e\/d+ex+-F a+ejc—;‘2 2d%e

Result (type 8, 29leaves):

2 2
ex+f [a+ &2 ]
.FZ

1

J 3/2
e? x?
drex+f [a+ ——
1c2

dx

2 d5/2 e
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Problem 303: Unable to integrate problem.

1

J\ 2 2
d+ex+f [a+ &%
1c2

Optimal (type 3, 199 leaves, 6 steps):

dx
5/2

af?
1+%% 2af?

3/2
2 2

3e|drex+f |a+ &5 252

£ d*e |d+ex+f a+:—;‘

2 e2 x? diex+f [ar&X

af d+ex+f [a+ — &

£ 5af2ArcTanh| T ]

+

2d7/2e
2 2
ex+f [a+ & ]
.FZ

Result (type 8, 29 leaves):

1
5/2
d+ex+f /a+e2"2 ]
.FZ

Problem 310: Unable to integrate problem.

dx

n
e? x?
d+ex+f [a+bx+ dx
.F2

Optimal (type 5, 166 leaves, 4 steps):
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d+ex+f [a+bx+

1+n
e?x?
‘FZ

.
2e (1+n)

e? x?

f2 (4ae’-b>f?) |[dvex+f [a+bx+ Hypergeometric2F1|2,

2e S

2
1+n, 2+n, Sde b }/(2e(2de—bf2) <1+n>)

2,2
diex+f |a+bx+ &2 J

Result (type 8, 30 leaves):

Problem 316: Result more than twice size of optimal antiderivative.

1

dx

3
e? x?
drex+f a+bx+1c—Z

Optimal (type 3, 330leaves, 3 steps):
d’e-bdf?+aef?

2
(2de-bf2)? [drex+f a+bx+ezz]
2f2 (4ae?-b*f?) 2ef? (4ae?- b2 f2)
- +
(2de-bf?)® |drex+f a+bx+e32] (2de-bf?)° |bf2+2e |ex+f /a+xﬁif“i]]

6ef? (4ae”-b’f’) Log[d+ex+f a+bx+e1f2 ]

bf2:e?
ex . f la+X_(¢LJ}
.FZ

(2de-bf?)*

(2de-bf?)*

6ef? (4ae?-b2f2) Log[bf2+2e
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Result (type 3, 665 leaves):
463 x 2 (d2e-bdf?+aef?)’

(2de-bf?)® (-2de+bf?)* (d>+2dex-f2 (a+bx))?
3(4a%e*f*+b2df* (-de+bf?) +aef? (4d?e?-4bdef?-b2f))

2-F\/a+x

b* (af®-ef'x (d+2ex)) -2e® (32’ '+ d’ex (3d+4ex) ~adf? (5d+9ex)>) /

(-2de+bf2)* (d2+2dex-f2 (a+bx))

2

e X
b+ 2] (B*fex+bef? (-3d°-adf’+d’ex-9aef’x+8de’x?) +

3ef (4ae? b2f2) Log[d?+2dex 2 (a+b
((—2de+b-F2)3(d2+2dex—-F2 (a+bx)>2)— eff (4ae | tog|d* +2dex (a+ X>]+
(-2de+bf2)*

3(4ae®f2-b*ef*) Log[d*+2dex-f2 (a+bx)]
(-2de+bf2)*

2

3ef? (4ae2—b2-F2) Log[b-F2+2e {ex+-F a+x (b+ez—x) J]
1

+

(-2de+bf2)* (-2de+bf2)*

exf\/a+x

d2+a-F22dex+2d-F\/a+x

2x

b+

3ef? (4ae?-b>f?) Log[b* f* x+2d*e

2d+ex+-F\/a+x

Problem 317: Unable to integrate problem.

J

Optimal (type 3, 370leaves, 6 steps):

‘F2

e2

.F2

X

+b 2 b+

2aef?

]

ezx]
b+
.FZ

5/2
e? x2

f:2

d+ex+f |a+bx+ dx
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f2 (2de-bf?) (4ae2—b2-l:2)\/d+ex+1c a+bx+ X
p

+

e4

4
3/2 7/2
2,2 2 2
d+ex+f /a+bx+ef;( J (d+ex+f a+bx+ef;‘ J
+

12 e3 7e

£2 <4ae2—b2 -Fz)

£2 (2de—b1‘:2)2 (4ae?-b*f?) |d+ex+f a+bx+ £X

£ 1
9/2
16e* |bf2+2e ewa\/@J] 162 e
V2 e |diex+f a+bx+e1f2
5 £2 (2de—bf2)3/2 (4ae2—b2f2)Ar‘cTanh[ ]

V2de-bf?

Result (type 8, 32 leaves):

3/2

Optimal (type 3, 302 leaves, 6 steps):
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5/2
2 2
d+rex+f la+bX+efX ]

+ —

4¢3 S5e

f2 (4ae?-b2f?) |[d+ex+f a+bx+‘ix2

2<2de—bf2> (4ae2—b2f2) drex+f a+bx+eif

bf2+2e|ex+f

X bF2+e X J

ﬁr\/d+ex+f a+bx+
3f2+/2de-bf? (4ae2—b2F2)Ar‘cTanh ]
J2de-bf

82 e’/

Result (type 8, 32leaves):

Problem 321: Unable to integrate problem.

1

dx

d+ex+f [a+bx+

3/2
e?x?
.FZ

Optimal (type 3, 269 leaves, 5 steps):

2 (4ae?-b2f2) |drex+f [a+bx+ X
4 (d>e-bdf2+aef?) f

| 195

.
N 2\ 2 2 x (bf2+e? x
(2de-bf2)? [deex+f [arbx: 22 (2de-bf?)" \bFf2r2e lex+f far =g ]]

2

V2 e \/d+ex+f a+bx+e:(

\/2de-bf?
V2 /e (2de-bf?2)*?

3f2 (4ae?-b?f2) ArcTanh [

Result (type 8, 32leaves):
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dx

3/2
2 2
d+ex+f a+bX+exJ

2

Problem 322: Unable to integrate problem.

1

dx

5/2
2 2
d+ex+f a+bX+ef;(J

Optimal (type 3, 335leaves, 6 steps):
4 (d’e-bdf?+aef?)

3/27
2 2
d+ex+f la+bx+e{:]

2ef? (4ae2—b2-F2) \/d+ex+f a+bx+ &%

3 (2de-bf2)?

42 (4ae?-b?f2) fz

x (bf2+e? x
ex+f _[a+

bf2+2e
1cZ

(2de-bf?)°

|

(2de—bf2)3\/d+ex+f a+bx+e;—;‘Z

A2 Ae \/d+e x+f [ a+b X+e2x2

£
\/2de-bf?

52 e 2 (4ae?-Db2 f2) ArcTanh |

]

(2de-bf?)7?

Result (type 8, 32leaves):
1

dx

5/2
2 2
[d+ex+-F a+bx+ef;‘}

Problem 323: Result more than twice size of optimal antiderivative.
J(a+x2)2 X+ a+x?

Optimal (type 3, 164 leaves, 3 steps):

n

dx
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-5+n -3+n -1+n
as(x+\/a+x2) 5a4(x+\/a+x2) 5a3 (x+\/a+x2)

32 (5-n) 32 (3-n) 16 (1-n)
5a2(x+\/a+x2)1+n 5a(x+\/a+x2)3+rI (x+\/a+x2)5+n
16 (1+n) ' 32 (3+n) " 32541

Result (type 3, 338leaves):

1 . 2 a2 (x—n\/a+x2)
= (x+x/a+x

- +
2 -1+n?

n

1

a° 3a% 2al
- + +

16((—5+n) (X+\m>5 (—3+n> (X+m)3 <—1+n) (X+\/a+x2>
2a2(x+\/a+x2) 3a(x+x/a+x2)3 (x+\/a+x2)5

- +
3+n 5+n

+

1

2

(4a a+x? +

2a’n+a’ (-3+n)nx

(-3+n) x-2+/a+x

X +4/a+ X2
2
x+\/a+x2) (a+x

4(37n73n2+n3)x5 +a(374n+n2)x3

(3+5n) x+ (1+3n)/a+x?
ey ]]

)/

[(—3+n) (~1+n) (1+n) (3+n)

Problem 326: Unable to integrate problem.
J(HW)"

a+x?

dx

Optimal (type 5, 59 leaves, 2 steps):

2’ 27 a

2
. x+1/ a+x?
2 (x +/a+x? )1 " Hypergeometric2F1 [1, o, 2 J—L}

a(l+n)

Result (type 8, 23 leaves):
J‘(x+\/a+x2 )n

dx
a+x?

Problem 327: Unable to integrate problem.
J(mm)”

(a+x2)?

dx



198 | Mathematica 11.3 Integration Test Results for 1.3.2 Algebraic functions.nb

Optimal (type 5, 59 leaves, 2 steps):

+ +1\ + 2 :
8 (x+ \Va+x? )3 i Hypergeometric2F1[3, 2%, >0 M}

a® (3+n)

Result (type 8, 23 leaves):
J (x + W) "

(a+x2)2

dx

Problem 328: Result more than twice size of optimal antiderivative.
J(a+x2)2 x—\/m

Optimal (type 3, 176 leaves, 3 steps):
a’ (xfx/a+x2 )75”1 5 a* (xfx/awrixzy3+n 5a3 (xfx/a+x2 )71”]

- - +

n

dx

32 (5-n) 32 (3-n) 16 (1-n)
5 a2 (x—\/a+x2)1+n Sa(x—\/aer2)3+n (x—\/a+x2)5+n
16 (1+n) : 32 (3+n) ' 32 (5+n)

Result (type 3, 361 leaves):
2a%2 (x+nva+x?
1 (x —+/a+x? - ( )

n

+

2 -1+n?
~54n) (x \/a+7x2) (~1+n) (x—m) 1+n
( A ) . 3af +3a(—X+m)3 )
5+n (-3+n) (7x+m)3 3+n
( \/7 2a’n-4(3-n-3n*+n’) x° 7x+\/ﬁ +a’ (-3+n)nx

3

( 3+n X +2 a+x 7a(374n+n2)x

-Xx++/a+x?

[(—3+n) (~1+n) (1+n) (3+n)

e | e

J]

Problem 331: Unable to integrate problem.

dx

[

a+x?

—(3+5n)x+(1+3n) 7/ a+ x?
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Optimal (type 5, 63 leaves, 2 steps):

1+n . + +
2 (X__ﬂfgﬁ_xz) Hypergeometric2F1[1, 0, 30 ]

a(l+n)

Result (type 8, 25leaves):
J\(X\/aerz )n

dx
a+x?

Problem 332: Unable to integrate problem.
J(x—W)n

(a+x2)?

dx

Optimal (type 5, 63 leaves, 2 steps):

— 2
8 (x -va+x? )3”1 Hypergeometric2F1 [3, 3:n - 3an M}

a® (3+n)
Result (type 8, 25leaves):
J (x-vasd)"

(a+x?)?

dx

Problem 333: Result more than twice size of optimal antiderivative.
J(a+x2)5/2 X +/a+x2

Optimal (type 3, 187 leaves, 3 steps):
ab (X+\/a+X2)76+n 3a° (X+W)i4+n 15a4(x+\/a+x2)72+n

- - - +

n

dx

64 (6 -n) 32 (4-n) 64 (2-n)
5a (x+\/a+x2>n 15 a? (x+\/a+x2)2+n 3a(x+x/a+x2)4+n (x+\/a+x2)6+n
16n : 64 (2+n) : 32 (4+n) : 64 (6 +n)

Result (type 3, 659 leaves):
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9+n 4 3 6 2 5
X +4/a+ X2 (a+x X +4/a+ X2 a, @ @
n (-6 +n) (x+\/a+x2) -4 +n) (x+\/a+x2)
a4 a2 (x+\/a+x2)2 2a(x+\/a+x2) ( x/a+x2 /
- - +
(-2+n) (x+\/a+x2)2 2+n 4+n 6+

10x+\/a+7x2 6X+5+/a+x?
52x+25+/a+x? | +32a%x® (53x+35«/a+x2
(-4+n) x-2~/a+x?
axr3yana

+at (8x+w/a+x2

+a° +256ax8 +

[64 [512 x1° (x+ \/a+7x2
10 a* x* (17x+5\/a+7x2
(Za\/a+x2 x+\/a+x2 o
8 (-4+n) nx’ x+\/a+7x2
(-4+9n)x+4 (-1+n) W)

+16a3x*

]+

2a*+a®> (-4+n) x +

+4a (-4+n) nx°

+

a? (-4+n) x>

5X+4+/a+ x>

+64axb +

((—4+n) n(4+n) (128x8

8 a3 x? 11x+4x/a+x2)+16a2x4 17 x + 10 a+x )
(az <a+x2) +\/a+x2)n(a2<—2+n2)+2(—2+n ( +a/a+x?

a+x

(2+3n) x+2 (1+n) A a+x?

a(-2+n)x

) ( 442 (a+x

Problem 334: Result more than twice size of optimal antiderivative.
J(a+x2)3/2 X ++/a+x?

Optimal (type 3, 131 leaves, 3 steps):
a4(x+\/a+x2)74+n a3 ( a+x2)2+n

n

dx

+

16 (4-n) . 4 (2-n)
3a2(x+\/a+x2)n ( \/a+x2)2+n (x+\/a+x2)4+n
8n ' 4 (2+n) 16 (4 +n)

Result (type 3, 355leaves):
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+8 (-=4+n)nx’ +

)/

4

x+\/a+x2) (2a4+a3(—4+n)x (-4+n) x-2~/a+x? X+4/a+x?
4x+3+/a+x? (-4+9n) x+4 (-1+n)+Ja+x?
X+1/a+x? 8X ++/a+ x> +64ax6(5x+4\/a+x2)+

4a (-4+n)nx° +a’ (-4+n) x>

[(-4+n) (4+n) (128x8 +at

8 a3 x? 11x+4\/a+x2)+16a2x4 17x +10+/a+x? )+
(a a+x? az(—2+n2)+2(—2+n)nx3 X++/a+x? |+

(2+3n) x+2 (1+n)Ja+x?

a(-2+n)x

/((—4+n2) (a+x

x+x/a+x2)

Problem 337: Unable to integrate problem.

dx
3/2

J(X+m)n

(a+x?)

Optimal (type 5, 59 leaves, 2 steps):

2+n . + +
4 (x +va+x? ) Hypergeometric2F1 [2, Zn 4 G

a2 (2+n>

Result (type 8, 25leaves):
J‘(x+\/a+xz )n

(a+x2)3/2 o

Problem 338: Unable to integrate problem.

dx

J(mm)"
(a+x2)52

Optimal (type 5, 59 leaves, 2 steps):

2
. X+ a+x?
16 (x +/a+x? )4 " Hypergeometric2F1 (4, %, & E—L]

a* (4+n)

Result (type 8, 25leaves):
J (x + W) "

)5/2

dx
(a+x?
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Problem 339: Result more than twice size of optimal antiderivative.
J(a+x2)5/2 X-1/a+x?

Optimal (type 3, 201 leaves, 3 steps):
aé (x—\/a+x2 )76”1 3a° (x—\/a+x2 )74”1 15 a4 (x—\/a+x2 )72+n

n

dx

+ + -
64 (6-n) 32 (4-n) 64 (2-n)
5a3 (xfx/aer2>n 15 a? (xfx/a+x2)2+n Ba(xfx/aerz)4+n (xfx/a+x2>6+n
16 n ) 64 (2+n) ) 32 (4+n) ) 64 (6 +n)

Result (type 3, 692 leaves):

X -+/a+x? o (a+x X-+/a+x? 4a3+ a° - 22° -
N (“6+n) (x—\/m)6 (-4 +n) (x_m)“
2% a2 (x—\/a+x2)2 Za(x—\/aerz)4 (x— a+x2>6
(—2+n) (X—\/a+x2)2_ 2+n ) 4+n : 6+n /

+512 x1°® +10 a* x?

(64 [as (-1ex+\/m
Cexisfarxt
(carn xs2farn
(4-9n) x+4 (-1+n) \/;

-X+~fa+x? —17x+5x/a+x2)+
—52x+25\/a+x2)+32a2x6 -53x+35+/a+x?
—4x+3\/a+x2)+

256 a x8 +16a3x*

(Za\/a+x2

a® (-4+n)x

] +

[—2a4+8 (-4 +n) nx’

+4a (-4+n)nx°

)/

a? (-4+n) x>

+128 x8 +8a3x? +

~11x+4+/a+ x>

((—4+n) n (4+n) (a“

64ax® |-5x+4+/a+x? +16a2x4(—17x+1@\/a+x2 ))+
(az (a+x2) X -1/a+x2 n(—az (—2+n2)+2(—2+n>nx3 “X+Aja+x® |+

a(—2+n)x —(2+3n)x+2<1+n>xla+x2 a+x|x-+/a+x?

]/[n (~a+n?)

Problem 340: Result more than twice size of optimal antiderivative.
J(a+x2)3/2 X-~fa+x?

Optimal (type 3, 141 leaves, 3 steps):

]

n

dx
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16 (4 -n) 4(2-n)
B»az(x—\/a+x2)n a(x—\/a+x2>2+n (x—\/a+x2)4+rI
8n ) 4 (2+n) } 16 (4 +n)

Result (type 3, 366 leaves):
1 x—\/a+x2 " ([\/a+x2
n

(—2a4+8 (-4+n) nx’

4

ifa Cainyxi2ifaie
_4x+3ﬁ)+az (-4 +n) x3 (4_9n)x+4(_1+n>ﬁ
_SX+W _X+W +8a*x? -11x+4\/m
-5x+4\/m)+16a2x4 -17x+1e\/m ))+
(a (a+x) (_az (-2+n2) +2 (~2+n) s [-x+farxt
(243n)x+2 (1en) Ja i ]/[(_4+n2> 2

-a® (-4+n)x +

4a (-4+n)nx°

)/

((—4+n> (4+n) (a“ . 128 %8 .

64 a x°®

+

X-4/a+x2

a(-2+n)x

Problem 343: Unable to integrate problem.

dx

[l

(a+x2)3/2

Optimal (type 5, 63 leaves, 2 steps):

2+n . + +
4 (Xfm) Hypergeometric2F1[2, 0, #0 ]

a2 (2+n)

Result (type 8, 27 leaves):
J(x—\/a+x2 )n

dx

(a+x2)3/2

Problem 344: Unable to integrate problem.

dx

[l

(a+x2)5/2

Optimal (type 5, 63 leaves, 2 steps):
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4+
16 (x -a+x? ) ! Hypergeometric2F1 [4, 4*?”, 5;" - 5 }

a* (4+n)

Result (type 8, 27 leaves):

[l

(a+x2)5/2

dx

Problem 345: Unable to integrate problem.

n
2dex e2x2)2 2dex e2x?
a+ + d+ex+f [a+ + dx
.':2 .':2

.FZ .FZ
Optimal (type 3, 365 leaves, 4 steps):

-5+n -3+n
(dz—af2>5 d+ex+f /a+—2dex+ﬂ] 5<d2—a'F2)4 d+ex+f ,a+2dex+ezxz]
.FZ +‘2 <F2 _FZ
- +
32ef* (5-n) 32ef* (3-n)
-1+n 1+n
5(d2—a'F2)3 d+ex+f la+2dex+e2XZJ S(dz—a'l:2>2 d+ex+f /a+2dex+ezxz]
.F2 .FZ .FZ .FZ
+

16e-F4(1—n) 16e-F4(1+n)

5+n
2dex e? x?
d+ex+f ,a+_f2 T ]
+

32ef* (3+n) 32ef* (5+n)

5 (dzfafz)

Result (type 8, 58 leaves):
n
2dex e2x?\? 2dex ex?
a+ + d+ex+f [a+ + dx
.f:2 .f:2

.FZ .FZ
Problem 346: Unable to integrate problem.

n
2dex e?x? 2dex e?x?
a+ + d+ex+f [a+ + dx
.':2 .':2

.':2 .':2
Optimal (type 3, 239 leaves, 4 steps):
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-3+n -1+n
(d>-af?)® |[drex+f la+2‘i§'x+ej€;‘2] 3(d2-af2)?|drex+f la+2d{f"+e12‘2]
8ef? (3-n) 8ef? (1-n)
1+n 3+n
3<d2—af2) d+ex+f ,a+_2dex+_ezx2] d+ex+f la+—2dex+ﬂ]
_FZ .FZ <f_‘Z _FZ

+

8 e f2 (1+n) 8 e f2 (3+n>

Result (type 8, 56 leaves):
n
J[ 2dex e?x? \/ 2dex e?x?
a+ + d+ex+f |a+ + dx
'FZ .':2

.':2 .':2
Problem 347: Unable to integrate problem.

n

2dex e?x?
d+ex+f |a+ + dx
.FZ 'F2

Optimal (type 3, 107 leaves, 4 steps):

-1+n 1+n
2,2 2 2
drex+f [aq4 2dex  ex drex+f [a+2dex X
,f:Z .FZ .FZ .FZ
+

2e (1-n) 2e (1+n)

(d?-af?)

Result (type 8, 35leaves):

2dex e?x?
d+ex+f [a+ + dx
.FZ .FZ

Problem 348: Unable to integrate problem.

2,2
d+ex+f la+2dﬁ+&
J _F2 .FZ

2dex  e?x?
.FZ FZ

n

dx
a+

Optimal (type 5, 122 leaves, 2 steps):



206 | Mathematica 11.3 Integration Test Results for 1.3.2 Algebraic functions.nb

2dex e?x?
+

‘F2 .FZ

~||2f* |d+ex+Ff |a~+

Hypergeometric2F1|

Result (type 8, 58 leaves):

2.2
drex+f [a+—2dex+—ex
J .FZ .FZ

n

dx
2dex e? x?

a+ ) )

Problem 349: Unable to integrate problem.

2.2
d+ex+f [a+72dex+ex
\J\ .FZ .FZ

2dex | e2x?)\2
.FZ .FZ

n

dx
(a+

Optimal (type 5, 122 leaves, 3 steps):

3+n

2dex e?x?
+

.FZ 'F2

2
2dex e? x?
d+ex+f /a+7f2 *a
3+n 5+n

3, s , ] /(e(dz—afz)3(3+n))

2 2 d?-af?

~||8Ff*|d+ex+f |a-+ Hypergeometric2Fi |

Result (type 8, 58 leaves):

2 2
drex+f [a+—2dex+ex
J\ .f:Z .f:Z

2dex | e2x?)\2
_FZ .FZ

n

d
(o ”
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Problem 350: Unable to integrate problem.

n

afliex (2d+ex)
d+ex+f dx
.FZ

Optimal (type 3, 107 leaves, 5 steps):

-1+n 1+n
2,2 2,2
drex+f [a+ 2dex  ex drex+f [a+2dex  ex
.FZ .FZ .FZ .FZ
+

2e (1-n) 2e (1+n)

(d?-af?)

Result (type 8, 35leaves):

afliex (2d+ex)
d+ex+f dx
'F2

Problem 351: Unable to integrate problem.

n

aflrex (2d+ex)
direx+f af’+rex (2d+ex

.FZ
dx
2dex , e2x?
a+ +
.FZ .FZ

Optimal (type 5, 122 leaves, 3 steps):

1+n
5 2dex e?x? .
-[|12f° |d+ex+f |[a+ + Hypergeometric2F1
P P yperg

2
2 42
d+ex+f /a+—2dffx+e+;‘
1+n 3+n

1, —, 2=, [/ (e(@-af) (1+n))

2 2 d?-af?

Result (type 8, 58 leaves):

aflrex (2d+ex)
diex+f af +exf22d+ex

dx
2dex , e2x?

a + P )
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Problem 352: Unable to integrate problem.

n
2dex e2x2)¥2 2dex e?x?
a+ + d+ex+f |a+ + dx
fz FZ

fz fZ
Optimal (type 3, 297 leaves, 4 steps):

-4+n
(dz—af2)4 d+ex+f la+2dex+eZXzJ
.FZ .FZ
- +
16ef3 (4 -n)
-2+n n
(dz—af2)3 d+ex+f la+212ex+eifzJ 3(d2—af2>2 d+ex+f /a+212ex+e:(2]
. _
4ef(2-n) 8efin
2+n 4+n
(dz—afz) d+ex+f [a+212ex+e:;2] d+ex+f la+2dffx+ei§2J
+
4ef3 (2+n) 16ef3 (4+n)

Result (type 8, 60 leaves):
n
2dex e2x2)3? 2dex e2x?
a+ + d+ex+f [a+ + dx
fz {2

fZ fZ
Problem 353: Unable to integrate problem.

n
2dex e%?x? 2dex e?x?
a+ + d+ex+f [a+ + dx
fz fz fz fz

Optimal (type 3, 171 leaves, 4 steps):

-2+n
(d2-af)? |dvex+f /a+—2dex+—e2X2J
_FZ .FZ
4ef (2-n)
n 2+n
(dz—afz) d+ex+f ,a+2dex+e2x2] d+ex+f /a+2dex+ezxz]
.FZ .f:Z .FZ .FZ
+
2efn 4ef (2+n)

Result (type 8, 60 leaves):
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n
2dex e2x? 2dex e?x?
a+ + d+ex+f |a+ + dx
.FZ .FZ .FZ .f:2

Problem 354: Unable to integrate problem.

n

2dex | e?x?

d+ex+f [a+ +
.FZ .FZ
dx
2dex | e2x?
a+ =g p

Optimal (type 3, 41 leaves, 3 steps):
L 2dex | e?x? "
fZ .FZ

fld+ex+f |a

en
Result (type 8, 60 leaves):

2dex | e?x?
.FZ .FZ

d+ex+f [a+

dx

2dex | e2x?

a -+ ) )

Problem 355: Unable to integrate problem.

n
2dex e?x?

drex+f [a+
.FZ .FZ

+

2dex | e2x?)3/2
.f:Z fZ

(a+

Optimal (type 5, 122 leaves, 3 steps):

2+n
3 2dex e?x?
4f° |d+ex+f [a~+ +
.FZ .FZ

2
2 2
d+rex+f la+—2‘iz”+—e{f
2+n 4+n

. 2 2\ 2
Hypergeometric2Fi|2, S, e ]/(e (d* - a f?) (2+n))

Result (type 8, 60 leaves):
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Problem 356: Unable to integrate problem.

| affrex (2d+ex)
\J\ diexs+f af+exf22d+ex

af?iex (2d+ex)
.FZ

n
dx

Optimal (type 3, 41leaves, 4 steps):
2dex  e*x?

f e e

d+ex+f [a+

en

Result (type 8, 60 leaves):

af?iex (2d+ex)
J d+rex+f | po
af’+ex (2d+ex)
'FZ

Problem 357: Unable to integrate problem.

n
2degx e2gx? 2dex e?x?
ag+ + d+ex+f |a+ + dx
.FZ 'F2 .FZ .FZ

Optimal (type 3, 327 leaves, 5 steps):

n
dx
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-2+n
2 2 2 2
(d2-af?)? [ag+ 2928x, &8XC g exsf [a4 202X, X ]
.F2 .FZ .FZ .FZ
2 2
4ef (2-n) as 2dex, ex
.FZ .FZ
n
2 2 2 2
(d2-af?) [ag+ 29eBX  &BXC Id ex+f a+2d”+ex]
.FZ .FZ ‘FZ ‘F2
4
2dex | e2x?
2efn _[a~+ 2 T on

ag-+ degx 2gx

1:2

2+n
2,2
drex+f [a+2dex  ex ]

4ef (2+n) |a+ 2

Result (type 8, 64 leaves):

n
2degx e2gx? 2dex e%x?
ag+ + d+ex+f
.FZ .FZ

Problem 358: Unable to integrate problem

n
2,2
direx+f [a+ 298X, ¢

.FZ + .FZ

degx 2gx

,FZ

Optimal (type 3, 93 leaves, 4 steps):

2,2
f a+2dex+ex
.FZ ‘F2

n
2.2
diex+f [ay2dex ext ]
‘F2 .FZ

2d 2 2
en ang—‘-L;’2 X iefzx
Result (type 8, 64 leaves):
n
2dex | e2x?
d+ex+f = T a
dx
ag+ 2degx |, e?gx?

,FZ ,FZ

| 211



212 | Mathematica 11.3 Integration Test Results for 1.3.2 Algebraic functions.nb

Problem 359: Unable to integrate problem.

2 2
drex+f [a+72dex+7ex
J\ .f:Z .f:Z

)3/2

n

dx
2degx  e’gx?

(ag+ +
.FZ ,FZ

Optimal (type 5, 177 leaves, 4 steps):

2+n
3 2dex e?x? 2dex e?x?
4f a+ + d+ex+f [a+ +

.F2 .FZ .FZ .FZ

2
2,2
drex+f la+—2‘jcfx+e;
2+n 4+n

Hypergeometric2F1 [2, , s ] /
2 2 d?-af?

2degx e2gx?
+ +

e(dz—afz)zg(2+n>\/ag

.FZ .FZ
Result (type 8, 64 leaves):
n
d+rex+f [a+—2dex+ efx! ]
.FZ ‘FZ
dx
(ag+ 2degx ezgxz)3/2

.FZ ‘FZ

Problem 360: Unable to integrate problem.

n

aflrex (2d+ex)
direx+f af +exf22d+ex

dx

aflgiegx (2d+ex)
.FZ

Optimal (type 3, 93 leaves, 5steps):

n
2 2
d+ex+f [a+72dex+7ex ]
.FZ 1CZ

2 2
en\/ag+—g—2d;2 X, B

2dex , e2x?
+

f Ja+ = o

,FZ

Result (type 8, 62leaves):
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af?iex (2d+ex)

drex+f
.FZ

dx

afgiegx (2d+ex)
.FZ

Problem 361: Unable to integrate problem.

1
J dx
(a+bx> \/c+dx2 \/e+-Fx2

Optimal (type 4, 191 leaves, 7 steps):

\/b%e+a?f /c+dx? dx? £ x2 . . . b2 ¢ . A/d x
b ArcTanh| | V-c \/1 v \/1 + 25 EllipticPi [- = ArcSin| B

\/b?c+atd +/e+fx?

-C

- +

Vb2cratd V/b2e+a?f avd Ve+rdx® Ve fx?

Result (type 8, 32leaves):

1
J dx
(a+bx) Verdx?: Verfx?

Problem 362: Result more than twice size of optimal antiderivative.

e-2fx?
J dx
e2+4dfx?+d4efx?+4F2x4
Optimal (type 3, 81 leaves, 4 steps):
Log[e—Z\/—d \Fx+2fx2] Log[e+2\/—d \/?X+2'Fx2}
- +
4+/-d /f 4+/-d Vf
Result (type 3, 191 leaves):

<7d72e+\/?\/d+2e)Ar'cTan[ 2 JFf x
d+e-+/d /d+2e

\/d+e—\/?\/d+2e

(d+2e+\/?\/d+2e)Ar‘cTan[4w]
d+e+y/d /d+2e /(2\/7\/(1— ,—d-%—ze \/?)
\/d+e+\/?\/d+2e

Problem 363: Result unnecessarily involves complex numbers and more than

twice size of optimal antiderivative.

e-2fx?
J dx
e2_4dfx2+4efx?+4f2x4
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Optimal (type 3, 73 leaves, 4 steps):
Log[e—zﬁﬁx+2fx2} Log[e+2\/?ﬁx+2fx2}

_ 4 VE ) ad VE

Result (type 3, 233 leaves):

(—Jid+211e+\/7x/—d+2e)Ar‘cTan[J 2 x
deeiVd [ di2e

\/—d+e—1i\/?\/—d+2e

(1d—216+\/d_m)ArcTan[ 2 VF x ]
J Lot T 0T / (2V2 Vd J-dvze VF
~d+e+id/-d+2e

Problem 364: Result is not expressed in closed-form.

e-4fx3
J dx
e2+4dfx?+d4efx3+412x8
Optimal (type 3, 38leaves, 2 steps):

ArcTan| 2 efzf; *]

2+/d Vf
Result (type 7, 87 leaves):

-—elog[x-f1] +4fLog[x - 1] 713
2dnul+3en1?+6ful®

1
- ——RootSum[e? +4dfr1?+4eful+ 421108,
4f

8]

Problem 365: Result is not expressed in closed-form.

e-4fx3
J dx
e2_4dfx2+4efx3+4F2xb

Optimal (type 3, 38 leaves, 2 steps):
ArcTanh | M]

es2 fx3

2+/d Vf
Result (type 7, 87 leaves):

1 —elog[x-nl] +4flLog[x-#1] w13
- ——RootSum[e? -4dfu1?+4efnl®+4f2u1® g, el ] gl ]
4f -2d#al+3en1?+6fnl’

8]

Problem 366: Unable to integrate problem.

dx

J e-2f (-1+n)x"

e2+4dfx2+4efx+4f2x2n
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Optimal (type 3, 38leaves, 2 steps):

ArcTan [ 2 ele-F;‘ S ]

2/d Vf
Result (type 8, 44 leaves):

J e-2f (-1+n)x"

e214dfx2+4efx"+4F2x2n

dx

Problem 367: Unable to integrate problem.

dx

e-2f (-1+n)x"
Je2—4dfx2+4efx“+4f2x2”
Optimal (type 3, 38 leaves, 2 steps):
Ar‘cTanh[m]

e+2 fx"
2/d f
Result (type 8, 44 leaves):

j e-2f (-1+n)x"

e2_4dfx2+4efx"+4f2x2n

dx

Problem 370: Result is not expressed in closed-form.

dx

X2 (3e+2fx?)
jez+4e-Fx2+41‘:2x4+4d-|:x6
Optimal (type 3, 40leaves, 2 steps):

ArcTan| 2 eizf; < ]

2+/d Vf
Result (type 7, 85leaves):

3elog[x-H1]#1+2fLlog[x-H1] #13
e+2fr12+3dn1?

1
——RootSum[e? +4eful? + 4 f2 1%+ 4d f11° &,
8f

8]

Problem 371: Result is not expressed in closed-form.

dx

X2 (3e+2fx?)
Je2+4e-Fx2+41C2x4—4d-Fx6
Optimal (type 3, 40leaves, 2 steps):
Ar‘cTanh[M}

e+2 fx?

2/d Vf
Result (type 7, 85leaves):
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3elog[x-H1]#1+2fLlog[x-x1] 113

1 2 2 2 4 6
——RootSum|e? +4e fnl?+4f 11 -4dFful® g,
8 f e+2fH12-3dm1*

8]

Problem 374: Result is not expressed in closed-form.

dx

X (2e-2Fx3?)
Je2+4efx3+4dfx4+4fzx6
Optimal (type 3, 40 leaves, 2 steps):
Ar‘cTan[m]

e+2 fx3

2+/d Vf
Result (type 7, 86 leaves):

—elog[x-H1] + fLog[x - 1] #13

1
- ——RootSum[e? +4efn1®+4dful®+ 4 m1°8, &
2f 3ernl+4dnl?+6f 1t
Problem 375: Result is not expressed in closed-form.
x (2e-2fx3)
J dx
e2idefx3-4dfx*+4F2xb
Optimal (type 3, 40leaves, 2 steps):
Ar‘cTanh[M}
e+2 fx
2+/d Vf
Result (type 7, 86 leaves):
1 —elL -ml] +fL - 1] 713
= RootSum[e?+deful’-4dful 4 f2u1c8, — oglx-=l] +tlog[x-=l] = &]

2f 3enl-4dm1?+6Fa1t

Problem 380: Unable to integrate problem.

Jxm (e (1+m)+2F (1+m-n) x") ix

e2+4dFfx?2"4efx"+4F2x2N
Optimal (type 3, 42leaves, 2 steps):

2+/d A[F xtm
ArcTan | e ]

2+/d
Result (type 8, 58 leaves):

Jx’“ (e (1+m)+2F (1+m-n)x")

e2+4dfx?2"4efx"+4F2x20

dx
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Problem 381: Unable to integrate problem.

Jx’“ (e (1+m) +2F (1+m-n) x") ax

e2 - 4dfx?2"4efx"+4F2x20

Optimal (type 3, 42 leaves, 2 steps):
ArcTanh [ w]

e+2 fx"
2+/d Vf
Result (type 8, 58 leaves):
JX"‘ (e(1+m)+2F (1+m-n) x")

e?-4dfx*2"i4efx"+4f2x2"

dx

Problem 385: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
dx
x(ac+bcx2+d\/a+bx2)

Optimal (type 3, 88leaves, 7 steps):

dAr‘cTanh[l%] clog[x] clog[d+cva+bx*|
N _
& (acz—dz) ac?2-d? ac?-d?

Result (type 3, 282leaves):

1
2ac?-2d?

- clog[4] +|-2c+ Log[x] +clog[ac?-d?+bc*x?] -

a

2dLog[a+Va Va+bx? | [(acz—dz) (ac—Ji\/F\/acz—d2 x+dva+bx? )}
+CLOg +
Va \/ch2<im+\/3cx)
(acz—dz) (ac+i\/Fx/ac2—d2 x+d\/a+bx2)

Vb cd? (—J‘L\/acz—d2 +\/ch>

clog|

Problem 386: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
dx
x3 (ac+bcx2+d\/a+bx2)

Optimal (type 3, 151 leaves, 8 steps):
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bd (3ac?-d?) Ar‘cTanh[@}

ac-dvVa+bx? NS bc3Llog(x] bc’Log[d+cva+bx? |
- - - +
2a (ac?-d?) x? 22%2 (ac?-d?)? (ac?-d?)? (ac?-d?)?

Result (type 3, 430 leaves):

—a*?2c+at?cd?*+a*?2c?dJa+bx? -va d®+Ja+bx? -

b (2a*2c*-3ac’d+d®) x> Log[x] +a*?bc® x> Log[ac*-d*+bc?x?] -

3abc?2dx?Llog[a++/a \/a+bx?* | +bd*x?Log[a++/a \Ja+bx? |+
2 (—ac2+d2)2 (ac—jm/?\/acz—d2 x+d\/a+bx2)
a*2bc* x? Log| - |+
b3/2 3 d? (J‘L\/aczfdz +\/ch)
2 (—ac2+d2)2 (ac+jm/F\/ac2—d2 x+d\/a+bx2>

b3/2 ¢3 g2 (—J‘l\/acz—dz +\/ch)

1

2332 <—a c2+d2>2x2

a*?bc?x? Log|-

Problem 393: Unable to integrate problem.

1
dx
x(ac+bcx3+d\/a+bx3)

Optimal (type 3, 93 leaves, 7 steps):

2dArcTanh | agx ] clog(x] 2clog[d+cva+bx?]
N -
3+/a (ac?-d?) ac?-d? 3 (ac?-d?)

Result (type 8, 31leaves):

1
dx
x(ac+bcx3+d\/a+bx3)

Problem 394: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1
dx
x4 (ac+bcx3+d\/a+bx3>

Optimal (type 3, 154 leaves, 8 steps):
bd (3ac?-d?) ArcTanh| @}

ac-dvVa+bx? Nes bc3Llog(x] 2bc3logld+cva+bx? |
- - - +
3a(ac?-d?) x? 32%2 (ac?-d?)? (ac?-d?)? 3 (ac?-d?)?

Result (type 6, 596 leaves):
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S o s 1 b x3 b2 x3
6b% c? dx® AppellFi[1, =, 1,2, - —, - ————|
2 a ac?-d?

/

3 23
[w/a+bx3 (ac?-d*>+bc?x?) |4a (ac®-d®) AppellFi[1, i, 1, 2, _b_x, _bcix} +

O |

a ac?-d?
3 5 1 b x3 b c? x3
bx®|-2ac?AppellFl[2, =, 2, 3, - ,-——— |+
2 a ac?-d?
s 3 b x3 b2 x3
(-ac?+d?) AppellF1[2, =, 1,3, - —, - ————| +
2 a ac?-d?
3 1 5 a —ac?+d?
—_— —([5b2c2d (3ac?-d?) x®AppellF1|—, =, 1, =, - ——, é]]/
ax’ 2 2 2 bx* bcix®
[(aczdz)\/a+bx3 (ac?-d?>+bc?x?)
5 3 3 1 5 a —ac?+d? 5 5 5
5bc?x®AppellFl| =, =, 1, =, - ——, ——— | + (-2ac*+2d )AppellFl[f, s
2 2 2 b x3 bc?x3 2 2
7 a —ac?+d? 5 5 3 7 a —ac?+d?
2, =y -——, ———] -ac?AppellF1| =, =, 1, =, - ——, ———] +
2 b x3 bc?x3 2 2 2 b x3 b c?x3
1
7[—3<ac2—d2) [ac—dx/a+bx3 -9abc3x®Log[x] +
(—ac2+d2)2

3abc®x®Log[ac?-d?+bc?x?]

|

Problem 396: Unable to integrate problem.

X
dx
Jac+bcx3+d\/a+bx3
Optimal (type 6, 304 leaves, 9 steps):

17 Zblr’3 Cz,’s X
dxz\/EAppellFl[i, %, 1, %, —ba—xa, —%} Ar‘cTan[ ya&;z\w]
Z(acz—dz)\/m A3 b2/3 /3 (acz—dz)l/3
Log[ <a c2 _ dz) 1/3 |, pl/3 c2/3 x} Log[ <a c2 _ dz) 2/3 _p1/3 2/3 (a c2 _ dz) 1/3 o, p2/3 c4/3 xz}

3 p2/3 cl/3 (a c27d2)1/3 ! 6 b2/3 c1/3 (ac27d2)1/3

Result (type 8, 29leaves):

X
J dx
ac+becx?+d/a+bx3

Problem 397: Unable to integrate problem.

1
J dx
ac+bcx®+da+bx3
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Optimal (type 6, 300 leaves, 9 steps):

zbl/ZcZ/Bx

b x3 1 1 4 bx3 bc2x® 1- ;

dx [1+~ AppellFl|=, =,1, =, -——, - 1/3 (ac2-a?)¥?
. PP [3’ PRI I acz,dz] c/3 ArcTan| E ]

- - +
(acz—dz)m \/3 bl/3 (acz—dz)Z/3

c'’? Log| (a c2-d?2)1? b2 23 x| 3 Log| (a c:z—d2)2/3—b1/3 c?’? (a €2 - d2) 1 x + b2/3 43 X2
3bY/3 (ac?-d?)?”? ) 6b'/3 (ac?-d?)??

Result (type 8, 27 leaves):

1
J dx
ac+bcx?+da+bx?

Problem 398: Result more than twice size of optimal antiderivative.

1
dx
x2 (ac+bcx3+d\/a+bx3>

Optimal (type 6, 319leaves, 10 steps):

b3 101 2 bx  bex
. dEAppellFl[—;: R T e

- + +

(acz—dz)x (ac?-d?) xVa+bx?

2b%/3 c2/3x

bl/3 ¢5/3 ArcTan [ M}
3

bl/3 ¢5/3 Log[ (a c2 _ dz) 13, pl/3 ¢2/3 x}

+ _
\E(aczfdz)‘”3 3<ac27d2)4/3

pl/3 c5/3 Log{ (a c2 _ d2>2/3 _pl/3 ¢2/3 (a c2 - dz) 1/3 X + b2/3 c4/3 Xz}

6 (ac?-d?)*?

Result (type 6, 1029 leaves):
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c dvVa+bx3

- +
acZx-d?x a%*c?x-ad?x

1 5 b x3 bc?x3
F) 1) Ty T T ’7}

2
(Sa bc?dx? AppellFl|—, ~
372 3 a ac?-d?

/(Zx/a+bx3 (ac27d2+bc2x3>

o 2 1 5 b x3 bc?x3 3 5 5 1
10a (ac®-d?) AppellF1[—, =, 1, =, - ——, - ———] -3bx® |2ac? AppellF1[—, —, 2,
3 2 3 a acZ-d? 3 2
8 b x3 b c?x3 o 5 3 8 b x3 bc?x3
— -, -———— |+ (ac?-d?) AppellF1[—, =, 1, =, - —, - ————| +
3 a ac?-d? 3 2 3 a ac?-d?
2 1 5 b x3 bc?x3
(desszppellFl[, =1, =y - -] /(2«/a+bx3 (ac?-d?+bc?x?)
3 2 3 a ac?-d?
y o 2 1 5 b x3 bc?x3
10a (ac’-d?) AppellF1[—, —, 1, =, - —, - ————] -
3 2 3 a ac?-d?
5 5 5 8 b x3 bc? x3
3bx’ |2ac AppellFl[*, = 2y T, - | +
3 2 3 a ac?-d?
s o 5 3 8 b x3 b2 x3
(ac —d)AppellFl[—, - 1, —,——,—7] +
3 2 3 a ac?-d?
s o s 5 1 8 b x3 bc?x3
8b°c dx AppellFl[f, -1, - -—, —7} /
3 2 3 a ac?-d?
5 1 8 b x3 bc?x3
[5w1a+bx3 (ac?-d*>+bc?x?) [-16a (ac®-d?) AppellF1[ =, —, 1, —, - ——, - ———— | +
3 2 3 a ac?-d?
5 5 8 1 11 b x3 b c?x3
3bx’ |2ac AppellFl[—, —, 2, —,f—,fi}Jr
3 2 3 a ac?-d?
s o 8 3 11 b x3 bc?x3
(ac —d)AppellFl[—, =1, =, -] -
3 2 3 a ac?-d?

2b1/3 2/3 x
¥

-1

bl/3 ¢5/3 ArcTan [ %] bl/3 c5/3 Log[ (a 2_ d2> 13, p1/3 c2/3 x]

\/?(acz—dz)‘”3 3 (ac?-d?)*?
pl/3 c5/3 Log[ (a c2 d2> 2/3 pl/3 c2/3 (a c2 _ dz) 1/3 X + b2/3 c4/3 Xz}

6 (acz—dz)‘”3

Problem 399: Result more than twice size of optimal antiderivative.

1
dx
x3 (ac+bcx3+d\/a+bx3)

Optimal (type 6, 324 leaves, 10 steps):
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bx3 2 1 1 bx3 bc?x3
] d [T+ AppellF1[-2, 2, 1, 5 20 - 0o
- + +

2 (ac?-d?) x? 2(ac2-d?) x2\/arbx®

2613 c2/3x

1-
b2/3 c7/3 ArcTan [ 4%&} b2/3 c7/3 Log[ (a c2_ d2> 13, p1/3 c2/3 X}

3
V3 (ac?-d?)°"? 3 (aczde)S/3
b2/3 ¢7/3 Log[ (a c2—d2>2/3—b1/3 c2/3 (ac2 —d2)1/3x+ p2/3 c4/3 Xz}

6 (ac2-d?)°?

+

Result (type 6, 1044 leaves):
C dva+bx3
+

2 (acz—dz) x2 2a (acz—dz) x2

1 1 4 b x3 bc?x3
(10abc2dxAppellF1[—, =1, -, - —, - — /[x/a+bx3 (ac?-d>+bc?x)
372 3 a ac?-d?
s 11 4 bx? bc?x? 3 )
8a (ac?-d?) AppellF1|[—, =, 1, —, -——, -————] -3bx? |2ac?AppellF1| —
2 3 a ac?-d?
b x3 bc2x3 s 4 3 7 b x3 bc2x3
-, - ———— |+ (ac®-d’) AppellF1[—, —, 1, —, -, - ———— -
a ac?-d? 3 2 3 a c?_d?
1 1 4 bx3 bc?x3
(ZdeXAppellFl[, =1, -, - —, - — /[xla+bx3 (acz—d2+bc2x3)
3 2 3 a ac?-d?
s 11 4  bx? bc?x?
8a (ac®-d?) AppellFl|—, =, 1, —, - ——, - ———— | -
3 2 3 a ac?-d?
4 1 7 b x3 bc?x3
3bx® |2ac? AppellFl[* =52, T, - - — |+
3 2 3 a ac?-d?
s 4 3 7 b x3 bc?x3
(ac —d)AppellFl[— =1, =, - -] +
3 2 3 a ac?-d?
) 2y a 4 1 7 b x3 b c?x3
7b2c2dx* AppellFl|—, =, 1, —, - ——, - ————| /
372 3 a ac?-d?
4 1 7 b x3 bc?x3
[8x1a+bx3 (ac?-d*>+bc?x?) |14a (ac?-d*) AppellFl[—, —, 1, —, - —,
3 2 3 a ac2-d?2
7 1 10 b x3 bc?x3
3bx® |2ac?AppellFl|—, =, 2, —, - ——, - ————| +
32 3 a ac?-d?
o 7 3 10 b x3 bc?x3
(ac?-d?) AppellFl|—, =, 1, —, - ——, - ————] _
3 2 3 a ac2-d?2

/ p
(ac- d2)1/3+2 bl/3 ¢2/3 x }

b?/3 ¢7/3 ArcTan | -
ac’- d2)1/3

V3 b2/3 ¢7/3 Log[ (a c2_ d2> 1/3 bl/3 ¢2/3 X]
\/?(ac2 )5 3(ac2—d2>5/3
b2/3 ¢7/3 Log[ (a c2_ d2> 2/3 _ pl/3 c2/3 (a c2 _ dz) 1/3 X + b2/3 c4/3 Xz}

6 (acz—dz)S/3

+
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Problem 400: Result more than twice size of optimal antiderivative.

1
J dx
ac+bcx"+dvVa+bx"
Optimal (type 6, 135leaves, 4 steps):
bx" i1 1 bx"  beZx"
dx [1+ ’ AppellFl[n, T T i acz—dZ}
- +

(acz—dz) va+bx"

. 1 1 bc?x"
c X Hypergeometric2F1 [1, o 1+ n? T aca }

ac?-d?

Result (type 6, 320leaves):

2 2 1 1 1 b x" b2 x"
-||2ad (ac —d)(1+n)xAppellF1[—, .1, 1+ 5, - ,_7]/
n 2 n a ac?-d?
1 1 1 b x" bcZx"
[x/a+bx" (ac®-d*>+bc?x") -2abc?nx"AppellFl[1+ =, =, 2,2+, - , - +
n 2 n a ac?2-d?2
2 2 1 3 1 b x" bc? x"
(ac?-d?) |-bnx"AppellF1[1+—, =, 1,2+ —, - ,e——— ]+
n 2 n a ac?-d?
1 1 1 b x" bcZx"
2a (1+n) AppellF1[~, =, 1, 1+, - , - ———] +
n 2 n a ac?-d?

[y

¢ X Hypergeometric2Fi[1, i, 1+, - :cczzj;"z ]

ac?-d?

Problem 401: Result more than twice size of optimal antiderivative.

Xm
dx
Jac:+bcx”+d\/a+bx"
Optimal (type 6, 167 leaves, 4 steps):

1+m bx" 1+m 1 l:m:n  bx"  bc?x"
d x 1+ 2 AppellF1| 2,1, R, e, 7ac27d2]

- +

(ac?-d?) (1+m) Va+bx"

c x1" Hypergeometric2F1[1, &M, Lm0, bcz_xn]

n n ac’-d?

(ac?-d?) (1+m)

Result (type 6, 373 leaves):
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1+m 1 1+m+n b x" bc?xn
x1+m [[[zad(ac2+d2>2(1+m+n)AppellF1[ . y 1, == N

n 2 n a ac?-d?
[«/a+bx“ (acz—d2+bc2x”)

1)/

o 1+m 1 l+m+n b x" b c? x"
2a(ac®-d?) (1+m+n) AppellF1| , =, 1, , - s - ] -
2 2
n 2 n a acs-d
5 1+m+n 1 1+m b x" bc?x" o
bnx"|2ac?AppellFi| s = 2,2+ , - , - |+ (ac?-d?)
n 2 n a ac?-d?
1+m+n 3 1+m b x" bc2x"
AppellF1| y =5 1,2+ s - y - ] +
n 2 n a ac?-d?
. 1+m 1+m+n bc?x" 5
c Hypergeometric2Fi[1, s > - / ((ac?-
n n ac?-d?

dz) <1+

m))
Problem 404: Result more than twice size of optimal antiderivative.

i — T ax

& _ x5/2

Optimal (type 3, 13leaves, 5steps):
Ar‘cTan[\/;} +Ar‘cTanh[\/7]

Result (type 3, 33 leaves):

ArcTan[v/x | —%Log[l—\/?} +§Log[1+\/;]

Problem 425: Unable to integrate problem.

Jlof

(c+dx)"dx
Optimal (type 6, 80leaves, 4 steps):
1 b ax

m -m
a+—) x(l+—) <c+dx)”
1-m X b

dx)™"
1+ —J AppellF1[1-m, -m, -n, 2-m, - —
c

Result (type 8, 19leaves):
3]
a+ —

J=3

(c+dx)"dx
Problem 429: Unable to integrate problem.

)
J c+dx ax
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Optimal (type 5, 101 leaves, 5steps):

b
1+ +—
c (a + 9) " Hypergeometric2F1 (1, 1+m, 2+m, cl) - ]
X ac-

d(ac-bd) (1+m)

b 1+m N b
(a + ;) Hypergeometric2F1[1, 1+m, 2+m, 1+ - |

ax

ad (1+m)

Result (type 8, 19leaves):
J a3)
—dx
c+dx
Problem 430: Unable to integrate problem.

2H)
N X7 dx
(C +d X) 2

Optimal (type 5, 56 leaves, 3 steps):

b
b (a + 9) UM Hypergeometric2F1 (2, 1+m, 2+m, ja—;}]
X ac-—

(ac—bd)2 (1+m)

Result (type 8, 19leaves):
p\m
o)
<C+dx)2
Problem 431: Unable to integrate problem.
p\m
7(3 X) dx
(c+dx)3
Optimal (type 5, 112leaves, 4 steps):

d (a+ s)hm

2c (ac-bd) (d+i)

2

c(a+§)

ac-bd

b

1+
[b (2ac-bd (1+m)) |a+ f] mHyper‘geome‘cr‘icZFl[Z, 1+m, 2+m,
X

1/

(2c (ac-bd)® (1+m)]

Result (type 8, 19leaves):
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J (a+ ;) 3 o
(C+dx)
Problem 432: Unable to integrate problem.

2-3)
N X7 dx
(c+dx) 4
Optimal (type 5, 185leaves, 5 steps):

dz(a+9)1+m d<6acfbd(4+m))(a+s

X

3c? (ac-bd) (d+§)3 6c2(ac—bd)2(d+9)2

X

1+

{b (6a2c276abcd (1+m) + b2 d? (2+3m+m2)) [a+9) "
X

b
C |(a+ —
Hypergeometric2F1[2, 1+m, 2 +m, ( X) ] / (6 c? (ac-bd)* (1+m))

ac-bd

Result (type 8, 19leaves):
p\m
o
(c+dx)*
Problem 436: Unable to integrate problem.
b-
J R
va-bx?
Optimal (type 3, 28 leaves, 3 steps):

a
[b- i X Log [X]

va-bx?
Result (type 8, 27 leaves):

b_i

XZ
— dx
Vva-bx?
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Problem 439: Result unnecessarily involves imaginary or complex numbers.

d 3/2
J(c+ x) ix
b

a+ —
X2

Optimal (type 4, 406 leaves, 8 steps):
2cVc+dx (b+ax?) 2<c+dx3/2(b+ax2)

e st

2+b (ac2—3bd2) ve+dx

[1_ ax
[ W}_zx/—aﬁd]/
vz ac

J=a b d

d
5 (-a)3/?d a+£x acvdx)
x? ac-+/-a \/Fd

2\/FC<aC2+bd2)\/acaE;;ad:(/>gd 1+i:(2

17 -a X
Vb 24/ - bd b
EllipticF[ArcSin| ]s - a Vb ] / 5(-a)*2d [a+— x°/c+dx
V2 ac-V-a+bd x?

Result (type 4, 540leaves):
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2 (2c+dx) (b+ax? i\Vb d
\Je+dx ( ) >+ 2 | d? —c—]H/— (-3b*d*+a*c*x*+ab (c2-3d*x%)) +
a Jva
d(j;[b +x) ivbd gy
Va (-ia¥2cvavb c?d+3iva bed?-3b72 ) 2 -k
c+dx c+dx
o ivbd
Vva C- d
(c+dx)*?EllipticE i ArcSinh] Vac-ivh ]-va /b d
Ve+dx \/_C+Jl\/—d
d(i;[b X ivhbd _ gy
(ac2+4j\/?\/ch—3bd2) Ve L (c+dx)*?EllipticF|
c+dx c+dx

_c_ ivb d
Va \/—c_lv_d] /a2d2 ivb d
Vec+dx \/—c+1\/_d

1 Ar‘cSinh

Problem 519: Result more than twice size of optimal antiderivative.

J 1+X2

Optimal (type 2, 9leaves, 2 steps):
1

1+X—2

Result (type 2, 20leaves):

1+L2 x2
X

1+x?
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Problem 520: Result more than twice size of optimal antiderivative.

J / 1
dx
1+X1—2 X (1+X2)

Optimal (type 2, 9leaves, 2 steps):
1

1
[1+sz

Result (type 2, 20 leaves):

l1+L x2
XZ

1+ x2

Problem 580: Result more than twice size of optimal antiderivative.

X
1+x

X

dx

—

Optimal (type 3, 15leaves, 2 steps):

2ArcTan]| |-
1+X

Result (type 3, 32leaves):

2 '_1:( V1+x Ar‘cSinh[\/?}
x

Problem 581: Result more than twice size of optimal antiderivative.

(i

-1+X

dx

Optimal (type 3, 18leaves, 2 steps):

1-x

2 ArcTan|

]

1+Xx

Result (type 3, 47 leaves):
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1-x 2 . V1+x
2 ,1+x V1-x? ArcSin| o ]

-1+X

Problem 582: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

a+b x
J c-bx

dx
a+bx

Optimal (type 3, 24 leaves, 3 steps):

2 ArcTan| /ﬁ ]

b

Result (type 3, 80leaves):
ivc-bx l% Log[2Vc-bx Va+bx -1 (a—c+2bx)]
b+va+bx

Problem 583: Result more than twice size of optimal antiderivative.

a+bx

c+d x
— dXx
a+bx

Optimal (type 3, 41 leaves, 3 steps):

a+bx

2 ArcTanh|

c+dx ]
Wb

Vb Vd
Result (type 3, 89leaves):

20X /¢ dx Log[bc+ad+2bdx+2vb vd Varbx Vcrdx]

\/F\/d_\/aerx

Problem 602: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
J dx
X+V-3-4x-x?



Mathematica 11.3 Integration Test Results for 1.3.2 Algebraic functions.nb | 231

Optimal (type 3, 108 leaves, 10 steps):

34/1-x
—_— 1,
—Ar‘cTan[i] —\EArcTan[ﬁ] +
3+ X \/?
1 log[3+x +7Log[3\/—1—x +\/—1—x X+XV3+X ]
(34—X>3/2

Result (type 3, 1012 leaves):
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8

4ArcSin[2 +x] -4+/2 ArcTan[V/2 (1+x)]+

24/1-2iV2 ArcTan[[60+51jﬁ+ (-16+6iv2 ) x*+

54i+/1-2iv2 Jo3-ax-x ix

21 x3 34(11+

ﬁ) +94/1-21/2 +/-3-4x-x2
ix? (44]‘1+185\E+72\/1—21‘1\E \/—3—4x—x2

681760 /2 +99i1-2i2 J-3-ax-x

+

)/(931+150ﬁ+

20 (171 +22V2 | x+ (493446672 | x*+16 (194 +13V2 | x*+ (661 +3272 | x*|] -

1

1+2i+2

54i+/1+2i+/2 +/-3-4x-x% +2x3
4418502 +72i+1+2iv2 J-3-ax-x
681 +176V2 +99+1+212 ~/-3-4x-x2

X2

1 X

2i (-i+2V2 ) Ar'cTan[[—60+51j\/7+2(8+311\/?) X+

3434312 +9i1+2i2 Jo3ax-ox?

+

/

(-93]1+150\/7+2e(-17j+22\/7) X + (-493]1+466\/?) X2 +
16(—19Ji+13\/?) X3 + (—66]’1+32\/7) x4)] .

2log[3+4x+2x*] +

(—Ji+2\/7) Log[4 (3+4x+2x2)?]

14212

(Ji+2\/7) Log[4 (3+4x+2x2)?]

1-2i+2

1

1-2i+2
(mzﬁ)

Log| (3+4x+2x?)

4+8i+/2 -

X

1

1+21+2

2+/2-4i+2 /-3-4x-x?

(—Ji+2\/7) Log[ (3+4x+2x?)

3+6iV2 + (24202 X 22 4iv2 [ 3-ax 2 .
] -
3-6iV2 +(2-28V2 )52

2\/2:4i2 Jo3-ax-x -2«

_2+4]1\/7+J2+4]1\/? \/—3—4x—x2

|

+
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Problem 603: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

1
dx
J<x+m>2

Optimal (type 3, 87 leaves, 5steps):

173\ ~1-x
1- Ar‘cTan[—\Lx ]
3+X 2
+
1- 3(A+x)  2+-1-x 1/2

Result (type 3, 881 leaves):
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1 8 (3+x] 8 (3+2x) V-3-4x-x2
il . N
16 |3 +4x+2x? 3+4x+2x2
4\/7Ar‘cTan{\/7 <1+x)] —;21 (—211+\/7) ArcTan |

1+2i+2
((2+x) (3(5+4]1\/?)+16(2+]’1\/7)x+2(9+21’1\E)x2>)/[12j1—6\/7+<811+6\/7)
x3-9+/1+2ivV2 /-3-4x-x% +x 401 -5+/2 -12~/1+21+2 +/-3-4x-x?

3611+8\/_—6\/1+211\/7 \/—3—4X—x2 ]+ 1
1-2i+2
2 (2i+v2 ) ArcTanh[((2+x) (3 (51 +472)+16 (2i+V2 | x+2(9i+2V2| xz))/

[-5 (811+\/7)x+ (-sme\/?) x3-121-2iv2 x/-3-4x-x* +
7361‘1+8\/?76\/1—211\/? \/—3—4x—x2)—

+

X2

X2

] -

(-21+v2 ) Log[4 (3+4x+2x2)%] (21 +/2 ) Log[4 (3+4x+2x2)?]

1+2i+/2 1-2i+2

3[41+2\/7+3\/1-2]1\/7 J-3-ax-x?

o

1-2i1+/2

2i++/2 ) Log[(3+4x+2x?) [3+6i+2 +(2+2i+2 | x*-
[ )

2J274]1\/7 \/—3—4x—x2 +X
1

1+21+/2

4+81‘L\E—2\/2—4]’1\E \/—3—4x—x2 ] +

:|]
Problem 604: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

(—21’1+\/7) Log[(3+4x+2x2)

3-61\/7+(2-251\/7) x2 -

2\/2:4i2 Jo3-ax-x -2«

_2+4j1\/7+\/2+4]1\/7 \/—3—4x—x2)

1
dx
J(mmf

Optimal (type 3, 149leaves, 6 steps):
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34/ -1-x
1- V

13 271 2 (2_£> 3 ArcTan| —L]
- 3+X B 3+X B 2o
18 (LM,@) 9(1_3<1+x) 2/ )2 22
x 34X 3+x 3+X

Result (type 3, 914 leaves):

1

32

8 (-3+2x) . 8 (2+3x)

(3+4x+2x2)2 3+4x+2x%?

8V-3-4x-x* (15+26 22 x%+8x3
X-x? [(15+26x+ 22 + X>—12\/2 ArcTan|[+/2 (1+x)]+
(3+4x+2x2)2 1+2iv2

6 (2+iV2 | ArcTan[((2+x) (3(5+41V2 ] +16 (2482 |x+2(9+2i/2| xz))/

[121-6ﬁ+(81+6ﬁ) x3-9+/1421V2 +/-3-4x-x% +

1

x (401 52 ~12/1+2iV2 Jo3-ax-x |
1
x* [361+82 -64/1+2iV2 /-3-4x-x*||]-
1-2i+2

6 (2i+V2 | ArcTanh[((2+x) (3 (5i+4V2)+16(2i+V2 | x+2(9:i+22 XZ))/
{75 (Bi+V2 ) x+ (-8i46V2|x"-1211-25V2 x[-3-4x-x? +x®|-361+8Y2 -

6\/1—21’1\/7 \/—3—4x—x2 ]+

-3{4]1+2\/7+3\/1-21\/7 Jo3ax-ox

3(-2:+72 ) Log[4 (3+4x+2x2)%] 3 (2i+V2 | Log[4 (3+4x+2x2)7]

1+21i+2 1-2i+2

1
1-2i+2

3 (2142 ) Log[(3+4x+2x)

3+6jﬁ+(2+21ﬁ) X2 -
24/2-41+2 /-3-4x-x? +x

1

1+21+2

4:8i2 2+2-4iV2 Jozmaxoxe |-

|

3 (-2]1+\/7) Log|[ (3 +4x+2x2)

3—61’1\/7+(2—21‘1\/7) x2 -

2\/2:4i2 Jo3-ax-x -2« 24402 s\J2:4iV2 Jo3-ax-x




236 | Mathematica 11.3 Integration Test Results for 1.3.2 Algebraic functions.nb

Problem 607: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(8X78x2+4x3—x4)3/2d1x

Optimal (type 4, 102 leaves, 7 steps):

—(1373 ~14x) )\/3 2(-1+x)2- (-14x)* (~14x)

35

: (3-2(-1+x)2- (—1+x>4)3/2 (-1+x) +

7

E\/?EllipticE[ArcSin[l—xj, -1] - E\/?Ellip*cicF[ArcSin[l—x], —l]
5 3 35 3

Result (type 4, 278 leaves):

1
896 - 1056 X + 352 x2 + 848 x> - 1420 x* + 1152 x° - 602 x® + 206 x” - 45 x® + 5 x° +

i (=24X
(7i+\/?) X

[i+4/3 - 2L
4-2x+x2 X 2
1121 V2 (-2+x) x /7; EllipticE [ArcSin| LEEN
X

3
\/_31/4 —Jl+\/—

i+ A/3 -4
30412 |- i +X>> XZWEllipticF[Ar‘cSin[ - ] 23 ]/
X

)
(-J'H\/? X V2 34 —i43

(35\/—x (-8+8x-4x+x%) )

Problem 608: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

j\/Sx—8x2+4x3—x4 dx

Optimal (type 4, 62 leaves, 6 steps):

,\/3 2 (-14%)2- (-1+x)* (~1+x)+
2E1lipticE[ArcSin(1-x], - 3] 4EllipticF[ArcSin(1-x], - 7]

V3 V3
Result (type 4, 256 leaves):
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1
| |-16+24x-24x%>+14x3 -5x*+ x> -
_ 1 (-2+X
(—J'H\E)X
1+\/?
4-2 2 \/ 2
2142 (-2+x) x foexext EllipticE [ArcSin| , V3
x2 31/4 —JL+\/_

| . NEpE
(5 . R i+ .
8i+v2 |- il +X)> x2 4 2):+X EllipticF [ArcSin| ] 23 ]/
\/ X

(-i+V3) x V2 314 ETNEY

(3\/—x (-8+8x-4x*+x3) )

Problem 609: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J 1
dx
V8x-8x2+4x3_x4

Optimal (type 4, 17 leaves, 3 steps):

EllipticF[ArcSin[1-x], - i]
V3
Result (type 4, 156 leaves):

X (71'1+\/?)X

B
V7 314 NG

(—4 +X-1 \E x) EllipticF [Ar‘cSin [

N2 J‘L+\E—ﬂ\/—x(—8+8x—4x2+x3)
X
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Problem 610: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J = dx
(8x—8x2+4x3—x“)3/2

Optimal (type 4, 73 leaves, 6 steps):

(5+ (—1+x>2) (-1+x) EllipticE [ArcSin[1-x], —i} EllipticF [ArcSin[1-x], —i]
+

24[3-2(-1+x)2- (-1+x)* 8+/3 43

Result (type 4, 261 leaves):

;\/—x<—8+8x—4x2+x3)
24(72+x)x
| J3 o4
; 5 1 +
éx/?(—i+ 3) —M EllipticE |[ArcSin| - B 243 ] -
F (143 x vaat o -ieyE
XZ
= 2+ %% -
4-2x+x?

i+4/3 -4
_ -2+ X 4-2x+x? \/ X 2+/3
412 - E111pt1cF Ar‘c51n

\ ( ]l+\/_ \/—31/4 J—]].+\/—

Problem 611: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J = dx
(8x-8x%2+4x3-x4)>?
Optimal (type 4, 109 leaves, 7 steps):
(5+(-1+x)2) (-1+x) (26+7(—1+x>2) (-1+x)
72 (3—2 (-1+x)%- (—1+X)4)3/2 432\/372 (-14x)2- (-14x)*

7 EllipticE[ArcSin[1-x], - %] 11 EllipticF [ArcSin[1-x], - %]

144+/3 144+/3
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Result (type 4, 298 leaves):

[i++/3 -
1 4-2x+x2 2
71 V2 (-2+%) % —2+ EllipticE [ArcSin| V3
i (-24x X

REYEY V7 3 ’_“r
(—Ji+\/?)x

1(-2+X
36 -232Xx+274x%-226x3+115x*-37x>+7x%-191i+/2 -Q x3

(—j+\/?)x

J'1+\/?—ﬂ
4-2x+x? s s L Y x 2+/3

5 (-8+8x-4x?+x?) EllipticF[ArcSin| s

x V2 3t/ 7j+ﬁ} /

(-8+8x-4x*+x°) /(432x\/—x (-8+8x-4x*+x°)

Problem 612: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

j((zw X (4-2x+x2))>? ax

Optimal (type 4, 102 leaves, 7 steps):

i(1373 “14x) )\/3 2(-1+x)2- (-14x)* (~1+x) +
35
l(3-2(-1+x)2-(-1+x>“)3/2(-1+x)+
7
3 EllipticE[Ar‘cSin[l—x},—l]—E\/—ElllptlcF[Ar‘cSm[l X1, —1]
3 35 3

Result (type 4, 278 leaves):
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\/—x (-8+8x-4x*+x3)

_ 2
4o2xaxt 2’:”‘ (-224+152x+44x* - 228 x> + 230 x* - 116 X° + 35 x° - 5x7) +
X
) \/?_ﬂ
— Ji
11zﬁ(—i+ﬁ) _M EllipticE[ArcSin| - ] 243 ] +
(—jpm/?)x V2 314 i3
. \/?_ﬂ
— F
30412 |- ]l( +X> ElliptiCF[Ar‘cSin{ - ]: 243 ] /
(—J’H\/?)x V2 3v4 ~i+/3
4-2x+x?
35 (-2+x) x
X2

Problem 613: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J\/(Z—x) X (4-2x+x*) dx

Optimal (type 4, 62leaves, 6 steps):

i\/372 (-1+x)2- (-1+x)* (-1+x) +

2 EllipticE[ArcSin[1-x], - %] 4 EllipticF[ArcSin([1-x], - %}

V3 V3
Result (type 4, 256 leaves):
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_ 2
\/—x(—8+8x—4x2+x3) 42# (-4+4x-3x*+x7) +
X
[ . NEPEE
T, i+
z\/T(_]H 3) -M EllipticE [ArcSin| - B 243 ]+
Ear NPT Ny
. \/?_ﬂ
— F
812 _M EllipticF[ArcSin| - | 2\/?] /
(~i+V3) x V2 3 ~ien/3
4-2x+ X2
3 (-2+x)x
X2

Problem 614: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J ! ix
\/(Z—X) X (4-2x+x2)

Optimal (type 4, 17 leaves, 3 steps):

EllipticF [ArcSin[1-x], 7§]
V3
Result (type 4, 100 leaves):
X [-1+i/3 +x _2 _(-1)1/3
(-1)13 (24 x)?2 ( ) \/ +x - (-1)"%x

(—2+X>2

-2+X

(_1>2/3X 2/3
EllipticF[Arcsin| |- +——— ], (-1)??] /(\/—x (-8+8x-4x2+x3)
-2+X

Problem 615: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J ! dx
((2-x) x (4—2x+x2))3/2



242 | Mathematica 11.3 Integration Test Results for 1.3.2 Algebraic functions.nb

Optimal (type 4, 73 leaves, 6 steps):

(5+(-1+x)?) (-1+x) EllipticE[ArcSin(1-x], - 1] EllipticF[ArcSin(1-x], -]
+

24:/3-2 (-14x)% - (-14x)* 8+/3 43

Result (type 4, 298 leaves):

(—2+x)2x (4-2x+x%)

3X(472X+X2) 4-2x+x? 4-2x+x2
2(—1+x)x—3<4—2x+x2)— —4(2—x) — x| — -
-2+X <72+x)2 (—2+x)2

. 41
ix \/ﬁz— e
V2 (1443 E1lipticE [ArcSin|

(]'H\/?) (-2+x) V2 314 ,j+ﬁ]+

i3 A
i X \/ —2+x ] 2+/3

4i~2 EllipticF[ArcSi s
T Rt ey

(96 (—X (—8+8X—4x2+x3>)3/2)

Problem 616: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J ! dx
((2-x)x (4—2x+x2)>5/2

Optimal (type 4, 109 leaves, 7 steps):

(5+ (—1+x)2) (-1+x) ) (26+7 (—1+x>2) (-1+x)

+

72 (3-2 (-1+x)7- (~1+x)*)7" 43232 (14 x)7- (c1ex)
7 EllipticE [ArcSin[1-x], ﬁ] 11 EllipticF [ArcSin[1-x], ﬁ]

144+/3 144+/3
Result (type 4, 327 leaves):
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(—2+x)3x2 (4—2x+x2)2

7x (4-2x+X%)  36+216 X - 622 X2 + 670 x> - 445 x* + 187 x5 - 49 x® + 7 X’

N +
“2+x (_2+x)2x(4_2x+x2)
_],H\/?_ 4i
7jﬁx\/%EllipticE[Ar‘cSin[ ﬁwgzﬂ 1, 2&]
_ix
(1+V3) (-200)
. _ 2
191\/?<_2+X) i X 4-2X+X
(Jl+\/?) (—2+X> (*2+X)2

R ER
[\/ - s 2\/?] /(432(-x(-8+8x_4x2+x3>)5/2)

V2 34 i++/3

EllipticF [ArcSin

Problem 617: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J(4ac+4c2x2+4cdx3+d2x4)3/2d1x

Optimal (type 4, 730leaves, 6 steps):
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1 /c
= (7+x) (4ac+4c2x2+4cdx3+d2x4)3/2+
7 \d

1
35 d?

2

c
2¢ (7+x \/4ac+4c2x2+4cdx3+d2x4
d

c
7c3+20ad2—3cd2(7+x
d

16 c3 (c3+8ad2)

§+x) Vdac+ac2x2+4cdx3+d2xt

+

d [S4x)?
35d2+/c3+4ad? (\/?‘F * J

c3+4ad?

d? (4ac+4c2x2+4cdx3+d2x4)

16 /4 (74 aad?)¥* (¢ 8ad?) :
d? [ Sex 2

Ve +
A/ c3+4ad?

(c3+4ad2>

c+dx

d? (9 + X) 2
d EllipticE[Z Ar‘cTan[

Ve + —2 1
Ve +4ad? cl/4 (c3+4ad2)1/4

1
]:;

c3/2
2|
V3 +4ad?

[35d5\/4ac+4c2x2+4cdx3+d2x4 + |8c7/4 (c3'+4ad2)3/4

/ d’ (4 4c?x?+4cdx®+d?x?
( d+4ad® (P +5ad?) -3 (c3+8ad2>) (4acracixiracda+dx)

2\ 2

2 [c
BGidad) o+ Ll
( : ) +\ c3+4ad?
a2 (<4 x)? 3/2
\/?+M EllipticF[2ArcTan| crdx !, 1 1+C7]} /
V3 iaad? /4 (r4ad?)Vt 2 V3 iaad?

(35d-”\/4ac+4c2x2+4cdx3+o|2x4

Result (type 4, 10468 leaves):

\/4ac:+4c2x2+4cdx3+d2x4

4 c? (2c3+15ad2> 4c(c3715ad2)x 2c3x2 34c2x3 5 d? x°
- + + +—cdx*+
35d3 35 d? 35d 35 7 7
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—c—\/cz—Zj\E\/?d

16 c?

d

; [2ac3d
35d

C+\/C2+2j1\/?\/?d]
d

J [[_—c+\/c2—2i\/?\/?d

d

{—c—\/cz—zj\/?\/?d
d

+—c+\/c2+211\/?\/c_d J

d

N/

{[C\/CZZj\E\Ed
d

—csrc2s2iva Ve d
N

d

{c+\/c2211\/?\/?d .

d

|

[l

d

{C\/C2+2]'l\/;\/?d
d

cc-Jc2i2i+a A d

+—c+\/c2—211\/a_\/c_d J

d

.

d

_—c+\/c2—21i\/?\/?d +x]]]
d

d

[l

{_—C+\/c2+21'1\/?\/?d
d

Ccvrfca2ia Ve d

d

+—c+\/c2—211\/?\/?d ]

.

d

—csrcr-2ia Ve d

d

]

EllipticF[ArcSin[\/[

[c+\/c221\E\Ed

Ccanfc2i2i+/a Ac d
.
d d

{_—c—\/cz—ij/?\/?d
d

d

=
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—cvrfcs2ia Ve d
d

7—c+\/c2—Zj\E\Ed +x]]]}
d Bl

{[CJr\/CZZ]'L\E\/?d _7c7\/c2+211\/?\/?d ]
d d

—C—\/CZ—ZJl\/?\/?d_—C+\/C2+2]i\/;\/?d /
d d

[{—c—\/cz—Zi\/?\/?d _—c—\/c2+2j1\/?\/?d
d d

[—C+\/C2—2]'l\/?\/?d _—c+\/c2+2j1\/;\/?d N}]/

d d

[[_—c—\/cz—Zi\/?\/?d +—c+\/c2—2j1\/?\/?d]
d d

[ ccirfci-2ivaved —cinfcr2iva Ve d
- +
d d

\/4ac+4c2x2+4cdx3+d2x4 +

40a2d3[C\/c221'1\/;\Ed C—cenfci2iva Ve d J
d d

\/[{[c+\/c221\/?\/?d +7c+\/c2+211\/?\/?d ]
d d

d

{_chzuﬁﬁd XN/

{[_—c—\/cz—Zi\/?\/?d +—c+\/c2+2j1\/?\/?d
d d

[_—C+\/C2—2j1\/?\/?d +XJ]] [_—c+\/c2—21'1\/;\/?d +x]2
d d

d d

\/[[[_—c—\/cz—zji\/?\/?d +—c+\/c2—2jm/a_%d ]
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7—c—\/c2+21'1\/?\/?d oy / 7—c—\/c2—21'1\/?\5d+
d d

cc-Jc2i2ia e d
d

d

_7c+\/c2721'1\/?ﬁd +X]]J

d d

\/[[[_—c—\/cz—Zj\/?\/?d +—c+\/c2—2jm/a_ﬁd ]

—c+\/c2+2j1\/?\/?d . / —C—ch—Zi\/?\/?d
- p + - p +

_csrcs2ia Ve d
d

EllipticF [ArcSin [\/ [

{__C_ch-zw?%d +X}]/[[_-c-w_zw?ﬁd )

7—c+\/c2—Zj\E\Ed +X]]J
d

d d

[c+\/c221\5\5d +—c+\/c2+2]i\/?\/?d

d d

_csr/c2s2ia Ve d
d

_—C+\/c2_2j1\/?\/?d +X]]]},

d

{[—c+x/c2—2jm/a_\/c_d —c—\/c2+21'1\/?\/?d]
d d

—c—\/cz—Zj\/?\/?d7—c+\/c2+Zj\E\Ed /
d d

[{C\/czzj\/?\/?d _—c—\/c2+21'1ﬁ\/?d
d d

—c+\/c2—211\/;\/?d —c+\/c2+Zj\E\Ed }/
d d

[{C\/CZZJ'L\/?\/?d +c+\/c221\E\Ed]
d d

[ _cirfi-2ivaved -cinfczr2iva Ve d
- +
d d
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\/4ac+4c2x2+4cdx3+d2x4

8c®

d d

—C—\/CZ—ZJ'].\/?\/?d _—c+\/c2+211\/?\/?d ]

+ X

[C+\/C221\E\Ed

| d

d

—_—

Je 2iva e d [_‘C‘W””?Wd x]]/

d

d d

77c—\/c2—21'1\/?\/?d +—c—\/c2+2j1\/a_\/?d ]

+ X

{c+\/c2211\/?\/?d
d

_

Je 2iva e d [_‘“W““ﬁﬁd J]/

d

d
d d

_—C—\/CZ—Zi\/?\/?d +—c+\/c2+21'1\/a_\/?d ]

{__C+Jc2—2dﬂ€v?d +Xm

\/[((\/CZ—Zi\/a_\/c_d -\/c2+2i\/?\/?dJ [c+\/c2—21\/a_\/c_d +dx)

/
|

[(\/cz_zj\/?\/?d +\/c2+21'1\/?\/?d] (—c+\/c2—211\/?\/?d -dx

1

——(—c+\/c2—211\/?\/?d ] EllipticF [ArcSin|
d

([N i ea) e e e o

/

[(\/cz-zm/?\/?d +\/c2+211\/?\/?d) [—c+\/c2—211\/?\/?d -
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(ch_zw:v?d +\/c2+211\/?\/?d)2

ik

d

dx

15

(\/cz_zj\/?\/?d —\/c2+2j1\/?\/?d)

¢/ c?-2i+a cd

d

—c\/c?-2i+a +Jc d
- +

d

—c+\/c?+2i+/a Jc d

+
d

—c+\/c?+2i+/a Jc d

d

24/ 2i+/a Ve d EllipticPi|

R Ar‘cSin[
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|/

(chfzm/?\/?d +x/c2+21'1\/?\/?d] (7c+Jc2—2im/?\/?d -
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d x
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|

d

d

\/4ac+4c2x2+4cdx3+d2x4
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J
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—cerfeti2ia Ve d

d

czdz[
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d
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d

|

+ X
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d
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|
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-

Je 2i/a Ve d [“W*“ﬁﬁd XJ]/

d

d
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d d
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/
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d x
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d d



Mathematica 11.3 Integration Test Results for 1.3.2 Algebraic functions.nb | 251

—c+\/c2—211\/?\/?d

—circ2i2ia Ve d

d

\/4ac+4c2x2+4cdx3+d2X4

1
c*d

Vadac+ac2x2r4cdx3+d?x?

d

[_—c—\/c2+211\/?\/?d o

S

7—c—\/c2—21\5\5d +x]
d

d

[_—c+\/c2+21\/?\/?d +X]+

d

2{_—c—\/c2—21\/?\/c_d +—c+\/c2+2j1\/?\/?d]
d

[—c+x/c2—21'1\/?\/?d +x]2
d

J

N PN

d ]]/

cc-Jez-2ivaNcd -c-~Jct+2ia Ve d
- +
d d

—_—

\/CZ—Zi\/?\/?d [-

d

{c+\/c2211\/?\/?d +x}]
d

c2+2i+a+cd

d J]/

cc-Jc2-2ivacd -cerJcte2ia Ve d
+

: d d

_

Jet-2ia Ve d [_“J

d

el

/

[N i ea) e e T o

[[\/CZ—Zi\/?\/?d +\/C2+211\/?\/?d) (—C+\/C2—21\/;\/?d -dXx




252 | Mathematica 11.3 Integration Test Results for 1.3.2 Algebraic functions.nb

[[d [C\/CZZJ'l\/?\/?d +—c—\/c2+211\5\/?d
d d

J EllipticE|

ArcSin[\/[([\/CZZjﬁ\/?d 7\/c2+211\/?\/?d]

(c+\/c2—211\/?\/?d+dx

/[(ch_ziﬁﬁm

\/c2+2j1\/?\/?d)[—c+\/c2—21'1\/?\/?d -dx|||],

[ch,zw:v?d 2 2iva Ve d ]

] /[2\/c2-szWdJ+

[\/CZ—ZJi\/?\/?d —\/c2+21i\/;\/?dJ2

—csrcr-2ia Ve d
d

[d[z[c+wziﬁ%d] [

—c+\/c2+2jm/a_\/c_d J_l

y d[—c—\/cz—ZiﬁWd]

d d

—C+\/C2—2j1\/?\/?d _—c+\/c2+211\/?\/?d J]

EllipticF[Ar‘cSin[\/[((\/CZ—Zj\/?\/?d —\/c2+2i\/?\/?dJ

(c+\/c2—2jm/?\/?d+dx

/((\/cz-zi\/?\/?d +

\/c2+2j1\/?ﬁd) [7c+\/c272]1ﬁ\/?d x| ],

|/

[\/cz—zjm/?\/?d +\/c2+2i\/?\/?d]2 J

[\/CZ—ZJi\/?\/?d —\/c2+211\g\/?d]

—caJ2-2ivacd -cerfcte2ia Ve d
+

{2\/c221\/a_\/c_d [
d d

[[C\/C221\/?\/?d _—c+\/c2—21'1\/?\/?d _—c—\/c2+2jm/?\/?d )
d d d



Mathematica 11.3 Integration Test Results for 1.3.2 Algebraic functions.nb | 253

—c-A\/c2-2i+a +Jc d —c+\/c?+2i+a v/Jc d
—c+\/c2+2j1\/a Ved L d + d
EllipticPi| s
d -/ c?-2i+/a \/c d + —c+\/c?+2i+a v/c d

d d

Ar‘cSin[\/[([\/cz—Ziﬁ\/?d —\/c2+2i\/?\/?d]

(c+\/c2—2jm/?\/?d+dx

/((\/cz-zi\/?\/?d +

\/c2+2j\/?ﬁd) [7c+\/c272]1ﬁ\/?d x| ],

\/cz— iva Ve +\/c2+ iva Ve i
[ 2 d 2 d]z]/

[\/CZ—ZJi\/?\/?d —x/c2+21'1\5\/?d]

—c+\/c2—21'1\/a e d —c+\/c2+211\/a Ve d
+
d d

1 —c-+Jcr-2ia Ve d
- + X

8acd?
Vdac+ac2x2+4cdx3+d2x? d

_c-~Jczi2ia Ve d _csrc2i2iva Ve d
—_ +X —_
d d

+ X

ccoJez-2ivacd -cerfcti2ia Ve d
- +
d d

2

—c+rfez-2i+a Ve d
d

+ X

—C—\/C2+2]i\/?\/?d L /

\/CZ—Zi\/?\/?d - y

cc-Je2-2ivaNcd -c-~Jct+2iva Ve d
+
d d

d |-

Ccirci-2ia Ve d
- + X
d




254 | Mathematica 11.3 Integration Test Results for 1.3.2 Algebraic functions.nb

-

Je 2i+/a Ve d [“W*“ﬁﬁd XJ]/

d

ceonJc2-2ivacd -cerJcti2ia Ve d
- +
d d

d

{__cm/cz—uﬁ%d +Xm

d

[N ot ea) e e T o

/
|

[(\/cz_zi\/?\/?d +\/c2+2iﬁﬁd) (—c+\/c2—2iﬁﬁd -dx

[[d [C\/CZZJ'l\/?\/?d +—c—\/c2+211\5\/?d
d d

J EllipticE|

Ar‘cSin[\/[([\/cz—Zjﬁ\/?d —\/c2+2j1\/?\/?d]

(c+\/c2—211\/?\/?d+dx

/((\/CZ—Zi\/?\/c_d +

\/c2+21\5\5d){—c+\/c2—21\/;ﬁd -dx|||],

ch_zw:v?d 2 2iva Ve d ]

] /[zx/cz-zjﬁﬁd]+

[\/CZ—ZJi\/?\/?d —\/c2+21'1\/?\/?dJ2

—csrcr-2ia Ve d
d

|

—c+\/c2+211\/?\/c_d ]_l

- d[—c—\/cz—ZiﬁWd]

d d

—c+\/c2—2j1\/?\/?d _—c+\/c2+211\/?\/?d ]]

EllipticF[Ar‘cSin[\/[((\/cz—zj\/?\/?d —\/c2+2i\/?\/?d]

(c+\/c2—21\/?\/?d+dx

/(Wcz-zi\/?\/c_d +



Mathematica 11.3 Integration Test Results for 1.3.2 Algebraic functions.nb | 255

\/c2+2j\/?\/?d) [7“«2721&%(1 “ax|| ],

[ch-zjﬁﬁd +\/c2+21i\/;\/?d]2
1/

[\/czfzj\/?\/?dfx/chzliﬁﬁd]

—csrcr-2ivacd -cerc2e2iva Ac d
+
d d

chzfzj\/?\Ed [

_—C—\/CZ—ZJ'].\/?\/?d _—c+\/c2—2j1\/?\/?d _—c—\/c2+2j1\/?\/?d )

d d d
c c®-2 acd —c+\/ c%+2 a ycd
—c+\/c2+21'1\/a Vvecd T d + d
EllipticPi]| s
d _ —c+nJc?-2i+a vcd 4 =C c?+2i+a v/c d
d d

Ar‘cSin[J[([\/CZZj\/?\/?d —\/c2+2]1\5\/?d]

(c+\/c272]i\/?\/?d rdx

/[(\/ckzjﬁﬁd+

\/c2+21\/?\/?d)[—c+\/c2—2i\/?\/?d -dx|||],

Jei2ivaved s 2ivacd]|
[ 2 d > d]z]/

[\/cz-uﬁ%d -\/c2+2j\/?\/?d]

{_—c+\/c2—21'1\/?\/?d +—c+\/c2+2j1\/;\/?d]
d d

Problem 618: Result unnecessarily involves complex numbers and more than
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Problem 619: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Optimal (type 4, 227 leaves, 2 steps):
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Problem 620: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.
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Optimal (type 4, 674 leaves, 5 steps):
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(5d*+256ae?) (1+ Fat ] "
\/5d*+256 ae?
. d+dex 1 3 d?
EllipticE[2ArcTan| , =1+ ] /
(5d*+256ae®)"* 2 5d% + 256 a €3

+

[8\/2 ez\/8ae2—d3x+8de2x3+8e3x4

e (8ae2—d3x+8de2x3+8e3x4)

2
1662 (Lix)?
1+
\/5d*+256 a3

(5d4+256ae3)1/4 (5d4+2563e3—3d2x/5d4+256ae3

(5d*+256ae%)

2 (d 2
16 e (— + x)
1+ : EllipticF[2ArcTan| )
5d* 1 256 a e3 (5d4+256ae3)1/4

d+4ex

1
2

3d? ]
1+ ]/
5d*+ 256 ae3

(48\/2 e2\/Saez—dz’x+8de2x3+8e3x4

Result (type 4, 7543 leaves):
d X

12e 3

]\/8ae2—d3x+8de2x3+8e3x4 +
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1 5 gt —d—\/3d2—2\/d4—64ae3 —d+\/3d2+2\/d4—64ae3
24 e 4e 4e

—d+\/3d2—2\/d4—64ae3 —d+\/3d2+2\/d4—64ae3
- +

4e de

—d—\/3d2—2\/d4—64ae3 /
- +X

4e

—d—\/3d2—2\/d4—64ae3 —d+\/3d2+2\/d4—64ae3
- +

4e 4e

2

—d+\/3d2—2\/d4—64ae3 —d+\/3d2—2\/d“—64ae3
+X - +X

4e de

—df\/3d2—2\/d4—64ae3 7d+\/3d272\/d4764ae3
- +

4e de

—d—\/3d2+2\/d4—64ae3 / —d—\/B»dZ—Z\/d“—64ae3
- + X - +

4e de

—d—\/3d2+2\/d4—64ae3 —d+\/3d2—2\/d4—64ae3
_ +X

4e 4e

—d—\/3d2—2\/d4—64ae3 —d+\/3d2—2\/d4—64ae3
- +

4e 4e

—d+\/3d2+2\/d4—64ae3 / —d—\/3d2—2\/d4—64ae3
- + X - +

4e de

—d+\/3d2+2\/d4—64ae3 —d+\/3d2—2\/d4—64ae3
+X

4e 4e

—d+\/3d2—2\/d4—64ae3 —d+\/3d2+2\/d4—64ae3
- +

4e 4e

EllipticF [ArcSin|

7dfx/3d272x/d4764ae3 / 7d7\/3d272\/d4764ae3
- + X - +

4e 4e



272 | Mathematica 11.3 Integration Test Results for 1.3.2 Algebraic functions.nb

—d+x/3d2+2x/d4—64ae3 —d+\/3d2—2\/d4—64ae3
- +X

4e 4e

]
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4e 4e

7d7\/3d272\/d4764ae3 7d+\/3d2+2\/d4764ae3 /

4e 4e

—d—\/3d2—2\/d4—64ae3 —d—\/3d2+2\/d4—64ae3

4e 4e

—d+\/3d2—2\/d4—64ae3 —d+\/3d2+2\/d4—64ae3 l /

4e 4e

—d—\/3d2—2\/d4—64ae3 —d+\/3d2—2\/d4—64ae3
+

4e 4e

7d+\/3d272\/d4764ae3 7d+x/3d2+2\/d4764ae3
- +

4e 4e

\/8ae2—d3x+8de2x3+8e3’x4 +

7d—\/3d2—2\/d4764ae3 7d+\/3d2+2\/d4—64ae3

4e 4e

256 a €3

—d+\/3d2—2\/d4—64ae3 —d+\/3d2+2\/d4—64ae3
+

4e 4e

—d—\/3d2—2\/d4—64ae3 /
+X

4e

—d—\/3d2—2\/d4—64ae3 —d+\/3d2+2\/d4—64ae3
+

4e de

2

7d+x/3d272\/d4764ae3 7d+\/3d272\/d4764ae3
- +X - +X

4e 4e

—d—\/3d2—2\/d4—64ae3 —d+\/3d2—2\/d4—64ae3
- +

4e 4e




Mathematica 11.3 Integration Test Results for 1.3.2 Algebraic functions.nb | 273

—d—\/3d2+2\/d4—64ae3 / —d—\/3d2—2\/d4—64ae3
- + X - +

4e 4e

7dfx/3d2+2x/d4764ae3 7d+\/3d272\/d4764ae3
- +X

4e 4e

7dfx/3d272x/d4764ae3 7d+J3d272\/d4764ae3
- +

4e 4e

—d+\/3d2+2\/d4—64ae3 / —d—\/3d2—2x/d4—64ae3
- + X - +

4e 4e

—d+\/3d2+2\/d4764ae3 7d+\/3d2—2\/d4—64ae3
+ X

4e 4de

7d+\/3d2—2\/d4—64ae3 7d+\/3d2+2\/d4—64ae3
- +

4e 4e

EllipticF [Ar‘cSin [

—df\/3d2—2\/d4—64ae3 / 7d7\/3d2—2\/d4—64ae3
- + X - +

4e de

—d+\/3d2+2\/d4—64ae3 —d+\/3d2—2\/d4—64ae3
- +X

4e 4e

]

—d+\/3d2—2\/d4—64ae3 —d—\/3d2+2\/d4—64ae3

4e 4e

—d—\/3d2—2\/d4—64ae3 —d+\/3d2+2\/d4—64ae3 /

4e de

—d—\/3d2—2\/d4—64ae3 —d—\/3d2+2\/d4—64ae3

4e 4e

7d+\/3d272\/d4764ae3 7d+J3d2+2\/d4764ae3 ] /

4e de

—d—\/3d2—2\/d4—64ae3 —d+\/3d2—2\/d4—64ae3
- +

4e 4e

—d+\/3d2—2\/d4—64ae3 —d+\/3d2+2\/d4—64ae3
- +

4e 4e
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\/8ae2—d3x+8de2x3+8e3’x4

—\/3d2—2x/d4—64ae3 —d+\/3d2+2\/d4—64ae3

4e 4e

12d3e

—d+\/3d2—2\/d4—64ae3

4e
-d-+/3d?2+2+/d*-64a¢ed
J3d22x/d464ae3 - e +x/
4e
—d—\/3d2—2x/d4—64ae3 —d—\/3d2+2\/d4—64ae3
e |- +
4e 4e
—d+\/3d2—2\/d4—64ae3
- + X
de
-d++/3d*+2+d*-64ae’
J3d22x/d464ae3 - RELE ae +x/
4e
—d—\/3d2—2\/d4—64ae3 —d+\/3d2+2\/d4—64ae3
e |- +

4e de

—d+\/3d2—2\/d4—64ae3

de

3d2-2+/d*-64ae> -./3d?*+2+/d*-64a¢3 d++/3d*2-2+/d*-64ae> +

3d2-2+/d*-64ae®> +,/3d?*+2+/d*-64a¢é3

1
3d2-2+/d*-64ae> -4ex - 3d2-2+/d*-642a¢€®

4e
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EllipticF [ArcSin| 3d2-2+/d*-64ae® -.[3d*+2+/d*-64a¢

3d2-2+/d*-64ae®> +4ex / \/3d2—2w/d4—64ae3 +

3d2+2+/d*-64a¢e? ~d+.[3d*-2+/d*-64ae® -dex|||],

[\/3d272\/d4764ae3 +\/3d2+2\/d4764ae3

2e

[\/3d2—2\/d4—64ae3 —\/3d2+2\/d4—64ae3

3d2-2+/d*-64ae? ~d++[ 3d2+2+/ d*-64ae3
+

Js& d?-2+/d*-64ae® EllipticPi]

El
3d%-2+/d*-64ae? ~d++| 3d2+2+/d*-64 a &3
+
4e

4e

ArcSin| 3d2-2+/d*-64ae® -,[3d*+2+/d*-64a¢

3d2-2+/d*-64ae® +4ex / \/3d22x/d464ae3 +

3d2+2+/d*-64a¢€? d+\/3d22«/d464ae3 ~dex|||],

[\/3d2—2\/d4—64ae3 +\/3d2+2\/d4—64ae3

1/

(\/3d2—2\/d4—64ae3 —\/3d2+2\/d4—64ae3

—d—\/3d2—2\/d4—64ae3 —d+\/3d2—2\/d4—64ae3
+

4e 4e

—d+\/3d2—2\/d4—64ae3 —d+\/3d2+2\/d4—64ae3

4e 4e
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1

V8ae2 -d3x+8de?x3+8e3x?

24
d2
e2
—d—\/3d2—2\/d4—64ae3
- +X
4e
7d7\/3d2+2\/d4—64ae3 7d+\/3d2+2\/d4—64ae3
- +X| |- +X| +
4e 4e
1 7d7\/3d2—2\/d4—64ae3 7d+\/3d2+2\/d4—64ae3
— |- +
2 4e 4e

2

—d+\/3d2—2\/d4—64ae3
- +X

de

-d-+/3d2+2+/d*-64ae3
\/3d22x/d464ae3 - Jad. +x /
4e

—df\/3d2—2\/d4—64ae3 —d7\/3d2+2\/d4764ae3
- +

4e de

e

—d+\/3d2—2\/d4—64ae3
- + X

4e

-d++/3d*+2+d*-64ae’
Jadzzx/d464ae3 _ 3 € x /
de

—d—\/3d2—2\/d4—64ae3 —d+\/3d2+2\/d4—64ae3
+

4e 4e

e |-

—d+\/3d2—2\/d4—64ae3
+X

de

J3d2—2x/d4—64ae3 -.[3d?+2+/d*-64a¢é3
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3d2-2+/d*-64ae®> +4ex / \/3d2—2x/d4—64ae3 +

\/3d2+2\/d4—64ae3 —d+\/3d2—2x/d“—64ae3 -4ex

7d7\/3d272\/d4764ae3 7d7\/3d2+2x/d4764ae3
- +

4e 4e

2e

EllipticE[ArcSin| \/3d22x/d464ae3 \/3d2+2«/d464ae3

3d?-2+/d*-64ae® +4ex / J3d22x/d464ae3 +

3d2+2+/d*-64a€ d+\/3d22x/d464ae3 ~dex|||],
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2
3d2-2+/d*-64ae® +./3d*+2+/d*-64aed / 3d2-2+/d*-64ae3 -

2
3d2+2+/d*-64ae }/\/3d2-2«/d4-64ae3 +

1 -d 3d2-2+/d*-64ae3
2e | — 3d2-2+/d*-64aed | |- o -
4e 4e
-d 3d2+2+/d*-64ae3 1
+\/ i - 3d>-2+/d*-64a¢3
4e de

—d+x/3d2—2x/d4—64ae3 —d+\/3d2+2\/d“—64ae3

4e 4e

EllipticF[ArcSin| 3d2-2+/d*-64ae® -,[3d*+2+/d*-64a¢’

3d2-2+/d*-64ae® +4ex / J3d2—2x/d4—64ae3 +
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3d2+2+/d*-64a¢€? ~d+.[3d*-2+/d*-64ae® -4dex|||],

2
\/3d2—2w/d4—64ae3 +4/3d2+2+/d*-64a¢3 / 3d2-2+/d*-64ae> -

2
3d?+2+/d*-64a€’ }/\/3d22w/d464ae3

—d+\/3d2—2\/d4—64ae3 —d+\/3d2+2\/d4—64ae3
+

4e 4e

—d—\/3d2—2\/d4—64ae3 —d+\/3d2—2\/d4—64ae3

4e 4e

—d—\/3d2+2\/d4—64ae3 —d+\/3d2+2\/d4—64ae3

4e de

—d—J3d2—2x/d4—64ae3 —d+J3dZ+2xId4—64ae3
- +
e 4e

4

EllipticPi]| » ArcSin|

—d+J3d2—2x/d4764ae3 fd+J3dZ+2xld4—6Aae3
- +
e 4e

4

\/3d22w/d464ae3 -+[3d?+2+/d*-64a¢e3

d++/3d2-2+/d*-64ae? +4ex/ J3d22xld464ae3 +

3d2+2+/d*-64a¢€? ~d+.[3d>-2+/d*-64ae® -4dex|||],

2
\/3d22«/d464ae3 +\/3d2+2x/d464ae3 /

2
\/3d2—2w/d4—64ae3 -./3d?*+2+/d*-64ae3 }/
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7d+\/3d272\/d4764ae3 7d+\/3d2+2\/d4764ae3
- +

4e 4e

Problem 622: Result more than twice size of optimal antiderivative.

J 1 d
X
V8ae2 _d3x+8de?x3+8e3x4

Optimal (type 4, 235leaves, 2 steps):

d 2

e (8ae?-d>x+8de?x3+8e3x* 16e? [+ +x

(5d*+256ae>)"* ( ) - (L +x)
(5d*+256ae’) |1 M]Z 5d* + 256 a €3

+ +
Jsd* 2562
s d+4ex 1 342
EllipticF |2 ArcTan| =N ]/
(5d*+256ae%) 7 2 5d*+256ae?

(x/z e\/Sae27d3x+8de2x3+8e3x4

Result (type 4, 1065 leaves):

3d2-2+/d*-64ae®> —4dex 3d2+2+/d*-64ae®> +4ex

3d2+2+/d*-64ae> +4dex

e /

{\/3d22x/d464ae3 \/3d2+2«/d464ae3 J

3d2-2+/d*-64ae® -dex

2+/d*-64ae® -./3d*-2+/d*-64a¢e3 3d2+2+/d*-64ae® +

i
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3d2-2+/d*-64ae®* -./3d?’+2+/d*-64a¢€3

3d2-2+/d*-64ae®> -./3d*’+2+/d*-64a¢3 x/

[[ 3d2-2+/d*-64ae®> +,/3d*+2+/d*-64a¢

3d2-2+/d*-64ae> -4ex

EllipticF[Ar‘cSin[\/[[{ 3d2-2+/d*-64ae® -.[3d*’+2+/d*-64a¢3

[ 3d2-2+/d*-64ae®> +4ex

3d2+2+/d*-64a¢€? 3d2-2+/d*-64a€e> -4dex

(\/defzx/d4764ae3 +\/3d2+2\/d4764ae3

|/

(\/3d2—2\/d4—64ae3 —\/3d2+2\/d4—64ae3

{29_ {JBdZZx/d464ae3 J3d2+2x/d464ae3 }

J

\/3d22w/d464ae3 +\/3d2+2x/d464ae3 -dex

/

—_—

{\/BdZZx/d464ae3 +J3d2+2«/d464ae3

3d2-2+/d*-64ae® -dex

\/8ae2—d3x+8de2x3+8e3‘x4

Problem 623: Result more than twice size of optimal antiderivative.
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J ! dx
(8ae?-d>x+8de?x?+8e3x4)*?
Optimal (type 4, 748 leaves, 5 steps):

d

4e (f—e+x) (13d4—256ae3—48d2e2 (;+x)2)

+

(5d®-64ad*e®-16384a%e°) V8ae2 d3x+8de2x3+8e3x?

384 d2 e2 (41+x) V8ael_d3x+8de’x>+8e3x*
e

2
16 [ ix
1+
\/5d*+256 a3

(d*-64ae3) (5 o|4+256ae3)3/Z

16 €2 (41+x)2

e (8ae?-d3>x+8de?2x3+8e3x4
12+/2 d? < >2 1+
16e? (x|’ 5d* + 256 a 3

(5d%+256ae3) |1+ ——lee ] i

\/ 5d*+256 ae?

d+4dex 3 d?

1
y — (1+
(5d*+256ae®)t*" 2 5d*+256a e

/

EllipticE [2 ArcTan [

[(d4—64ae3) (5d4+256ae3)1/4\/8aez—d3x+8de2x3+8e3x4

e (8ae2—d3x+8de2x3+8e3x4)

2 2
16e? [ L ix
1+
\/5d*+256 a e3

24/2 [5d4+256ae3—3d2x/5d4+256ae3

(5d*+256ae3)

3d?

5d*+ 256 ae3

1+

2 [d 2
16 e 2o’ x) o d+dex
1+ EllipticF [2 ArcTan [

5d*+ 256 ae3

/

1
2

(5d*+256a e3)1/4 ’

((d4—64ae3) (5d4+256ae3)3/4\/8aez—d3x+8de2x3+8e3x4)

Result (type 4, 7629 leaves):

2 (—5d5+128ade3—8d4ex+512ae4x+72d3e2x2+96d2e3x3) 1

(d*-64ae’) (5d*+256ae?)

(-d*+64ae®) (5d*+256ae) V8ae2 d3x+8de2x3+8e3x4
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—d—\/3d2—2\/d4—64ae3 —d+\/3d2+2\/d4—64ae3

4e 4e

8e ||2d*
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4e 4e
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4e 4e
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—d+\/3d2—2\/d4—64ae3 —d+\/3d2—2\/d4—64ae3
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—d—\/3d2—2\/d4—64ae3 —d+\/3d2—2\/d4—64ae3
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Problem 624: Result more than twice size of optimal antiderivative.
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Problem 625: Result more than twice size of optimal antiderivative.
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Problem 626: Result more than twice size of optimal antiderivative.
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(-1+x)2

+1{5 \/3+a—2 (—1+X)2— (—1+X>4
1+

1+

Result (type 4, 540 leaves):
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EllipticF [ArcSin [\I 1

(\/717m +\/71+\/m

J]J/

(\/-1—m -\/-1+\/m]2

[J_l_vzrz’_J_1+v1?;][_1+JTIT?ff§f+x
-1-+/4+a
[J_l_m +\/-1+m) [1+\/ﬁ—x

\/a—x (-8+8x-4x*+x3)

Problem 627: Result more than twice size of optimal antiderivative.

1
J dx
(a+8x—8x2+4x3—x4)3‘/2

Optimal (type 4, 437 leaves, 7 steps):
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I e
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+
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/

-1-+/4+a (—1— -1+v4+a +X
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2
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+21-1-+4+a EllipticPi
;] v

( .
e

+ -\/-1+M)
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Vaia ++-1+Vara
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[1“/-1_@ - X )]]

= o[ )

-1

4
4 +
4 +

-1+

/[(Jflfm +\/71+M]

Jo1-Vara A -1evaia |
,( ]Z}H/

(\/714/@ 7\/71+\/m]

(\/—1—@ [\/—1—@—\/—1+\/ﬁ)\/a+8x—8x2+4x3—x4 -

1

Va+8x-8x2+4x3_x*
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/
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J1Vara [ 1evaia |
[ U]/(lem (-\/—1—\/m+

[J_l_m —\/-1+\/H)

71A+\ﬂ1:7;')]47 4Ellipticpi | Vo1vaia o\ 1evaia |
\/ 1-+/4+a +\/—1+\/m

ArcSin[J[([\/lx/m\/l+ 4+a ) [71+ “1-+/4+ra +x

1 vas o)),
[\/717\/m +\/1+\/H)2

Jom

i

([\/,1,@ +\/71+ 4+a

~_

[J,1,VZT§',J,1+¢ZT;)

Problem 628: Result more than twice size of optimal antiderivative.

1
J dx
(a+8x—8x2+4x3—x4)5/2

Optimal (type 4, 517 leaves, 8 steps):
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+
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(71+X>2

14—

1-+4+a

aex 2\ara ]]/
1+\/m
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ECEHo LR
1+\/m
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“1ax NK}J/
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1+ ~1+x)2
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1aa
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Result (type 4, 6386 leaves):

-6-a+8x+ax-3x2+x3
+

\/a+8x—8x2+4x3—x4
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[(J717VZT§’+J71+JIT§][1+Vizj;ﬁ?gifﬂ P
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| )
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1w
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Problem 629: Result more than twice size of optimal antiderivative.

Jx (a+8x—8x2+4x3—x4)3/2d1x

Optimal (type 4, 558 leaves, 14 steps):
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Problem 630: Result more than twice size of optimal antiderivative.
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Problem 631: Result more than twice size of optimal antiderivative.
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Problem 632: Result more than twice size of optimal antiderivative.
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Problem 634: Result more than twice size of optimal antiderivative.
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Problem 635: Result more than twice size of optimal antiderivative.
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,1+m]] + |4EllipticPi| s

ArcSin[\/[([\/lx/H\/l+\/HJ [71+ “1-+/4+ra +x

([\/—1—@ +J,1+m) [1+ 1-vara -x

Va-vaa +J—1+m)2} J A e |

[\/714/m f\/71+\/HJ

Problem 636: Result more than twice size of optimal antiderivative.

2

X
J dx
Vva+8x-8x2+4x3_x*

Optimal (type 4, 388 leaves, 11 steps):

1-Vava | 1+ 220 (1
( o +17m ( +X>+Ar‘cTan 1+(71+X>2

[
J3ra-2(-14x)2- (-14x)* J3+a-2(-1+x)2- (-1+x)*

(—1+X)2
-4+

1-+ a

“14x ] 72\/m]/
1ivaa  1-Vara

1+

[(1@) 1+/4+a

] EllipticE [Ar‘cTan [

1+Jﬂ)i
11—1T J3ra-2 (-1ex)2- (-14x)* |+
L, 12
].+‘y/2f1;;7

1+V4+a (1+%) EllipticF [ArcTan| —2*—|, - 2042 ]
+a

bl
1-va NEW ey 1-V4+a

(-14x)?

1+ ——
e 3082 (c1ex)?- (-14x)*

14 (-1+x)

144 4+a

Result (type 4, 1247 leaves):
1

\/a—x(—8+8x—4x2+x3)
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[—1+\/—1—\/4+a +X| |-1-/-1+vV4+a +x| |-1+\/-1+V4+a +X|+

2W717\/m +\/71+M} (1J17m+x2

(J_l_m -\/—1+\/m] (-1+\/ﬁ+x
[\/—1—\/m +J_1+m] [1+\/ﬁ—x

~1-+a+a [—1-\/ﬁ+x
(J_l_m +J_1+m] (—1—\/ﬁ+x

-1-+a+a [—1+\/ﬁ+x
(J_l_m -\/—1+\/m] (—1—\/ﬁ+x

H[J1v4+aJ1+v4+a)

/

EllipticE[ArcSin| J[[(\/ -4+a —\/—1+\/ﬁ] (—1+\/ﬁ+x)
W_l_m +\/-1+\/K) [1+\/ﬁ—x) |5

(\/_1_\/m +\/_1+\/H)2

1|/ 2V -1-vava |
Navae Ve | /| |

‘((1 _1_41?;)[_z_J_l_VZTE'_J_1+vzr;]+

e | [ vae e ||
EllipticF[ArcSin| J[((\/ -Vara 7\/71+\/m] (—1+\/ﬁ+x)

/
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15

|

((J_l_vzra'+J_1+vzr;)[1+VTIT§if§f_x

W—1—\/H+J-1+\/H)Z
2} /(2%
(Jflfmwfhm)

Jo1-vara +/-14vara
Ne1-vara +/-14vara

/

(-\/-1—\/m +\/—1+m])+ 4EllipticPi|

Ar‘cSin[\/[((\/—l—\/m —\/—1+\/ﬁ) (—1+\/ﬁ+x
W_l_m +J_1+m) [1+\/ﬁ—x) |,
(\/—1—\/H+\/—1+\/K)2

2} /[_J_l_m +\/-1+\/H)
W-l—ﬁ-\/-um)

Problem 637: Result more than twice size of optimal antiderivative.

X
j dx
(a+8x—8x2+4x3—x4)3/2

Optimal (type 4, 311 leaves, 10 steps):
1+ <71 + X) 2

+

(4+a)~[3+a-2(-1+x)2- (-1+x)*
) (1-@) (1+f;—4x—)ai) (-1+x)
2(3+a)~/3+a-2(-1+x)2- (-1+x)*

-1+X ZM} /

EllipticE [ArcTan| |, -
1-+/4+a

1++V4+a

(4 +a) (2+ (71+X>2) (71+X)

2 (12+7a+a?)[3+a-2 (-1+x)2- (-1+x)*
<71+X)2

1-+V4+a

[(1—\/4+a> 1+vV4+a [1+

14 ~1+x)?2
11% Vl“ J3+a-2(-1+x)2- (-1+x)*
L 2

1+m

2 (3+a)

Result (type 4, 2941 leaves):
((—a—8x—ax+6x2+ax2—4x3—ax3) (a+8x—8x2+4x3—x4)2)/

(2(3+a) (4+a) (~a-8x+8x>-4x>+x*) (a—x(—8+8x—4x2+x3))3/2) -
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1
2 (3+a) (a-x (—8+8x—4x2+x3))3/2

(a+8x-8x+4x®-x* [ (\/ \/mf\/71+\/HJ “WMZ

|/

(3 e o
[[J 1-vVara +/-1 m][lﬁx
I
[—1—ijfyf?§f P
([or-vam i | (- Vae
EllipticF[ArcSin[\/[([\/1V?l+a +\/71A+VCIIET] (—14—Vﬁi;j:ﬁ§z€;_+x)

[-a-vara ooavaea | [V vaea
[rvas e | (Va-aee aaevasa ||/

|

[\/-1—m +\/-1+WJ

™~

((J_l_VZTE'_J_1+vIr;](_J_l_vz:§’+J_1+vI?;

[Jflfm (—\/—1—@+x/—1+\/H)\/a+8x—8x2+4x3—x4 -

4[_J_1_vz:§'_J_1+vzr;](_1_Jfffii?§7+xz

el
i
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[N-l—ﬁ—\/-MM) [-1— “1-+a+a +x

|

EllipticF[ArcSin[\/[((\/—1—@ —\/—1+\/ﬁ] (-1+\/ﬁ+x)
(avare A avas | [ i a1

2
(\/—1—\/4+a +\/—1+\/4+a )
| +24/-1-+/4+a EllipticPi]

(-1- -1-@)

/

(J-l-VZTE’-J-1+MZT§)Z

Jo1-vava «o-144aca
A-1-Vara sn-1vava
(71+J717v27§’+x

,Ar‘cSin[J[({\/lx/m 7J71+\/H)

/([Jflfvz:§’+J,1+vzr§)

;]

/

— _ {J_l_vz:§'+J_1+vZ?;]2
Il

) (\/717\/m 7J71+\/HJ

(\/717\/m (\/—17\/m7\/71+\/m]\/a+8x—8x2+4x37x4 +

1

Va+8x-8x2+4x3_x
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(\/717\/4+a 1 vaa ]EllipticE[Ar‘cSin[

{

/

]

JVas Ve | [T o
(Vs o evars | 1o/ avave -x

D P ).

[Jflfvz:§'7J71+vzr;]

{[[1J1V4+a)[2¢1%4+aJ1+V4+a)+

(,14717@) [\/717\/m —\/—1+\/m)]EllipticF[Ar‘cSin[
J[(LJ1J4+3J1+V4+a) «1+viff35?§f+x /
[(J,17v27§'+J71+vzr;](1+VTITQi?§T7X I,

(\/_1_\/m +\/—1+Vm]2
;]

s (v

(Jflfm 7J71+\/m]

1-+/4+a +\/71+\/4+a
V4 +a +\/71+\/4+a

/

]

,1+m])+

» ArcSin|

4EllipticPi| B
a1

SN e | [ s
[W—l—\/m +\/_1+m] (1+\/ﬁ_x

x/—l— 4+a +J71+ 4+a i
[ Vara Vﬁl]}/[le4*a*Jl*V4*a]JH

[Jflfvz:§'7J71+vzr§]

Problem 638: Result more than twice size of optimal antiderivative.
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2

X
J(a+8x—8x2+4x3—x4)

5/2

Optimal (type 4, 582 leaves, 13 steps):
1+ (— 1+ X) 2

+

3 (4+a) (3+a—2 <—1+X)2— <—1+X)4)3/2

2(1+<—1+x)2) (4+a) (2+(-1+x)2) (-1+x)

+

3 (4+a)2\/3+a—2 (-1+x)2_ <_1+x)4 6 (12+7a+a2) (3+a-2 (—1+x)2— (-1+x

(29+7a+ (13+3a) (—1+x)2) (-1+x)

12 (3+a)? (4+a) \[3+a-2 (-1+x)2- (-1+x)*

(13+32) (1-Vava) (1o 5280) (1) +[<13+3a> 1-vars)

12 (3+a)2 (4+a)[3+a-2 (-1+x)2- (-1+x)*

-1+x 2V4 +a ] /
1+vV4+a 1-v4+a

(— 1+ X) 2
1+ —| EllipticE [Ar‘cTan [

1-+/4+a

1+vV4+a

1+ -1+x)2
ﬁ J3+a—2(—1+x)2— <—1+x)4 +
4 el
1aa

24+a}

1++/4 (1 Mﬁ) EllipticF[ArcT =L:x -
+ + a + Vi lp 1cC [ rc an[ i }, 1 Vi3

(-14x)?

v —=
12 (12+7a+a?) | = (3.8 2 (-1+x)2 (-1+x)*
1*‘4;‘£§£r

14 4+a

Result (type 4, 5812 leaves):

a+8x+ax-6x2-ax?+4x3+ax’
.

(a+8x—8x2+4x3—x4>3
6(3+a) (4+a) (—a—8x+8x2—4x3+x4)2

(24—14a—6a2—128x—36ax+84x2+27ax2+a2x2—52x3—25ax3—3a2x3)/

/

1
12 (3+a)® (4+a) (a-x (-8+8x-4x2+x3))%?

(12 (3+a) (4+a)? (a8x+8x24x3+x4))]

(a—x (—8+8x—4x2+x3))5/2—

(a+8x-8x2+4ax>-x4)%? (20[-%-1-@—%-%@) (—1—\/ﬁ+x

)4)3/2

2
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[(J—l—\/ﬁ—\/— m) (-1— ~1-+4ra +x

E111pt1cF Arc51n J(([ \/ -v4+a +\/—1+\/4+a -1+

—_—
=
I
=
I
N
+
)
+
X
-~

1

[(\/-1—W+J_1+MJ (-1- 1-+a+a +x

[Nrvam Aavaa | [avas s ||/
)/
avacs [avas A aeiars |aresartoa ]
va [ avas e | [ ava o
JPm ) o
([Vor-va ofoaas | [ vae
Y
e M[ s [l aE
e ) o )
Enipticmsmmu Vaa s | [l Vae o

[W,l,m +\/71+\/H] HJﬁ”
H_J_l_vz:g'_J_1+vIr;)(J_ 1 Vaia o 1+ vzr;))/

((¢,1,¢zrg',¢,1+¢zr;](fJflfvz75’+J71+vzrz

/

—

|

/W?lfm +\/71+m)

/

((Jflfvzr;’,¢,1+vzr;](fJ Vara [-1evEea

N-1-\/m (-\/-1-\/m+\/-1+\/H)\/a+8x-8x2+4x3-x4 -
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52(7\/717m7\/71+mJ [717 —1—\/ﬁ+x2

/

NI R IES R
(Y IR
\/[[ -1-@(_1_ ~1++V4+a +x

) ([ ~1-+/4+a [—1+\/ﬁ+x

|

EllipticF[ArcSin| \/[{(\/ ~Ja+a —\/—1+\/ﬁ] (-1+ “1-+J4+a +x)
W_l_m +J_1+m) [1+\/ﬁ—x) P

2
[\/—1—\/4+a +\/—1+\/4+a )
| +2~/-1-+/4+a EllipticPi|

-1-+/4+a \/ +\/4+a

/([J_l_vz—z’ J_1+¢2?;)

/

(717 717MJ

[[\/717\/m 7J71+MJ [—1—\/ﬁ+x

/

o Ve s |

J1Vaia +|1evaia ,Amsng[uJ_l_vz:;'_J_1+¢Ir;)
A-1-Vara sn/-1evava

/([Jflfvz:§’+J,1+¢zrz)

(1+ -1-+4+a -X

/

-

(J1V4+a+J1+V4+a)2q1

\/-1-\/m _J_1+\/m ’
| |

[Jflfm [\/—1—\@7\/71+\/m]\/a+8x78x2+4x37x4 -

a2 i A | e
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[(\/ 1 Vaia 4 1+ ﬁ](—l— -1-+4+a +x

(717 717\/HJ

E111pt1cF Ar‘c51n \/[[(\/ \/m —\/—1+\/m] (—1+\/ﬁ+x) /

([(frvae v | (1 vaa -+

1-ara ++/-1+/4+a
[ ) }+2 -1-+/4+a EllipticPi|

[J VZT§'7J71+MZT§)

\/—1— 4+a +\/—1+\/m
e1-vara +/-1evaea
(_1+J_1_v273'+x

,Ar‘cSin[\/[([\/—l—\/m —\/_1+\/HJ

/([J_l_m +\/-1+\/H)

I

[\/717\/m +\/1+\/HJ2 H
(1+\/ﬁ—x ] /

(J_l_vzrz'_J_1+vZ?;]2

[J_l_vzrs'(J_l_VZTE'_J_1+vz:§‘]¢a+sx_sxz+4f_x4 :

1

Va+r8x-8x2+4x3_x*

13 [—1+\/—1—\/4+a +X| |-1-/-1+vV4+a +x| |-1+\/-1+V4+a +X|+

2W-1—\/m +\/-1+\/m] (_1_m+x)z
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/

\/[[(\/—1—@—\/—1+ 4+a ] (-1+ -1-M+x)
[W-l-x/ﬁ +\/-1+ 4+a J (1+\/ﬁ—x)
\/[[ “1-+/4+a (—1-m+x
[714/717mﬂ \/([ -1-
[(\/71—\/m 7J71+m] (—1—\/ﬁ+x

/([\/—1—M+\/—1+m)
an” /

|

N
+
)

H[\/lm 7J71+\/m ) EllipticE [ArcSin|

Sl a | (el
(V2 vars A aevars | [1ofavars -

Ioxiacuic PSR

|/

s

|

[Jflfm f\/71+\/HJ

[((1\/?] (727\/717m 7\/71+M]+

[_1+J_1_m] (J_l_m —\/—1+\/m])EllipticF[
Ar‘cSin[\/[([\/—l—\/m —\/—1+\/ﬁ) [_1“/-1-@ +X
([\/717\/H+J71+\/m) [1+m,xj ]»

J1Vara o[ 1evaia |
[ )2}]/(2J1m (-\/-1—W+

/

[J_l_m _J_lwm)

1@)] 4Ellipticpi | Jo1-vaa oy-1.vAea
N1-vaa 1evaa
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Ar‘cSin[J[([\/lx/m 7\/71“/@) [—1+\/ﬁ+x
([\/—1—@ w,hm) [1\/17\/ﬁx) I,

J1vara o[ 1evaia |
[ )2}]/(\/1\/ﬁ +\/1+\/HJ”+

/

[J_l_m —\/-1+\/HJ

1

3a

i da

Va+8x-8x2+4x3 x4

2(\/717m +\/71+\/m] (1J17m+x)2

J[W_l_mw_um](_h e |
W_l_m +J-1+MJ (1+m-x)

J[( ~1-+/4+a (—1-m+x

[—1— -1-+4+a +X

/

/([\/-1—\/m +J_1+m)

/

J([ A [ Vae
[[J_l_m_J_hmH_l_m”)

[[[\/1\/4+a o 1evaa J EllipticE [ArcSin|

SV s | ey
([\/—1—@ +\/_1+m) [1+\/ﬁ—x

DT T o)

|/

]

[\/—1—\@ —\/—1+\/ﬁ)
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(*Fl* 717vzr§](727J717v27§'7J71+vzr;]+

[—1+\/—1—y5r:§_](J—l-vzjzr-—J—1+~JZ:2TJ)E11nmicF[
mrﬁn[J[([J—l—VZ:;_—J—1+Vq:3_)[—1+J—1—qug_+x
([Vor-vara oevass | (1 Vo o)1,

Jo1 Vara o 1evaia |
[ Vara ﬁjz}]/(lem (,J,l,m "

/

[J_l_vzrz'_J_1+vz:;)

Jo1-Vava «i-144aca
J-1-Vaia +/-1+vasa

4 EllipticPi|

-1+\/HJ]+

/

Ar‘cSin[\/[([\/lm 7J71+ 4+a ) [—1+\/ﬁ+x
([Jflfm +\/71+\/HJ [1+\/ﬁ—x) )5

J1Vara [ 1evaia |
[ ) }]/(Jlm +\/1+MJ]”

[J_l—\/m —\/—1+\/m)2

Problem 639: Result more than twice size of optimal antiderivative.

J ! dx
\/8+8x-x3+8x
Optimal (type 4, 129 leaves, 4 steps):

) XZJ 261-6 1+ %)%+ (142"

V29 (ax)2 )2
(87+ 2 x )

V29 (4+x)?

87 +

E1lipticF |2 ArcTan|— % ],i(29+x/29)} /(8\5291/4\/8+8x—x3+8x4
V3 29V4x 58
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Result (type 4, 927 leaves):

- ((2 EllipticF|
ArcSin[./(((x-Root[8+8u1-11%+811%&, 1|) (Root[8+8n1-n1®+8n1%&, 2| - Root |
8+8n1-n1%+8n1*&, 4])) / ((x-Root[8+8n1-11>+811*&, 2])
(Root [8 + 811 -111% + 8111* &, 1| ~Root[8 + 811 -n1®+8n1* &, 4]))) ],
((Root[8+8w1-n1%+8n1% &, 2] - Root 8+ 811 -1’ +8nl* &, 3])
(Root [8 + 81 - 1113 + 8111* &, 1] - Root [8 + 8 111 - 11® + 8 11* &, 4])) /
((Root |8+ 811 -n1%+8n1* &, 1] - Root[8 + 81 - u1° + 811* &, 3])
(Root [8 + 811 - 111% + 8111* &, 2| - Root [8 + 81l - 11>+ 811" &, 4])) |
(x - Root[8+ 8151+ 811%§, 2])°
/[ ((Root |8 +8n1-11%+811* &, 1] - Root [8 + 811 - 11® + 811* &, 2])
(x - Root [8+811-11°+811* &, 3])) / ((x-Root |8 +8ul-n1®+8n1*&, 2])
(Root [8 + 811 - 111% + 8111* &, 1] - Root [8 + 811 - n1® + 811* &, 3])))
(Root [8 + 811 - 111% + 8111* &, 1] - Root [8 + 8 111 - 11® + 8 1i1* &, 4])
\/(( (x - Root[8+8u1-11°+811* &, 1|) (Root[8+8u1-n1®+8n1*&, 1] -
Root[8+8n1-n13+8n14&, 2]) (x-Root[8+8u1-u1%+8n1" &, 4])
(Root [8 + 811 - 111% + 8111* &, 2| - Root[8 + 8 11 - 11 + 8 11 &, 4}))/
((x-Root[8+8m1-m1%+ 8118, 2])?

(Root [8 + 811 -111% + 8111* &, 1] - Root[8 + 811 - 11 + 811t &, 4”2)))/

(x/8+8x—x3+8x4 (-Root[8+8u1-n1%+811% &, 1| +Root [8+ 811 -1’ +811* &, 2])

(Root [8 + 811 - 1113 + 8111* &, 2| - Root 8 + 8 11 - 11® + 8 11 &, 4])])

Problem 640: Result more than twice size of optimal antiderivative.

J = dx
(8+8x—x3+8x4)3/2

Optimal (type 4, 431 leaves, 10 steps):
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(66 - (1+‘Xi)2)x2 ) (216 -7 (1+§)2) (1+4) %

_1008\/8+8x—x3+8x4 12528 /8 +8x - x3 + 8 x*
7 (261-6 (1+4—)2+ (1+i)4) (1+2) %
X X X

g7, 29 (4+x)2)

XZ

432+/29 \/8+8x -x3+8x4

L 261-6 (1+f)2+ (1+f)4

(87 L V28 (4ix)? ) 2

XZ

EllipticE[2ArcTan| — X ], = (20429 ] /[144\/?293/4\/8+8x—x3+8x4 .
V3 29%4x 58

261-6 (1+2)%+ [1+2)° V25 (4+x)2
(14-5+29 | x . 874 -
(87+ /29 X(24+x)2) X
EllipticF[2ArcTan| — X ], = (20429 )] /(576\5293/4J8+8x—x3+8x4
V3 29%4x 58

Result (type 4, 4865 leaves):
544 + 1539 x - 1146 x? + 784 x3

+

21924/8+8x-x3+8x*
1

(28 (x ~Root[8+ 811513+ 811% &, 2])® (-EllipticF [ArcSin|
6264

V (((x-Root[8+811-11°+811*&, 1|) (Root[8+811 -1’ +811*&, 2| -
Root[8 + 811 -n1%+8n1% &, 4])) / ((x-Root [8+8n1-113+811* &, 2])
(Root [8 + 811 -111% + 8111* &, 1] - Root [8 + 81l -n1®+811* &, 4]))) ],
- (((Root 8+ 811117 +811* &, 2| - Root |8+ 811 -11% + 811* &, 3])
(Root [8 + 811 -11% + 8111* &, 1] - Root[8+8u1 -1’ +811* &, 4])) /
((-Root |8 +8ul-11®+811*&, 1] + Root [8 + 81l - 11® + 811" &, 3])
(Root [8 + 811 - 111% + 8111* &, 2| - Root [8+ 81l -n1®+811* &, 4]))) |
Root 8 + 811 - 11% + 811* &, 2| + E1lipticPi| (-Root 8+ 811 - 11+ 811* &, 1] +
Root 8 + 811 -n1®+8n1* &, 4]) /
(-Root[8+8u1-11°+811% &, 2| +Root [8+8u1-n1’+8ul* &, 4]),
ArcSin|[./(((x-Root[8+8u1-n1%+8n1*&, 1]) (Root |8 +8 1l -n1®+8n1*&, 2] -
Root |8+ 811 -n1%+8n1* &, 4])) / ((x-Root 8 +8n1-11>+811* &, 2])
(Root [8 + 811 -11%+811* &, 1] -Root[8+8ul-n1®+8ul*&, 4])))],
~ (((Root[8+811-11°+811* &, 2| - Root |8+ 811 -11% + 811* &, 3])
(Root [8 + 811 -111% + 8111* &, 1| - Root [8 + 811 -n1® +8n1* &, 4])) /
((-Root[8+811-113+811* &, 1] + Root [8+ 811 - 1113 + 8 111* &, 3])
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(Root [8 + 811 -111% + 8111% &, 2] - Root [8 + 81l -n1®+ 811t &, 4])) ) |
(-Root[8+8u1-11°+8n11* &, 1| +Root [8+ 811 -1’ +811* &, 2]))
V (((-Root[8+8u1-11°+811% &, 1| +Root [8+ 811 - 113 +811* &, 2)
(x - Root [8+8u1 -1 +811* &, 3])) / ((x-Root |8 +8ul-n1®+8n1*&, 2])
(-Root[8+8u1-n1°+8n1* &, 1| +Root [8+811-n1’+8u1*&, 3])))
(Root [8 + 811 - 1113 + 8111* &, 1] - Root [8 + 8 111 - 111® + 8 111* &, 4])
V (((x-Root[8+8m1-11+811* &, 1|) (Root[8+8n1 -1 +811* &, 2| -
Root[8+8u1-n1®+8u1* &, 4])) / ((x-Root[8+8nul-ul®+8ul*g, 2])
(Root [8 + 811 - 111% + 8111* &, 1] - Root [8 + 811 - 11® + 811* &, 4]) ) )
V (((-Root[8+8n1-11°+811% &, 1| +Root [8+8 11 - 113 +811* &, 2|)
(x - Root[8+8u1-11°+811* &, 4])) / ((x-Root |8 +8nu1-n1%+8n1* &, 2])

(-Root[8 + 81 - n1% + 8 11* &, 1] + Root [8 + 811 - 11® + 8111 &, 4]))))/

(\/8+8x—x3+8x4 (-Root[8+ 811 -11%+811% &, 1] +Root [8+ 811 -1’ +811* &, 2])

(Root [8 + 811 - 1113 + 8111* &, 2| - Root |8 + 8 11 - 11® + 8 11 &, 4])) +

(842 EllipticF[ArcSin|./(((x-Root[8+8n1-11%+811* &, 1])

(-Root[8+8n1-11°+811% &, 2| +Root [8+811-11°+8n1*&, 4])) /
((x-Root[8+811-u1%+8u1*&, 2]) (-Root[8+8nl-11%+811*&, 1] +
Root[8+8u1-n1°+8ul*&, 4])))],
((Root[8+ 811 -n1%+8n1% &, 2] - Root[8+8 11 -1’ +8n1* &, 3])
(Root [8 + 811 -11% + 811% &, 1] - Root[8+8u1 -1 +8u11* &, 4])) /
((Root |8 +8nl-n1®+8n1* &, 1] - Root[8+8ul-n1®+8ul* &, 3])
(Root [8 + 811 - 1% + 811* &, 2| - Root[8+ 811 -n1®+8n11* &, 4])) |
(x -Root[8 + 811 -u13+ 811% &, 2])°
 (((-Root[8+8u1-11°+811% &, 1| +Root [8+ 811 - 113 +811* &, 2)
(x - Root [8+8m1-11°+811* &, 3])) / ((x-Root |8 +8ul-n1®+8n1*&, 2])
(-Root[8+8u1-n1°+8n1* &, 1| +Root [8+811-1u1’+8u1*&, 3])))
(Root [8 + 811 - 1113 + 8111* &, 1] - Root [8 + 8 111 - 111® + 8 111* &, 4])
 (((-Root[8+8n1-11°+811% &, 1| +Root [8+ 811 - 113 +811* &, 2|)
(x - Root[8+8u1-n1’+8u1* &, 4])) / ((x-Root |8 +8ul-nl®+8nul*g, 2])
(-Root[8+8u1-11°+811* &, 1| +Root [8+811-11’+811*&, 4])))
V (((x-Root[8+811-11+811* &, 1|) (-Root [8+8n1 - 113+ 811* &, 2] +
Root[8 + 811 -n1°+811% &, 4])) / ((x-Root |8 +8n1 -u1%+811* &, 2])
[ ]

(-Root[8+8u1-n1°+8nl* &, 1| +Root |8+ 811 - 1% + 811* &, 4]))))/

(\/8+8x—x3+8x4 (-Root[8+ 811 -11%+811% &, 1] +Root [8+ 811 -1’ +811* &, 2])

(-Root[8+8u1-11°+811% &, 2| +Root [8+ 811 - 11® + 811* &, 4})) -

1

224 ((x - Root [8+ 811 - 11® + 8111° &, 1]

\/8+8x-x3+8x4
(x -Root[8+8u1 -1 +811* &, 3]) (x-Root[8+8nl-11%+811*&, 4]) +
(x - Root [8 + 811 -#1%+ 811 &, 2])*
 (((-Root[8+8n1-11%+811% &, 1] +Root [8+ 811 - 11 +811* &, 2])
(x -Root |8 +811-11%+811% &, 3]|)) / ((x-Root |8 +811l-11>+811% &, 2])
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(-Root[8+8n1-n13+8u14&, 1] +/Rloot‘[é+8tt1—ttl3+8ttl4 & 3])))

 (((x-Root[8+811-11°+811* &, 1|) (Root[8+8u1- 11’ +8n11*&, 2| -
Root[8+ 811 -11°+811% &, 4])) / ((x-Root |8 +8nl-11%+811* &, 2])

(Root [8 + 811 - 1113 + 8111* &, 1] - Root [8 + 811 - n1® + 811* &, 4])))
 (((-Root[8+8u1-n1°+811% &, 1] +Root [8+ 811 -1’ +8ul* &, 2])

(x - Root[8+8u1-11°+811* &, 4])) / ((x-Root |8 +8nul-n1®+8n1* &, 2])

(-Root[8+8n1-11°+811* &, 1| +Root [8+811-11%+811*&, 4])))
(-Root [8+ 811 -11%+811* &, 1] + Root [8 + 811 - 11® + 811* &, 4])

((E1lipticE[ArcSin[+/(((x -Root[8+811l-11%+811*&, 1])
(Root [8 + 811 -11% + 8111* &, 2| ~Root 8+ 81 -1 +811* &, 4])) /

((x-Root[8+8n1-11%+811* &, 2]) (Root |8+ 81l -u1®+8u1* &,
1] -Root [8+8u1-11>+811*&, 4]))) ],
~ (((Root [8+ 811 -11%+811* &, 2| - Root [8 + 8111 - 111% + 8 111* &, 3])
(Root [8 + 811 - 1113 + 8111* &, 1] - Root [8 + 811 - n1® + 811* &, 4])) /
((-Root[8+811-1u1%+8u1* &, 1] + Root |8 + 811 - 11% + 811* &, 3])
(Root [8 + 811 - 1113 + 8111* &, 2] - Root [8 + 811 - 11® + 811* &, 4]) ) ) |
(-Root[8+8n1-11°+811% &, 1| +Root [8+811-11°+8n1*&, 3])) /
(-Root[8+8u1-11°+811% &, 1| + Root [8+ 811 - 11>+ 811 &, 2]) +
(E1lipticF[ArcSin[./(((x -Root[8+811-u1%+8u1*&, 1])
(Root [8 + 811 - 11% + 8111* &, 2| ~Root[8+ 811 -1 +811* &, 4])) /
((x-Root |8 +8n1-11%+811*&, 2]) (Root |8+ 81l -u1®+8u1* &,
1] -Root [8+8ul-u1>+8u1*&, 4]))) ],
~ (((Root[8+ 811 -113+811* &, 2| - Root |8 + 811 - 111% + 8 111* &, 3])
(Root [8 + 811 - 1113 + 8111* &, 1| - Root [8 + 811 - n1® + 811* &, 4])) /
((-Root[8+811-u1%+8u1* &, 1] + Root |8+ 81l - 11® + 811* &, 3])
(Root [8 + 811 - 1113 + 8111* &, 2] - Root [8 + 811 - 11® + 8111* &, 4]) ) ) |
(Root [8 + 811 - 111% + 8111* &, 2| (-Root 8+ 811 -n1®+8n1* &, 2] -
Root |8 + 811 -n1% + 811% &, 4]) - Root [8 + 8111 - 11° + 8 11* &, 1]
(Root [8 + 811 - 11% + 8111* &, 2| ~Root [8+8nl-n1®+8n1* &, 4]))) /
((-Root |8+ 811 -11%+811* &, 1] + Root [8 + 811 - 1113 + 8 111* &, 2]
(-Root[8+8u1 -1 +811* &, 2| +Root [8+ 811 -11%+8n1*&, 4])) -
(1/ (-Root[8+8u1-n1®+8n1" &, 2| +Root [8+8u1-n1’+8ul* &, 4]))
EllipticPi[ (-Root |8+ 811 -11%+811* &, 1] + Root [8 + 811 - 1113 + 8111* &, 4] ) /
(-Root [8+ 811 - 113+ 811* &, 2| + Root [8 + 811 - 1% + 811* &, 4] ), ArcSin|
V (((x-Root[8+8u1-11°+811* &, 1]) (Root[8+8n1 -1 +811* &, 2| - Root |
8+8nl-n1%+8u1*&, 4])) / ((x-Root[8+8nl-11®+8u1*8, 2])
(Root [8 + 811 - 111% + 8111* &, 1| - Root [8 + 811 - n1® +811* &, 4]))) |,
- (((Root[8+8m1 -1 +811* &, 2| - Root [8 + 8111 - 11® + 8 1% &, 3])
(Root [8 + 811 -11%+811* &, 1] -Root[8+8ul1-n1’+8ul*&, 4])) /
((-Root |8 +811-11%+811*&, 1] + Root [8 + 811 - 11% + 8111* &, 3])
(Root [8 + 811 - 111% + 8111* &, 2| - Root [8 + 811 -11% +811* &, 4]))) |
(-Root[8+ 811 - 113+ 811* &, 1] - Root [8 + 811 - 113 + 8 11* &, 2] -

Root [8 + 811 - 11% + 81* &, 3| - Root [8 + 811 - 113 + 8 11* &, 4})))]

Problem 641: Result unnecessarily involves complex numbers and more than
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twice size of optimal antiderivative.

1
J dx
V1+dax+4x2+4%4

Optimal (type 4, 108 leaves, 3 steps):

_ 1)2 1)4 1
’ ° 2(1+X) +(1+X) szllipticF[ZArcTan[1+X],1(5+\/?)]/

5 1o 2 e

- (\/?+(1+1

X

(2 51/4\/1+4x+4x2+4x4

Result (type 4, 249leaves):

1 i (2]1+\/—1—2]i—\/—1+2]1)(—i+m—2x)
(2-1) [-—+— (1+2x+2ix?)

1 5 (—211+V—1—211 +\/—1+2j)(j+\/ﬁ+2x)

(2 i+\/ﬁ+m) (7i+m+2x)
Vo1e21 (J’H\/flfzj +2x)

EllipticF [ArcSin|

\/? 2

(1+21) ((71“1) +\/—1—2]’1) (1+2x+2ix?
(]'LJr\/fl—Z]'l +2x)2

) \/1+4x+4x2+4x4

Problem 642: Result more than twice size of optimal antiderivative.

1
J dx
(1+4x+4x2+4x4)3/2

Optimal (type 4, 367 leaves, 9 steps):
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o)) (s fre ) [ref)e o(s-zfre) (e f)Y) (1e]) 0
Vi+ax+4x2+4xt 10V1+4x+4x2+4x4 10 (ﬁ+(1+l) )\/1+4x+4x2+4x4
12y |5-2 (1) (1e 1) 1.t
9 [\/?+ [1+f . X x*EllipticE[2ArcTan[—*], = (5++/5 ] /
S T e

1+ %

<

51/4

x? EllipticF |2 ArcTan|

(5+ﬁ)} /(4 534 [14ax+4x2 44X

1
10

Result (type 4, 3334 leaves):
19+ 42 x - 16 x2 + 36 X3

10V1+4x+4x2+4x4

3 [— ((2 EllipticF|[ArcSin|./(((x-Root[1+4n1+4u1?+4u1*&, 1]) (-Root|

5
1+4u1+411%+4u1* &, 2] +Root[1+4nl+4u1”+4u1*g, 4])) /
((x-Root[1+411l+4n1%+4nu1*8&, 2|) (-Root[1+4nl+4n1%+4nu1*&, 1]+
Root[1+4n1+4n1%+4n1*g, 4])))],

((Root[1+4 w1 +411%+411% &, 2] - Root [1+4 11 + 4112+ 411% &, 3])
(Root [1+4u1+411>+411%&, 1] -Root [1+4n1+4u1>+411 &, 4])) /
((Root[1+411+4n1%+4n1*&, 1] -Root[1+4 11 +4n1%+4n1*8, 3])
(Root [1+4 11 +4112+411% &, 2] -Root [1+4n1+4m12+411% &, 4])) |

(x-Root[1+411+4m1%+411%§, 2])?

V(((-Root[1+411+411%+411% &, 1] + Root[1+4nl+411%+411* &, 2])
(x-Root[1+4u1+4n1%+411%8&, 3])) /((x-Root[1+4nl+4u1?+411%8, 2])
(-Root[1+411+4n1%+4n1* &, 1] +Root[1+4 11 +411%+411* 8, 3])))

(Root[1+4n1+411%+411% &, 1] -Root [1+4n1+411% +411* &, 4])

v (((-Root[1+4u1+4n1%+4n1*&, 1] +Root[1+4ul+4u1%+4u1*g, 2])
(x-Root[1+411+4n1%+411% &, 4])) / ((x-Root[1+4nl+411%+411%8, 2])
(-Root[1+411+4n1%+4n1*&, 1] +Root[1+4 11 +411%+411* 8, 4])))

]
V(((x-Root[1+4u1+4n1%+411%&, 1]) (-Root[1+4ul+4n1%+4n1*g, 2] +
Root[1+4 11 +4n1%+4n1*8, 4])) / ((x-Root[1+4n1l+4n1%+4n1*8, 2])
(-Root[1+411+4n1%+411*&, 1] +Root[1+4 1l +411%+411* &, 4]))))/

(\/1+4x+4x2+4x4 (-Root[1+4n1+4n1%+4n1* &, 1] +

Root[1+4 11 +411%+4111* &, 2])
(-Root[1+411+4n1%+4n1* &, 2] +Root[1+4 1l +411%+ 411" g, 4]))] +
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1

6 ((x-Root[1+4n1+4m?+4n1*8, 1])
V1+ax+4x2+4%

X-Root |1+4ul+411%+4n1*&, 3]) (x-Root|1+4nl+4m1?+4n1*8, 4]) +
( [ 3] [ »4])
(x-Root[1+4H1+411%+411% g, 2])°
v (((-Root[1+4n1+411%+4n1* &, 1] + Root[1+4 11 +411%+411* &, 2])
(x-Root[1+4u1+4u1%+4u1"8, 3])) /((x-Root[1+4nl+4u1”+4u1%8, 2])
(-Root[1+411+4n1%+4n1*&, 1] +Root[1+4 11 +411%+411*8, 3])))
v (((x-Root[1+4m1+4n1%+4n1%&, 1]) (Root|[1+4 1 +411%+411% 8, 2] -
Root[1+4 11 +4n1%+4n1*&, 4])) / ((x-Root[1+4nl+4u1?+4u1%8, 2])
(Root[1+4n1+411%+411%&, 1] -Root [1+4n1+411%+411* &, 4])))
(((-Root[1+4m1+411%+411%&, 1] +Root [1+4n1+4112+411% &, 2])
(x -Root[1+4u1+4n1%+411%&, 4])) / ((x-Root[1+4nl+4m1%+411%8, 2])
(-Root[1+4u1+4n1%+4n1*&, 1] +Root[1+4ul+4n1%+4ul*g, 4])))
(-Root[1+411+411%+4n1* &, 1] +Root[1+4 11 +411%+411* &, 4])
((EllipticE[ArcSin[./(((x-Root[1+4n1+411%+4n11% &, 1])
(Root [1+4nl+411%+411%&, 2] -Root [1+4nl+4u1”+411*8, 4])) /
((x-Root[1+4n1+4u1%+411*8&, 2]) (Root[1+4ul+4n1%+4n1"g,
1] -Root[1+4n1l+4n1?+4n1*&, 4])))],
~(((Root[1+411+411%+411% &, 2| -Root[1+411+411%+411% &, 3])
(Root[1+4n1+411>+411*&, 1] -Root [1+4n1+4u1>+411% 8, 4])) /
((-Root[1+411+411%+411%&, 1| +Root[1+411+411%+411% &, 3])
(Root[1+4n1+41m12+411* &, 2] -Root [1+4n1+4112+411% &, 4])))]
(-Root[1+4u1+4n1%+411"&, 1] +Root[1+4u1+4n1%+4n1"g, 3])) /
(-Root[1+411+4n1%+4n1% &, 1] +Root[1+4 11 +4n1%+4n1*g, 2]) +
(EllipticF[ArcSin[./(((x-Root[1+4n1+411%+411%&, 1])
(Root [1+4 11 +411%+411% &, 2] -Root [1+401+4112+411% &, 4])) /
((x-Root[1+4n1+4u1?+4u1*8&, 2]) (Root[1+4ul+4n1%+4n1"g,
1] -Root[1+4n1+4n1?+4n1*&, 4])))],
~(((Root[1+411+411%+411% &, 2| -Root[1+411+401%+411% &, 3])
(Root[1+4n1+4u1>+411*&, 1] -Root [1+4u1+4u1>+4u1*8, 4])) /
((-Root[1+411+411%+411%&, 1| +Root[1+411+411%+4n11% &, 3])
(Root[1+4m1+4112+411* &, 2] -Root [1+4n1+4112+411% &, 4])))]
(Root[1+4n1+4m12+451%&, 2] (-Root[1+4n1+4112+411%8&, 2] -
Root[1+4 1 +411%+411% &, 4] ) -Root[1+4 11 +4n1%+4n1* &, 1]
(Root [1+4 11 +411%+411* &, 2] -Root [1+411+411%+411% &, 4]))) /
((-Root[1+4n1+411%+411%8&, 1| +Root[1+411+411%+411%8&, 2])
(-Root[1+4u1+4n1%+4n1% &, 2] +Root[1+4ul+4n1%+4n1* g, 4])) -
(E1lipticPi| (-Root[1+4t1+4n1%+411* &, 1] +Root[1+4 1l +4n1%+4n1* g, 4]) /
(-Root[1+4u1+4n1%+4n1*&, 2] +Root[1+4 11 +4n1%+4n1* g, 4]),
Arcsin[./(((x-Root[1+4nul+4n1®+4n1*g, 1])
(Root [1+4 11 +411%+411% &, 2] -Root [1+41l+411%+411% 8, 4])) /
((x-Root[1+4n1+4u1%+411*8&, 2]) (Root[1+4u1+4n1%+4n1*g,
1] -Root[1+4n1+4n1?+4n1*&, 4])))],
~(((Root[1+411+411%+411% &, 2| -Root[1+411+4nu1%+4nu1" 8, 3])
(Root[1+4n1+411%+411*&, 1] -Root [1+4n1+411>+411% &, 4])) /
((-Root[1+411+411%+411%8&, 1| +Root[1+401 +411% +411% &, 3])
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(Root[1+4n1+4u1>+411*&, 2] -Root [1+401+4u1>+411%8, 4])))]
(-Root[1+411+4n1%+411%&, 1] -Root[1+4u1+4n1%+4n1*g, 2] -
Root [1+4 11 +411%+411% &, 3] —Root [1+401+411%2+411%8, 4])) /
)]

(-Root[1+4u1+4n1%+4n1%&, 2] +Root[1+4ul+4n1%+4n1* g, 4])

Problem 643: Result more than twice size of optimal antiderivative.

1
J dx
V8+24x+8x2-15x3 + 8 x4

Optimal (type 4, 126 leaves, 4 steps):

4.2 517—38(3+4—)2+ 3. 4)*
- (x/517 + (3+ - X ; x2
X (\/517 i (3+ 1)2)
X
4+3 517 + 19 /517
E1lipticF[2ArcTan| — ], 2227 ] /[8 51714 /8 + 24 x + 8x? - 15 X% + 8 x*
51714 x 1034

Result (type 4, 1148 leaves):
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- ( |2 ELlipticF|
ArcSin|+/(((x-Root[8+2411+8u1>-1511° +811* &, 1|) (Root[8+ 2411 +8 11> -1511° +
8111* &, 2| - Root [8 +24 11 +811? - 1511% + 811* &, 4])) /
((x-Root[8+24n1+8n1%-1511% + 811* &, 2|) (Root |8+ 2411 +811% -
15113 + 811% &, 1] - Root [8 + 24111 + 8112 - 1511% + 811* &, 4]) ) ) |,
((Root[8+2411+811>-1511° + 811* &, 2| - Root |8+ 24 11 + 8111% - 1511% + 8 1% &, 3])
(Root [8+24 11 + 8112 - 151113 + 811* &, 1] -

Root[8+24n1+8n12-1511° + 811* &, 4])) /
((Root[8+2411+8u1?-1511% +811% &, 1] - Root 8+ 2411+ 811 - 1511° + 81l &, 3])

(Root [8+24 11 + 8112 - 15111% + 8 11* &, 2] -
Root[8+24n1+8n112 - 1511 + 811* &, 4])) |

(x - Root[8+2411 + 8112 - 1511° + 8 11% &, 2])°
[ ((Root[8+2411 + 8112 - 15113 + 8111* &, 1] - Root [8 + 2411 + 8112 - 1511% + 8 11* &, 2])

(x - Root [8+24n1+811*-1511° + 811" &, 3])) /
((x-Root[8+2411+8n1%- 15113+ 811% &, 2] ) (Root |8 +24 11 +811% - 15 11> + 8 111* &,

1] -Root [8+24 11 +811% - 15113 + 8111% &, 3] )) )
(Root [8 + 24111 + 8111% - 15111% + 8 11* &, 1] - Root [8 + 24 111 + 8 1% - 15 11 + 8 111* &, 4] )
J [((x-Root[8+2411+ 8112 -1511° + 811* &, 1]
(Root[s 2411 + 8117 - 15113 + 8111% &, 1] - Root [8 + 24111 + 8 112 - 1511% + 8 n1* &,
2]) (x-Root[8+24n1+8u1”-1511%+ 811" &, 4]) (Root |
8+24n1+8u1%-1511% + 811% &, 2| - Root [8+ 24 11 + 811% - 15 11° + 8 11* &, 4]))/

((x-Root[8+24n1+8n12-15n13+8n14 & 2])? (Root[8+ 24111 + 81112 -

15113 + 8114 &, 1] - Root [8 + 2411 + 8 112 - 15 11% + 81114 &, 4})2)))/

(x/8+24x+8x2—15x3+8x4 (-Root[8+24n1+8u12-1511° + 811% &, 1] +

Root[8 +24 11 +811? - 1511° + 8 11* &, 2])
(Root [8 + 24111 + 811% - 15111% + 8111* &, 2| - Root[8 + 2411 + 811 - 15117 + 8 11 &, 4}))]

Problem 644: Result more than twice size of optimal antiderivative.

1

J dx
(8+24x+8x2—15x3+8x4)

3/2

Optimal (type 4, 434 leaves, 10 steps):
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(172-7 (3+ ‘X—‘)Z) X2 (50896—2455 (3+ ‘Xi)z) (3+ ‘;‘) X2

+

_208\/8+24x+8x2—15x3+8x4 32260881 24x+8x%x%-15x3+ 8 x4
2455 (517 - 38 (3+4—)2+ (3+4;)4) (3+%) %

X X
322608 (x/ 517 +

2
3+2)7) VB 2ax+8x2-157 + 8%
X

x? EllipticE

42
2455 (\/ 517 + (3+ —)

X

517 - 38 (3+4—)2+ (3+4—)4
L a
X

X X
(\/517 .

F)’

4+3Xx 517 + 19~/ 517

2 ArcTan [ R
51714 x 1034

}/(624 51794 /8424 x + 8x - 157 + 8x* | +

2 4
) 517-38(3+4—) +(3+i)
X X

(V517 + (3+2)7)°

X

XZ

4
4910 - 203 /517 ) («/517 + (3+ Bl

X

4+3Xx ] 517 + 19/ 517
)

EllipticF [2 ArcTan [
5174 x 1034

}/(2496 517748+ 24x +8x2 ~15x* + 8 X4

Result (type 4, 6019 leaves):
72888 + 89033 x - 94314 x2 + 39280 x>

+

80652/8+24x+8x%2-15x3 + 8 x4

(147300 (x - Root[8 + 24111 + 811% - 15111% + 8111* &, 2] )

161304
(-EllipticF[ArcSin[+/(((x - Root[8+24 11 +811%-1511% + 811* &, 1])
(Root [8 + 24111 + 8112 - 151113 + 8 111* &, 2| - Root [8 + 2411 + 8 #1? - 15 11° +
8111 &, 4])) / ((x - Root 8+ 2411 +811% - 1511° + 8 11* &, 2] )
(Root [8 + 24111 + 811% - 15111% + 8111* &, 1] - Root [8 + 24111 + 8 11? -
1511+ 811% &, 4])) )], - (((Root[8+ 2411 + 811 - 1511° + 811 &,
2| -Root 8 +24 11 +8n1% - 15113 + 8111* &, 3]) (Root [8+24 11 +
811% - 15113 + 811* &, 1] - Root [8 + 24111 + 8112 - 15111% + 8 111* &, 4]) ) /
((-Root [8+24 11 +811%-1511%+ 811* &, 1] + Root [8 + 24 111 + 8 11” -
1511% + 8111 &, 3] ) (Root[8+24 11 +811% - 1511% + 8 11* &,
2] -Root [8+24 11 +811% - 15113 + 811% &, 4] )) ) ]
Root[8 + 2411+ 8112 - 1511% + 811% &, 2| + E1lipticPi]
(-Root [8+ 2411+ 811 - 1511° + 8 1#1* &, 1| + Root [8 + 24 111 + 8 111% - 15113 + 8 11* &,
4]) / (-Root[8+24n1+8m1%-1511° + 811* &, 2| +
Root [8 + 2411 + 8 11% - 15111% + 8 1% &, 4] ),
Arcsin|[./(((x-Root|[8+2411+8n11?-1511%+811* &, 1]) (Root |8 +24 111 +
811% - 15113 + 8 11* &, 2] - Root [8 + 24111 + 8 #1? - 15111% + 8 11* &, 4]) ) /
((x-Root[8+2411+8112-1511% + 8111* &, 2]) (Root[8 + 2411 + 81112 -



Mathematica 11.3 Integration Test Results for 1.3.2 Algebraic functions.nb | 383

15:1° + 8114 &, 1] —Root[8+24ttl+841:lt12‘—151;r,13+81:t14 & 4]))) ],
- (((Root [8+24 11 +811% - 1511% + 811 &, 2] - Root [8 + 24 111 + 8 111? -
15113 + 811% &, 3] ) (Root |8 +24 11 +811% - 1511% + 8 11* &,
1] -Root [8+24 11 +8n1? - 15113 + 8111* &, 4]) ) /
((-Root[8+24n1+811%-1511% + 811* &, 1] + Root [8 + 2411 + 8 11? -
15113 + 8111% &, 3]) (Root [8+24 11 +811% - 1511% + 811% &,
2] -Root [8+24 11 +8n1% -1511% + 8111* &, 4] ) ) ) |
(-Root[8+24n1+8u1>-1511° + 811* &, 1] + Root [8+ 2411 +8
#1% - 1511° + 8 11 &, 2] ) )
/ (((-Root[8+24n1+8m12-1511° + 811* &, 1] + Root [8 + 24 11 + 81117 -
15113 + 811% &, 2]) (x - Root[8+24n1+8m12 -1511° + 811* &, 3])) /
((x-Root[8+24u1+8n1%-1511%+811* &, 2]) (-Root |8 +24 111 +8 11 -
15113 + 8111 &, 1] + Root [8 + 2411 + 8 11? - 15113 + 8111% &, 3] ) ) )
(Root [8 +24 11 + 811% - 151113 + 8111* &, 1] - Root [8 + 2411 + 812 - 1511 + 8 11* &, 4])
v (((x-Root[8+24n1+811>-15411° + 811" &, 1])
(Root [8 +24 111 + 8112 - 1511% + 8 11* &, 2] -
Root[8+24n1+8112-1511° + 811* &, 4])) /
((x-Root[8+24u1+8n1%-1511% + 811* &, 2]) (Root |8+ 2411 +811% -
15113 + 811% &, 1] - Root [8 + 24 111 + 8 #1% - 15111% + 8 111* &, 4] ) ) )
/ (((-Root[8+24n1+8112-1511° + 811* &, 1| + Root [8 + 24 11 + 81117 -
15113 + 811% &, 2]) (x-Root[8+24n1+8u12-1511° + 811* &, 4])) /
((x-Root[8+24u1+8n1%-1511% +811* &, 2]) (-Root |8 +24 11 +8nl1 -

1511% + 811% &, 1] + Root [8 + 24 11 + 81112 - 1511° + 8 1% &, 4}))))/

(\/8+24x+8x2—15x3+8x4 (-Root[8+24n1+8u1%-1511° + 811% &, 1] +

Root |8+ 2411 +8n11? - 1511% + 8 11* &, 2])
(Root [8 +24 111 + 8112 - 15111% + 8 111* &, 2] -

Root [8 + 24 11 + 8 #1? - 15 11° + 8 111* &, 4})) +

(121 522 EllipticF[ArcSin[./(((x - Root |8+ 2411 +811%-1511% + 811* &, 1])

(-Root[8+24n1+811%-1511° + 811* &, 2] +
Root[8+24n1+8m12-1511° + 811* &, 4])) /
((x-Root[8+24u1+8n1%-1511% +811* &, 2]) (-Root |8 +2411+8nl” -
1541% + 8111 &, 1] + Root [8 + 24111 + 8 11? - 15111% + 8111* &, 4] ) ) ) |,
((Root[8+24n1+8m112 - 1511 + 811* &, 2| - Root [8 + 24 11 + 81117 - 1511° + 8 1% &, 3] )
(Root [8 +24 111 + 8112 - 1511% + 8 111* &, 1] -
Root[8+24n1+8u1?-1511° + 811* &, 4])) /
((Root[8+24n1+811%-1511% + 811% &, 1| - Root |8+ 24 11 + 811% - 15 11° + 8 11* &,
3]) (Root[8+ 2451 +8u12- 15513+ 811* &, 2] -
Root[8+24 11 +8u1”-1511° + 811" &, 4])) |
(x - Root[8+2411+8112 - 1551° + 811% &, 2])°
 (((-Root[8+24n1+811>-1511° + 811* &, 1] + Root |8+ 24 11 + 8111% - 1511% + 8 11* &,
2]) (x-Root|8+24n1+8n11%-1511%+8n1* &, 3])) /
((x-Root[8+24u1+8n1%-1511% + 811* &, 2]) (-Root |8 +24 11 + 8112 -
1511% + 811 &, 1] + Root [8 + 2411 + 8 11% - 15113 + 8111* &, 3] ) ) )
(Root[8 + 2411 + 8112 - 15113 + 8#1* &, 1| - Root [8 + 24 11 + 8 7112 - 151713 + 8 1% &, 4] )
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\‘/(((—LRoot[8+24H1+8H12—15H13+8n1‘1&, 1] +LRoot[8+241:t1+81:t12—15H13+81:tlz"&,
2]) (x-Root[8+2411+8n1%-1511%+811* &, 4])) /
((x-Root[8+24 11 +8n1%-1511% +811* &, 2]) (-Root |8 +24 11 + 8112 -
1551% + 811% &, 1] + Root [8 + 2411 + 8 11? - 15113 + 8111% &, 4] ) ) )
 (((x-Root[8+24n1+811*-1511° +811* &, 1) (-Root [8+24 11+ 811 -
1511% + 811% &, 2] + Root [8 + 24111 + 8 11% - 15111% + 8 111* &, 4]) ) /
((x-Root[8+24n1+8n1%-1511% + 811* &, 2]) (-Root |8 +24 11 + 8112 -

1581° + 8111* &, 1] + Root [8 + 24 11 + 81512 - 1511% + 8 11 &, 4}))))/

(\/8+24x+8x2—15x3+8x4 (-Root[8+24n1+8u1>-15411° + 811* &, 1] +

Root |8+ 2411 +811? - 1511% + 8 1% &, 2])
(-Root[8+24n1+8u1%-1511° + 811* &, 2] +

Root [8 + 24 111 + 8 1% - 15 11° + 8 111* &, 4})) -

1

78560 ((x—Root[8+24ttl+81112—15ttl3+81114 & 1])

V8+24x+8x2-15x% +8x*
(x - Root |8+ 2411 + 811% - 15 11 + 8 111* &, 3] )
(x - Root[8+2411+811%-15411° + 811* &, 4] ) +
(x - Root[8+2471+8m12 - 15113 + 811% &, 2])°
 (((-Root[8+24n1+8m1%-1511° + 811* &, 1| + Root |8 + 24 11 + 8111% - 15 11> + 8 111* &,
2]) (x-Root[8+24n1+811%-1511%+811* &, 3])) /
((x-Root[8+24u1+8n1%-15u11%+811* &, 2]) (-Root |8 +24 11 +8 1l -
1511% + 811 &, 1] + Root [8 + 24 11 + 8 11% - 15113 + 8111% &, 3] ) ) )
V (((x-Root[8+2411+8112-1511° + 811* &, 1) (Root[8+ 2411 + 8112 -
1511% + 8141 &, 2| - Root [8+24 11 +811% - 1511 + 811* &, 4])) /
((x-Root[8+24n1+8n1%-1511%+811* &, 2|) (Root |8+ 2411 +811% -
15113 + 811% &, 1] - Root [8 + 24 111 + 8 #1? - 15111% + 8 111* &, 4] ) ) )
[ ((-Root[8+24n1+8m12-1511° + 8141* &, 1] + Root [8 + 24 11 + 81117 -
15113 + 8111% &, 2] ) (x-Root[8+24n1+8u1>-1511° + 811" &, 4])) /
((x-Root[8+2411+8n1%-1511% +811* &, 2]) (-Root |8 +24 111+ 8112 -
1511% + 811 &, 1] + Root [8 + 24 11 + 8 11? - 15113 + 8111% &, 4] ) ) )
(-Root [8+ 2411 +811% - 15117 + 8111% &, 1] + Root[8 + 2411 + 811? - 1511% + 8 11 &,
4]) ((EllipticE[ArcSin|./(((x-Root[8+24 11 +811%-1511%+811* &, 1])
(Root [8 +24 111 + 8112 - 1511% + 8 11* &, 2] -
Root |8 +24 11+ 8112 -1511% + 811* &, 4])) /
((x-Root[8+2411+8n1%-1511%+811* &, 2] ) (Root |8 +24 1l +811% -
1541% + 811* &, 1] - Root [8 + 2411 + 8 11? - 15113 + 8111* &, 4] ) ) ) |,
~(((Root[8+ 2411 +8112 - 1511% + 8111% &, 2| - Root [8 + 24 11 +
811* - 1511% + 8 11* &, 3| ) (Root[8+24 1l +811% - 15411° + 811" &,
1] -Root [8+2411+8n1%-1511% + 8111% &, 4])) /
((-Root |8+ 2411 +811%-1511% + 811* &, 1] + Root [8 + 24 111 +
8117 - 1511% + 811 &, 3|) (Root[8+ 2411 + 811% - 1511° + 8 1% &,
2] -Root [8+2411+8u1%-1511% + 8111* &, 4]) ) ) |
(-Root[8+ 2411 +811%-1511° + 811* &, 1| + Root |8 + 24 11 + 81117 -
1511% + 811 &, 3])) / (-Root [8 + 24 11 + 81412 - 15113 + 8 11% &, 1] +
Root [8 + 24111 + 8 112 - 15113 + 8 111% &, 2| ) + (EllipticF[ArcSin]|
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\/(L((x—Root[8+24111+8n12—151113;lsni4&, 1]) (Rbot[8+i4n1+8n12-
15411% + 8111 &, 2] - Root [8 + 24111 + 8 11% - 15111% + 8 111* &, 4]) ) /
((x-Root[8+24 11 +8n1%-1511% + 811* &, 2] ) (Root |8 +24 11 +811% -
1511% + 811 &, 1] - Root [8 + 2411 + 811? - 15113 + 8111* &, 4] ) ) ) |,
- (((Root[8+24n1 +811%-15411% + 8111* &, 2| - Root [8 + 24111 +
81117 - 1511% + 8 11* &, 3|) (Root[8+24 11 +811% - 1511° + 8 11* &,
1] -Root[8+24 11 +8n1% - 15113 + 8111% &, 4])) /
((-Root[8+24u1+8n1%-15411% + 811* &, 1] + Root [8 + 24111 +
81117 - 1511% + 8 11* &, 3| ) (Root[8+24 11 +811% - 1511° + 8 11* &,
2] -Root [8+24 11 +8n11% - 1511% + 8111* &, 4] ) ) ) |
(Root [8 + 2411 + 8112 - 151113 + 8111* &, 2] (-Root[8 +24 111 + 8112 -
15113 + 8141% &, 2] - Root [8 + 24 111 + 8 1% - 15111% + 8 111* &, 4]) -
Root |8+ 2411 +8 11> - 1511 + 811* &, 1| (Root [8 +24 111 + 8 112 -
1511% + 811% &, 2] - Root [8 + 2411 + 8 11? - 15113 + 8111* &, 4] ) ) ) /
((-Root |8+ 2411 +8u1%-15411% + 811 &, 1] + Root [8 + 24111 + 8 11? -
15113 + 8111% &, 2] ) (-Root[8+24 11 +8u1? - 1511° + 811t &,
2| +Root [8+24 11 +8n1% - 15113 + 8111% &, 4] ) ) -
(E1lipticPi[ (-Root[8+ 2411+ 8112 - 1511° + 8 141* &, 1] + Root [8 + 24 11 +
8111 - 1511% + 811 &, 4] ) / (-Root [8 + 24 111 + 8 11% - 15113 + 8 111 &,
2| +Root [8+24 11 +811% - 15113 + 8111% &, 4] ), ArcSin|
V (((x-Root[8+2411+811%-15411% + 811* &, 1|) (Root |8+ 2411 +811% -
1541% + 811 &, 2] - Root [8 + 2411 + 8 11% - 15111% + 81il* &, 4]) ) /
((x-Root[8+2411+8n1%-1511% + 811* &, 2] ) (Root |8 +24 11 +811% -
15411% + 811 &, 1] - Root [8 + 2411 + 8 11? - 15113 + 8111* &, 4] ) ) ) |,
- (((Root[8+24n1+811%-15411% + 811* &, 2| - Root [8 + 2411 +
8111 - 1511% + 8 11* &, 3| ) (Root[8+24 11 +811% - 1511° + 8 11* &,
1] -Root [8+24 11 +8n1% - 15113 + 8111% &, 4])) /
((-Root[8+ 2411 +8n1%-1511% + 811* &, 1] + Root [8 + 24111 +
811 - 1511° + 8 11* &, 3|) (Root[8+24 1l +811% - 15411° + 811" &,
2] -Root [8+2411+811% - 1511% + 8111* &, 4] ) ) ) |
(-Root[8+24n1+8112-1511° + 81#1* &, 1| - Root [8 + 24 11 + 8 111% -
15113 + 8 111* &, 2| - Root[8 + 2411 + 811> - 15113 + 8 11* &, 3] -
Root[8+24 11 +8u1>-1511° + 811% &, 4])) / (-Root [8 + 24 11 +

811% - 1511% + 8 11* &, 2] + Root [8 + 24 11 + 8 11? - 15113 + 8 111* &, 4])))]

Problem 645: Result more than twice size of optimal antiderivative.
1

J dx
(8+24x+8x*-15x>+8x*)%?

Optimal (type 4, 577 leaves, 12 steps):
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(124415 _ 6308 (3 N ‘Xi)z) X2

97344+/8 +24x + 8 x2 - 15 x3 + 8 x4

(64489—1399 (3+ ‘Xi)z) X2

+

624 (517—38 (3+5)2+ (3+5)4) V8+24x+8x2-15%3 1+ 8 x4
X X

(18932921731-1086525994 (3+ 3)2) (3+ 4—) x2

X

78056941248 /8 1 24 x + 8x2 - 15%x3 + 8 x*

(11921698-359497 (3+ 3)2) (3+ 3) X2

+

3.4
X

483912 (5177 38 (3 N 1—‘)2 N

4
)\/8+24X+8x2—15x3+8x4

543262997 (517-38 (3+ 4—)2+ (3+ 4—)4) (3+ 4—) X2

X X X

2
39028470624 (\/517 . (3+ 4—) ) V8+24x+8x2-15x3+8x%

X

2 4
517 -38 (3+%)"+ (3+2
42 4 +3Xx
543262997(\/57+(3+,) ( X) ( 2") szllipticE[zArcTan[%M],
x (V517 + (3+2)7] X
517 +19+/517
+—} /(75490272 5173/4\/8+24x+8x2—15x3+8x4 +
1034

42
4346103976 - 175318963 /517 ) [\/ 517 + [3 + *]
X

4 +3X

}) 517+19x/517] /

x? EllipticF |2 ArcTan|
5171/4 x 1034

(1207844352 5173/4\/8+24x+8x2—15x3+8x4

Result (type 4, 6084 leaves):

72888 + 89033 x - 94314 x? + 39280 x3

+

\/8+24x+8x2—15x3+8x4

241956 (8 +24x +8x2-15x> + 8 x*)?
(65072399400 + 77 274145879 x - 83050578 336 x* + 34768831808 x>) /

+

(3902847@624 (8+24x+8x2—15 x3 +8x4))

1

78056 941 248
ArcSin[./(((x-Root[8+2411+811%-1511>+811% &, 1]) (Root |8 + 2411 + 8112 -

(130 383119280 (x - Root[8 + 2411 + 8112 - 1511% + 8711% &, 2] )? (~EllipticF|
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 1sm1’.8nits, 2}_Root[8+24n1+8n12-iéﬁl%ém“&,4]))/
((x-Root[8+24n1+8n1%-1511%+811* &, 2|) (Root |8+ 2411 +811% -
15113 + 8111% &, 1] - Root [8 + 24111 + 8 11? - 15111% + 8111* &, 4] ) ) ) |,
- (((Root[8+ 2451 +8m12-1511° + 81#1* &, 2| - Root [8 + 24 11 + 8111 -
15411% + 811% &, 3]) (Root [8+24 11 +811% - 15113+ 811% &, 1] -
Root[8+24n1+8u1?-1511° + 811* &, 4])) / ((-Root [8 + 24111 +
81117 - 1511% + 811 &, 1| + Root [8 + 24 111 + 8 1% - 15113 + 8 11* &, 3])
(Root [8 + 24111 + 8 11% - 15 11% + 8111* &, 2| - Root [8 + 24 11 + 8 1112 -
1541 + 811 &, 4] ) ) ) | Root [8 + 2411 + 8 11? - 1511% + 8 11* &, 2] +
EllipticPi| (-Root |8+ 2411 +811% - 1511° + 841 &, 1| + Root [8 + 24 11 +
81117 -1511% + 811% &, 4] ) / (-Root [8 + 24 11 + 8 11? - 15113 + 8 111* &,
2| +Root [8+24 11 +8n1% - 15113 + 811% &, 4] ),
ArcSin|[+/(((x-Root |8 +2411+811%-1511%+811* &, 1]) (Root |8 +24 11 +
811% - 15113 + 811* &, 2] - Root [8 + 24111 + 8112 - 1511% + 8 11* &, 4]) ) /
((x-Root[8+24u1+8u1%-1511%+811% &, 2]) (Root |8+ 241l +8ul”-
1541% + 811 &, 1] - Root [8 + 2411 + 8 11? - 1511% + 8111* &, 4] ) ) ) |,
~ (((Root [8+24 11 +811% - 1511% + 8 11* &, 2| ~ Root [8 + 2411 + 8 11? -
15113 + 811% &, 3]) (Root |8 +24 11 +811% - 1511% + 811% &,
1] -Root [8+24 11 +811% - 1511% + 8111* &, 4])) /
((-Root[8+24 11 +811%-1511% + 811* &, 1] + Root [8 + 24 11 + 8 11? -
15113 + 811% &, 3]) (Root |8 +24 11 +811% - 1511% + 8 11% &,
2] -Root [8+2411+8u1%-1511% + 811" &, 4]) ) ) |
(-Root[8+24n1+811>-1511° + 811* &, 1| + Root [8+ 2411 +8
#1% - 1511° + 8 11* &, 2] ) )
/ (((-Root[8+24u1+8u1>-1511° + 811* &, 1] + Root |8+ 24 1l + 8111* -
15113 + 8111% &, 2] ) (x-Root[8+24n1+8u1>-1511° +811* &, 3])) /
((x-Root[8+24 11 +8n1%-1511% + 811* &, 2]) (-Root |8 +24 11 + 8112 -
1551% + 811% &, 1] + Root [8 + 2411 + 8 11? - 15113 + 8111% &, 3] ) ) )
(Root [8 + 24111 + 811% - 15111% + 8111* &, 1] - Root [8 + 2411 + 8 w1 - 1511° + 8 11* &, 4])
v (((x-Root[8+24n1+811%-1511° + 811* &, 1])
(Root [8 +24 111 + 8112 - 1511% + 811* &, 2] -
Root [8 +24 11 +811% - 1511° + 811* &, 4])) /
((x-Root[8+24u1+8n1%-1511% +811* &, 2]) (Root |8+ 2411 +811% -
15113 + 811% &, 1] - Root [8 + 24 111 + 8 #1? - 15111% + 8 111* &, 4] ) ) )
/([ ((-Root[8+24n1+8m12-1511° + 811* &, 1] + Root [8 + 24 11 + 8111% -
15113 + 8111% &, 2]) (x-Root[8+2411+8u1>-15411° + 811" &, 4])) /
((x-Root[8+24 11 +8n1%-1511% + 811* &, 2]) (-Root |8 +24 111 + 8112 -

1511 + 8111% &, 1| + Root [8 + 24 11 + 8112 - 1511% + 8 11 &, 4}))))/

(\/8+24x+8x2—15x3+8x4 (-Root[8+24n1+8u12-1511° + 811% &, 1] +

Root |8+ 2411 +811? - 1511% + 8 1% &, 2])
(Root [8 + 2411 + 8112 - 1511% + 8 111* &, 2] -

Root[8 + 2411 +811? - 1511 + 811 &, 4})) +

(1@3 049936174 E1lipticF [ArcSin[./(((x - Root |8 +24 11 +811% - 1511% + 8 11% &, 1] )
(-Root[8+24 11 +8112-15113 + 811% &, 2] +
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‘ Root [8 +24 11 +811% -1511° + 811* &, 4])) /
((x-Root[8+24n1+8n1%-1511% +811* &, 2]) (-Root |8 +24 111+ 811 -
15411% + 8 11* &, 1] + Root [8 + 2411 + 8 11? - 15113 + 8111* &, 4] ) ) ) |,
((Root[8+24n1+8m12 - 1511 + 811% &, 2| - Root [8 + 24 11 + 81117 - 1511° + 8 1% &, 3]
(Root [8 + 2411 + 811% - 1511% + 811 &, 1] -
Root[8+24n1+8u1%-1511° + 811* &, 4])) /
((Root[8+24n1+811%-1511% + 811% &, 1| - Root [8 + 24 11 + 811% - 15 11° + 8 11* &,
3]) (Root[8+24nul+811%-154u1%+ 811 &, 2| -
Root[8+24 11 +8u1? -1511° + 811* &, 4]) ) |
(x ~Root[8+2471 + 8112 - 1551° + 8114 &, 2])°

 (((-Root[8+24n1+8112-1511° + 811* &, 1| + Root |8 + 24 11 + 8 111% - 15 11> + 8 11* &,
2]) (x-Root[8+24n1+811%-1511% +811* &, 3])) /
((x-Root[8+24u1+8n1%-1511%+811* &, 2]) (-Root |8 +24 11 +8u1” -

1541% + 8111 &, 1] + Root [8 + 24111 + 8 11% - 15113 + 8111% &, 3] ) ) )
(Root [8 +24 11 + 811% - 151113 + 8111* &, 1| - Root [8 + 2411 + 8 w12 - 1511° + 8 11* &, 4])

([ ((-Root[8+24n1+8m12-1511° + 811* &, 1] + Root [8 + 24 11 + 8111% - 15 11> + 8 11* &,
2]) (x-Root[8+2411+8u1%-1511%+811* &, 4])) /
((x-Root[8+24 11 +8n1%-1511% + 811* &, 2]) (-Root |8 +24 111 + 8112 -
1511% + 811% &, 1] + Root [8 + 24 11 + 8 11? - 15113 + 8111% &, 4] ) ) )
V (((x-Root[8+24n1+811*-15411° +811* &, 1) (-Root [8+24 11 +8 1l -

1511% + 8111% &, 2] + Root [8 + 24111 + 8 11% - 15111% + 8 111* &, 4]) ) /
((x-Root[8+24n1+8n1%-1511% + 811* &, 2]) (-Root |8 +24 11 + 8112 -

1581 + 8111* &, 1] + Root [8 + 24 11 + 8 512 - 1511% + 8 11 &, 4}))))/

(\/8+24x+8x2—15x3+8x4 (-Root[8+24n1+811>-1511° + 811* &, 1] +

Root |8+ 2411 +811? - 1511% + 8 n1* &, 2])
(-Root[8+24n1+8u1?-1511° + 811" &, 2] +

Root[8 +24 11 + 8112 - 1511 + 811 &, 4})) -

1
69537663616

V8+24x+8x2-15x + 8 x4
((x-Root[8+24m1+ 8112 - 1511 + 851" &, 1]

(x - Root[8+ 2411+ 8112 - 1511° + 8 11* &, 3])
(x - Root[8+24nu1+811%-15411° + 811* &, 4] ) +
(x - Root[8+2451+8112 - 15113 + 811% &, 2])°
V (((-Root[8+2411+811%-1511° + 811* &, 1| + Root |8 + 24 11 + 8111% - 15 11% + 8 11* &,
2]) (x-Root[8+2411+811%-1511%+811* &, 3])) /
((x-Root[8+2411+8u12-1511% + 811* &, 2]) (-Root[8+24 11 +8n1% -
1541% + 8111* &, 1] + Root [8 + 24111 + 8 11% - 15113 + 8 111% &, 3] ) ) )
V (((x-Root[8+2411+8112-1511° + 811* &, 1) (Root[8+ 2411 +811% -
15113 + 8111% &, 2] - Root [8 + 2411 + 8112 - 1511% + 811* &, 4])) /
((x-Root[8+24u1+8n1%-1511%+ 811 &, 2]) (Root |8+ 2411 +811” -
15113 + 8 11* &, 1] - Root [8 + 24 111 + 8 11? - 15111% + 8 111* &, 4] ) ) )
/([ ((-Root[8+24n1+8m12-1511° + 811* &, 1] + Root [8 + 24 11 + 81117 -
15113 + 8111% &, 2]) (x - Root[8+2411 +811% - 15113+ 8111* &, 4])) /
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((x—Root[8+241:t1+81112‘—’1‘5ttl3+81L:r,14&, 2]) (—Root[8+24111+81112—wl
15411% + 8111* &, 1] + Root [8 + 24111 + 8 1% - 15113 + 8111% &, 4] ) ) )
(-Root[8+24n1+8112-1511° + 811* &, 1| + Root [8 + 24 11 + 8111% - 15 11% + 8 11* &,
4]) ((EllipticE[ArcSin[./(((x-Root[8+24 11 +8u1? -1511% + 811* &, 1])
(Root [8 + 24111 + 8112 - 15111% + 8 111* &, 2] -
Root |8 +24 11+ 81?2 -1511% + 811* &, 4])) /
((x-Root[8+2411+8n1%-1511% + 811* &, 2]) (Root |8+ 24 11 +811% -
1511% + 811* &, 1] - Root [8 + 2411 + 8 11? - 1511% + 8111* &, 4] ) ) ) |,
~ (((Root[8+24 11 +811%-15411% + 811 &, 2| - Root [8 + 24 111 +
8117 -1511% + 8 11* &, 3|) (Root |8+ 2411 +811% - 1511° + 8 11* &,
1] -Root[8+24 11 +8n1% - 15113 + 8111% &, 4])) /
((-Root[8+24 11 +811%-1541% + 811* &, 1| + Root [8 + 2411 +
8111 - 1511% + 8 11* &, 3|) (Root |8+ 2411 +811% - 1511° + 8 11* &,
2] -Root [8+24 11 +8n1% - 15113 + 8111* &, 4] ) ) ) |
(-Root[8+24n1+8u1>-1511° + 811* &, 1] + Root |8 + 24 11 + 8 111% -
15113+ 811% &, 3])) / (-Root [8+24 11+ 811? - 1511% + 811* &, 1] +
Root[8+ 2411 +8n11? - 1511° + 811% &, 2| ) + (EllipticF|[ArcSin|
 (((x-Root[8+2411+811%-1511% + 811* &, 1|) (Root |8+ 2411 +811% -
1541% + 811 &, 2] - Root [8 + 2411 + 8 11% - 15111% + 8 111* &, 4]) ) /
((x-Root[8+2411+8n1%-1511% + 8111* &, 2] ) (Root |8 +24 11 +811% -
1511% + 811 &, 1] - Root [8 + 2411 + 811? - 15113 + 8111* &, 4] ) ) ) |,
- (((Root[8+ 241 +811%-15411% + 811 &, 2| - Root [8 + 24111 +
81117 - 1511% + 8 11* &, 3| ) (Root |8+ 2411 +811% - 1511° + 8 11* &,
1] -Root [8+24 11 +8n1% - 15113 + 8111% &, 4])) /
((-Root[8+24u1+8u1%-1511%+ 811* &, 1] + Root [8 + 24111 +
8111 - 1511% + 8 11* &, 3| ) (Root[8+24 11 +811% - 1511° + 8 11* &,
2] -Root [8+24 11 +811% - 1511% + 8111* &, 4] ) ) ) |
(Root [8 + 2411 + 8#1% - 151113 + 8111* &, 2| (-Root |8 +24 11 + 8112 -
15113 + 811% &, 2] - Root [8 + 24111 + 8 11? - 15111% + 8 111* &, 4] ) -
Root[8 + 2411 +8 11> - 1511 + 811* &, 1| (Root [8 +24 111 + 8 112 -
1551% + 81% &, 2| - Root [8 + 2411 + 8 11? - 15113 + 8111* &, 4] ) ) ) /
((-Root[8+24n1+8u1%-15u1%+ 811* &, 1] + Root [8 + 2411 + 8 11? -
15113 + 8111% &, 2] ) (-Root[8+24 11 +8u1? -1511° + 811t &,
2| +Root [8+24 11 +8n1% - 15113 + 8111* &, 4] ) ) -
(E1lipticPi[ (-Root[8+ 2411+ 8112 - 1511° + 8 1#1* &, 1] + Root [8 + 24 11 +
811> - 1511% + 811 &, 4] ) / (-Root [8 + 24 111 + 8 11% - 15113 + 8 111* &,
2| +Root [8+24 11 +8n1% - 15113 + 8111% &, 4] ), ArcSin|
 (((x-Root[8+24n1+811%-1511% + 811* &, 1|) (Root |8+ 2411 +811% -
15411% + 811 &, 2] - Root [8 + 2411 + 8 11% - 1511% + 81l* &, 4]) ) /
((x-Root[8+2411+8n1%-1511%+ 811* &, 2] ) (Root |8 +24 11 +811” -
1511% + 811 &, 1] - Root [8 + 2411 + 8 11? - 15113 + 8111* &, 4] ) ) ) |,
- (((Root[8+ 241 + 81117 - 1511° + 8 #1* &, 2| - Root [8 + 24 11 +
811 - 1511% + 8 141* &, 3|) (Root[8+24 11 +811% - 15411° + 8 11* &,
1] -Root [8+24 11 +8n1% - 15113 + 8111% &, 4])) /
((-Root[8+24 11 +811%-1511% + 811* &, 1] + Root [8 + 24111 +
811 - 1511% + 811 &, 3|) (Root[8+ 241l +811%-15411° + 811" &,
2| ~Root|[8+2411+811%-1511%+ 811 &, 4]))) |
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(-Root[8+2‘4n1+8ﬁ12-15n13+8n14 &, 1] -Root[8+2lﬁi;8n12-
15113 + 8 111* &, 2| - Root[8 +24 11 + 8112 - 15113 + 8 11* &, 3] -
Root |8 +24 11 +811% - 1511% + 811* &, 4])) / (-Root [8 + 24 11 +

8112 -1511% + 8 1#1% &, 2| + Root [8 + 24 11 + 81112 - 1511 + 8 11* &, 4])))]

Problem 646: Result more than twice size of optimal antiderivative.

1
J dx
V9-6x-44x2+15x3 +3 x4

Optimal (type 4, 130leaves, 4 steps):

613 - 182 (17§)2+(71+§ ¢

] : Ve
(V3 + o) S
XZ

X2

6 - X 613 + 91613

EllipticF [2 ArcTan [ B
61314 x 1226

]/[12 6131419 - 6x-44x2 +15% + 34

Result (type 4, 826 leaves):
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- | |2 EllipticF|

ArcSin|[./(((x-Root[9-6w1-4411%+1511° +311% &, 1|) (Root[9- 611 -44 112 +1511° +
311% &, 2] -Root[9-611-4411%+1511° +311* &, 4])) /
((x-Root[9-611-4411%+1511% +311% &, 2]) (Root[9- 611 - 44117 +
15113 + 311% &, 1] - Root [9- 611 -4411% + 1511% + 311* &, 4]) ) ) |,
((Root[9-611-4411%+1511° +311% &, 2| - Root [9- 611 -44111% + 1511% + 311* &, 3])
(Root[9-6n1-4411% +1511% + 311* &, 1] -
Root[9-6nl-44u1”+1501° + 311" &, 4])) /
((Root[9-611-4411%+1511%+311% &, 1] - Root[9- 611 -4411%+1511° + 311 &, 3])
(Root[9-6n1-4411% +1511% + 311* &, 2] -
Root[9-611-4411% +1511° +311% &, 4])) |

\/x Root [9 - 6111 - 44 112 + 15 113 + 3 11* &, 1|

X - Root [9 - 6111 - 44 1112 + 15 113 + 3 111* &, 2|

(x -Root[9- 61 -44112 + 1551% + 3114 &, 2])°

X - Root [9 - 611 - 44 112 + 15113 + 311* &, 3|

\/x Root [9 - 6111 - 44 112 + 15 113 + 3114 &, 2|
\/x Root[9 - 611 - 44112 + 1511° + 3114 &, 4] /

X - Root [9 - 611 - 441312 + 15 113 + 3114 &, 2|

(v ((9-6x-44x>+15x>+3x*) (Root[9-611-4411+1501% +311% &, 1] -
Root[9 - 611 - 4411+ 1511% + 311* &, 3])

(Root[9- 611 -4411%+1511% + 3111* &, 2] ~Root [9- 611 - 4411 +1511% + 311" &, 4])))

Problem 647: Result more than twice size of optimal antiderivative.

1
J dx
(9—6x—44x2+15x3+3x4)3/2

Optimal (type 4, 444 leaves, 10 steps):
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X

(176 -23 [1- 3)2) x2 ) (45401 - 3722 (1- 3)2) (1-8)x

+

517599 -6x-44x2+15x3+3 x4 31728267 V9-6x-44x2+15%x3 + 3 x4

3722 (613 -182 (1- 3)2+ -1+ é)“) (1-¢) %

X X

31728267 ( 613 + 167”—2) VO -6x-44x2+15x3 13 x4

62 6\4
613—182(1—*) +(71+7) 6 x)2
3722 X . : (\/613 + 5 x? EllipticE
(WJr i—)—Gj 2) X
X
6 - X 613 +91+/613
2 ArcTan | ], : ] /(51759 6133/4\/9—6X—44X2+15X3+3x4
61314 x 1226

613 - 182 (179)2+ (71+§
X

4
x) (\/ﬁ+(6x)2

x2

7444 - 145 /613 )

x? EllipticF |

( 613 +1—>—5*X2)2
XZ

6 - X 613 + 91613

61314 x 1226

2 ArcTan| ] /(207036 613%4/9 -6 x - 44x% + 15%° + 3 x*

Result (type 4, 5428 leaves):
2 (—106 926 - 592639 X + 232005 x2 + 44664 x3)

+

10576089V9 - 6x - 44 x2 + 15%x3 + 3 x4

———— | |148880 (x - Root [9 - 6111 - 44112 + 1511% + 3114 &, 2])?
3525363

(-EllipticF[ArcSin[+/(((x-Root[9- 61 -4411%+15151% + 311% &, 1])
(Root[9- 611 -4411%+1511% + 311* &, 2] - Root[9- 611 - 4411+ 1511° +
311* &, 4])) / ((x-Root[9- 611 -4411%+1511% + 311% &, 2]
(Root [9- 611 -4411% +1511% + 3111* &, 1| - Root [9 - 611 - 44 112 + 15 11° +
311% &, 4]))) ], - (((Root[9- 611 -4411% + 15411° + 311% &, 2] -
Root[9 -6l -4411%+1511% +311% &, 3]) (Root[9- 611 -4411° +
1511% + 311 &, 1] —Root [9- 611 - 44 11% + 15111% + 3111* &, 4]) ) /
((-Root[9- 611 -4411%+1551% + 311% &, 1] + Root [9 - 611 - 44112 +
1541% + 311* &, 3]) (Root[9- 611 -4411%+15411° + 311* &,
2| -Root [9-611-4411%+1511%+311% &, 4])) )]
Root [9- 651 - 44112 + 1511% + 311% &, 2| + E1lipticPi]|
(-Root [9- 611 -4411%+ 1511 +311% &, 1] + Root[9 - 611 - 44112 + 15113 + 311 &,
4]) / (-Root[9-611-4411%+1511° + 311* &, 2] +
Root [9- 611 -4411% +1511% + 311* &, 4]),
ArcSin|[+/(((x-Root[9-61-4411? +1511% +311% &, 1]) (Root[9 - 611 - 44112 +
1511% + 311% &, 2| - Root [9 - 611 - 4411% + 1511% + 311% &, 4])) /
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((x-Root[g-6u1-44n12J+15n13L+3n14 &, 2]) (Root[9-6n1_44n15'+/
1541% + 311 &, 1] -Root [9- 611 - 44 11% + 1511% + 3111% &, 4] ) ) ) |,
~ (((Root[9- 611 -4411% + 1511% + 311* &, 2] - Root [9 - 6111 - 44 112 +
15113 + 311% &, 3]) (Root[9- 611 -4411% + 1511% + 311% &,
1] -Root[9-6n1-4411%+1511% + 311* &, 4])) /
((-Root[9-611-4411%+1511% + 311 &, 1] + Root [9 - 611 - 44 112 +
15113 + 311% &, 3]) (Root[9- 611 -4411% + 1511% + 311% &,
2] -Root[9-6n1-44u1%+1511%+ 311" &, 4]))) ]
(-Root[9-611-4411%+1511° + 311* &, 1] +Root [9- 6111 - 441117 + 15 11° + 311* &,

2] \/xRoot[96ttl44H12+15H13+3H14&, 3]

X - Root [9 - 61 - 44 112 + 15 113 + 311* &, 2|

X - Root [9 - 611 - 441312 + 15113 + 3114 &, 4]
X - Root [9 - 611 - 441312 + 15 113 + 3114 &, 2|

(Root[9-6n1-4411% +1511% +311* &, 1] -
Root[9 - 611 - 44112 + 1511% + 3114 &, 4])
V (((x-Root[9-611-4411%+1511° +311* &, 1]) (Root[9- 611 -4411% +
15113 + 3191% &, 2] - Root [9- 611 -4411% + 1511% + 311* &, 4])) /
((x-Root[9-611-4411%+1511% +311* &, 2]) (Root[9- 611 - 44117 +

15113 + 311% &, 1] - Root [9 - 611 - 44 11? + 151113 + 3111* &, 4] ) ) ) /

(\/9—6x—44x2+15x3+3x4 (Root[9-6n1-44n1%+1501% +311% &, 2] -

Root[9 - 611 - 44112+ 1511% + 311* &, 4])
 ((-Root[9-611-4411%+1511° + 311% &, 1] +Root [9 - 611 - 4411 + 15 11° + 3111* &,

3]) (-Root[9-6n1-4411%+1511%+311* &, 1] +

Root[9 - 611 - 44112 + 15113 + 311* &, 4]))) -

54294 E1lipticF [ArcSin[+/(((x - Root[9 - 611 -4411% + 15513 + 311% &, 1])

(-Root[9-6n1-44112 +1511° + 311* &, 2] +
Root[9-6u1-44u1%+1511° +311* &, 4])) /
((x-Root[9-611-4411%+1511% +311* &, 2]) (-Root[9-6n1-44112 +
1551% + 311% &, 1] +Root [9 - 611 - 44 11? + 15113 + 3111* &, 4] ) ) ) |,
((Root[9-641-4411%+1511° +311* &, 2| ~Root [9- 611 - 4411% + 1511° + 311* &, 3])
(Root [9- 611 -4411% +1511% +311* &, 1] -
Root[9- 611 -4411? +1511% +311% &, 4])) /
((Root[9-6n1-441u1?+1511%+311% &, 1] - Root [9- 641 -4411%+1511° + 311" &,
3]) (Root[9-611-4411%+1501% + 311% &, 2] -
Root[9-611-4411%+1511° +311% &, 4])) |
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X - Root [9 - 611 - 44112 + 15113 + 311* &, 1|
X - Root [9 - 611 - 44 112 + 15 113 + 3 11* &, 2|

(x~Root[9- 65144112+ 15113 + 3114 &, 2])°

X - Root [9 - 651 - 44 112 + 15 113 + 311* &, 2|

X - Root[9 - 651 - 44112 + 15 113 + 3114 &, 4]

Jx Root [9 - 6 1 - 44 112 + 15 113 + 3 11* &, 3|

X - Root[9 - 611 - 44112 + 15 113 + 3114 &, 2|

(Root[9-6n1-4411% +1511% + 311* &, 1] -

Root[9 - 611 -44 112+ 1511% + 311* &, 4]) /

(\/9—6x—44x2+15x3+3x4 (-Root[9-6u1-44u1%+1501% +311% &, 1] +

Root[9- 611 -44 112+ 1511% + 311* &, 4])
+/((-Root[9-6n1-441u17+1511% +311% &, 1] +Root [9- 611 -4411%+1511° + 311* &,
3]) (-Root[9-6n1-4411%+1511%+311% &, 2] +

Root[9 - 611 - 44112 + 15113 + 311* &, 4]))) +

1

29776 | (x - Root [9 - 611 - 4411 + 1511% + 311* &, 1])

V9-6x-44x2+15x%3 + 3%

(x - Root[9-611-44n1%+1511% + 3111* &, 3])
(x -Root[9-611-4411%+15411° +311* &, 4]) +
(x -Root[9- 6144112 + 15113 + 3114 &, 2])°
(-Root[9-611-4411%+1511% +311% &, 1] +
Root[9 - 611 - 44112 + 1511% + 311* &, 2])

\/X—Root[9—6nl—44n12+151113+3H14 &, 3|

X - Root [9 - 651 - 44 1312 + 15 113 + 3114 &, 2|

X - Root [9 - 611 - 44 112 + 15113 + 311* &, 4|
X - Root [9 - 611 - 44 112 + 15 113 + 3 11* &, 2|

V (((x-Root[9-611-4411%+15411% +311* &, 1]) (Root[9- 611 - 4411% +
15113 + 3191% &, 2] - Root [9- 611 - 44 11% + 1511% + 311* &, 4])) /
((x-Root[9-611-4411%+1511% +311* &, 2|) (Root[9- 611 -4411% +
151513 + 311% &, 1] - Root [9 - 611 - 4411 + 151113 + 3111* &, 4] ) ) )
/ ((-Root[9-6n1-44117+1511% +311% &, 1] + Root[9- 611 -4411% +
15113 + 311% &, 4] ) / (-Root [9 - 6 111 - 44 112 + 151113 + 3 111* &,
1] +Root[9- 611 -4411% + 15113 + 3131% &, 3]))
((EllipticE[Arcsin[+/(((x-Root[9- 611 -4411%+1541% +311% &, 1])
(Root [9- 611 -4411% +1511% + 311* &, 2] - Root[9 -6 11 - 44112 +
15113 +3m1% &, 4])) / ((x-Root[9- 611 - 44112 + 15113 + 3114 &,
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2]) (Root[9—6n1—;1l4/1112‘+\15 #1% 13714 g, 1] - Root |
9-6n1-44n12+1511%+311* &, 4]))) ], - (((Root[9- 611 -4411%+
15113 + 311% &, 2] - Root [9 - 6 11 - 44 112 + 15 111% + 3 111* &, 3])
(Root[9 - 611 -44112 + 15113 + 311* &, 1] - Root[9 - 611 - 44 112 + 15
#1%+311% &, 4])) / ((-Root [9- 611 -4411%+1511° + 311* &, 1] +
Root[9- 611 -4411% +1511° + 311% &, 3]) (Root[9- 611 -44 112+
15113 + 311% &, 2] -Root [9 - 611 - 44 11% + 151113 + 3111* &, 4] ) ) ) |
(-Root[9-611-4411%+1511° + 311* &, 1] + Root [9 - 6111 - 44 1117 +
15113 +311% &, 3])) / (-Root [9- 611 -4411? + 1511% + 311% &, 1] +
Root[9- 611 -44 112 +1511° + 311% &, 2| ) + (EllipticF|[ArcSin|
V(((x-Root[9-611-4411%+1511% +311* &, 1]) (Root[9- 611 -4411% +
1541% + 311% &, 2] -Root [9- 611 - 44 11% + 15111% + 311* &, 4])) /
((x-Root[9-61-44n1%+1511%+311* &, 2]) (Root[9- 611 -4411% +
1551% + 311 &, 1] -Root [9- 611 - 44 11? + 15113 + 3111% &, 4] ) ) ) |,
-~ (((Root[9-611-4411%+15411% + 311 &, 2| - Root [9 - 611 - 44 11 +
15113 + 311% &, 3]) (Root[9- 611 -4411%+1511% + 311% &,
1] -Root[9-6n1-44n1%+ 15113+ 3111% &, 4])) /
((-Root[9-611-4411% +1551% + 311 &, 1] + Root [9 - 611 -
44117 +1511% + 311* &, 3]) (Root[9- 611 -4411% + 1511% + 311* &,
2] -Root[9-6n1-4411% +1511% + 3111* &, 4]) ) ) |
(Root [9 - 611 -4411% + 15113 + 3111* &, 2] (-Root[9 - 611 -44112 +
15113 + 311% &, 2] - Root [9 - 611 - 44 11% + 15111% + 311* &, 4]) -
Root[9 - 611 -4411%+ 1511 + 311* &, 1| (Root [9- 611 - 44112 +
1511% + 311% &, 2] -Root [9- 611 - 44 11% + 15113 + 3111* &, 4] ) ) ) /
((-Root[9-611-4411%+1511% + 311 &, 1] + Root [9 - 611 - 44 11° +
15113 + 311% &, 2]) (-Root[9-6n1-4411%+1511° + 311* &,
2| +Root [9- 611 -4411%+1511% + 3111% &, 4] ) ) -
(E1lipticPi| (-Root[9-6u1-44 =12 +1511° + 311% &, 1] + Root [9 - 611 -
44117 +1511% + 311* &, 4]) / (-Root[9 - 611 - 4411% + 1511° + 311 &,
2| +Root [9- 611 -4411%+ 15113 + 3191% &, 4] ), ArcSin|
V (((x-Root[9-611-4411%+1511% +311* &, 1|) (Root[9- 611 - 44117 +
1511% + 311 &, 2] -Root [9- 611 - 44 11% + 1511% + 311t &, 4])) /
((x-Root[9-6m1-44n1%+1511%+311% &, 2]) (Root[9- 611 -4411% +
1551% + 311 &, 1] - Root [9- 611 - 44 11% + 15113 + 3111* &, 4] ) ) ) |,
- (((Root[9- 611 -4411% + 1511° + 311* &, 2| - Root [9 - 6111 - 44 112 +
15113 + 311% &, 3]) (Root[9- 611 -4411%+1511% + 311% &,
1] -Root[9-6n1-4411%+1511% +3111% &, 4])) /
((-Root[9-611-44112+1581% +311% &, 1] + Root[9 - 6111 -
44111% + 1511% + 311 &, 3]) (Root[9 -6 11 -4411% + 1511% + 311* &,
2] -Root[9-6n1-4411%+1511% + 311* &, 4]) ) ) |
(-Root[9-611-4411%+1511° + 311* &, 1| - Root [9 - 6111 - 441117 +
15113 + 311% &, 2] - Root [9 - 611 - 44112 + 1511% + 311* &, 3] -
Root[9-641-4411%+1511° +311* &, 4])) / (-Root [9 - 6111 - 44 1117 +

|

15451% + 311% &, 2] + Root [9 - 6111 - 44 11% + 15113 + 3111% &, 4] ) )
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Problem 660: Unable to integrate problem.

Jx [16) o

Optimal (type 3, 45leaves, 9steps):

ArcTan[x] /x® ArcTan[x] ArcTanh[x] +x® ArcTanh[x]
+ + -

2 2 x3 2 2x3

Result (type 8, 26 leaves):

x - V/x8
Jx(l—x“) o

Problem 661: Unable to integrate problem.
1A
. x dx
J\ 1-x4
Optimal (type 3, 45leaves, 9steps):
ArcTan[x] /x® ArcTan[x] ArcTanh[x] \/XTAr‘cTanh[x]

2 2x3 2 2x3

Result (type 8, 26 leaves):
N
*— dx
J 1-x4

Problem 662: Unable to integrate problem.

dx

Jx AV
X - x>
Optimal (type 3, 45leaves, 10 steps):

ArcTan[x] /x® ArcTan[x] ArcTanh[x] +x® ArcTanh[x]
+ + -

2 2 x3 2 2x3

Result (type 8, 23 leaves):
Jx -/x8

X - x>

dx
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Problem 663: Unable to integrate problem.

J X dx
X+ x8

Optimal (type 3, 45leaves, 11 steps):
ArcTan[x] +/x® ArcTan[x] ArcTanh[x] +/x% ArcTanh[x]
+ + -
2 2x3 2 2 x3

Result (type 8, 15leaves):

X
J dx
X+ x8

Problem 664: Unable to integrate problem.
J\ﬁ -3
—— dX
X - x3
Optimal (type 3, 52leaves, 12 steps):

\/x_3Ar‘cTan[\/7] i \/x_3Ar‘cTanh[\/Y]

ArcTan[/x |

+ ArcTanh [v/x |

x3/2 x3/2

Result (type 8, 27 leaves):
J\/_—\/x_3dl

X - x3

X

Problem 665: Unable to integrate problem.
1
J ———ax
NegRr
Optimal (type 3, 52leaves, 13 steps):

N \/x73Ar‘cTan[&] +Ar‘cTanh[\/7] ) \/xTAr‘cTanh[\/;]

x3/2 x3/2

ArcTan[/x |

Result (type 8, 17 leaves):

1
[

Problem 686: Result more than twice size of optimal antiderivative.

1
——  dx

J\/ 3-x V5+x

Optimal (type 3, 12leaves, 3 steps):
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—Ar‘cSin[

(-2-%)]

FNQUPN

Result (type 3, 45leaves):
2+/-3+x V5+x Ar‘cSinh[E\/L’(]

242

- (-3+%) (5+%)

Problem 687: Result more than twice size of optimal antiderivative.

\J\ -
dx

Optimal (type 3, 12leaves, 3 steps):

7Ar‘cSin[i (-1-x)]

Result (type 3, 45 leaves):
24/-3+x \/5+x Ar‘cSinh[EF]

242
\/—(—3+X> (5 +x)

Problem 689: Result more than twice size of optimal antiderivative.

! dx

Optimal (type 3, 4leaves, 3 steps):
ArcSin[4 + X]

Result (type 3, 42leaves):
243 +x V5+x Ar‘cSinh[%]

\/—<3+X> (5+Xx)

Problem 690: Result more than twice size of optimal antiderivative.

J = dx
\/(—3—x) (5 + X)

Optimal (type 3, 4leaves, 3 steps):
ArcSin[4 + X]

Result (type 3, 42 leaves):
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2/3+x V/5+x Ar‘cSinh[%]
\/7<3+x> (5 +x)

Problem 698: Result more than twice size of optimal antiderivative.

1+X
J dx
V1-x?
Optimal (type 2, 11leaves, 2 steps):
-2+V1-x

Result (type 2, 23 leaves):
2 (-1+x) V1+x

1-x?

Problem 700: Result more than twice size of optimal antiderivative.

1-x
J dx
Vi-x2
Optimal (type 2, 9leaves, 2 steps):
2V1+x

Result (type 2, 25leaves):
2v1-x (1+x)

1-x2

Problem 704: Result more than twice size of optimal antiderivative.
JW

1-x

dx

Optimal (type 2, 11leaves, 2steps):

2 3/2
— (1
21

Result (type 2, 27 leaves):
2 (1+x) V1-x?

3vV1-x
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Problem 706: Result more than twice size of optimal antiderivative.

J\/l—x V2+3x dx
N
Optimal (type 3, 35leaves, 4 steps):
ArcSinh[+/2+3
JITx VaTax  Aresinh[V2v3x ]

V3
Result (type 3, 79 leaves):
VX (3 (14x) V203X +/3 VT x AvcTan[ £ LEx ]|

AV 2+3 X
341-x2

Problem 707: Result more than twice size of optimal antiderivative.
3/2
j (1 + X) dx
(1 _ X> 3/2 X
Optimal (type 3, 43 leaves, 7 steps):

41 +X

1-x

- ArcSin[x] —Ar‘cTanh[\/l—x V1+x ]

Result (type 3, 101 leaves):

NEERY)
—u—ZAr‘cSin[ 1+X]+Log[1—\/1+x]—
-1+Xx ﬁ

Log[2+V1-x -V/1+x | -Log[1++1+x|+Log[2++/1-x +V1+x |

Problem 709: Result unnecessarily involves imaginary or complex numbers.

(1+ax)??
j; ax
x (1-ax)*?
Optimal (type 3, 51leaves, 7 steps):

4+1+ax
Vv1-ax

Result (type 3, 74 leaves):

_ a2 2
L g -tog[1+ /1m0t | i tog[2 [-1axf1-are |

l1-ax

- ArcSinf[ax] - ArcTanh[v/1-ax V1+ax |
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Problem 712: Result more than twice size of optimal antiderivative.
JW
VI X

Optimal (type 3, 2leaves, 2 steps):

ArcSin[x]

dx

Result (type 3, 32leaves):
XV1+x? A/1-x4

—1+x4

-ArcTan [

]
Problem 714: Result more than twice size of optimal antiderivative.

=

Optimal (type 3, 2leaves, 2 steps):
ArcSinh[x]

dx

Result (type 3, 42leaves):

Log[1-x*] ~Log[-x+x>+1/1-x> \[1-x* |

Problem 716: Result more than twice size of optimal antiderivative.
J\/lx4
Vi

Optimal (type 3, 23 leaves, 3 steps):
lx 1. 2+ ArcSin[x]
2 2

dx

Result (type 3, 50leaves):

1 (xvV1-x* xV1+x2
= |=———— +ArcTan[ ———|
21 J1+x2 1-x4

Problem 718: Result more than twice size of optimal antiderivative.

=

Optimal (type 3, 21 leaves, 3 steps):

dx

1 5 ArcSinh[x]
—XA\/1l+XxX + ——m
2 2
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Result (type 3, 70leaves):

A1 _ w4
quLog[lfxz] ~Log[-x+x¥+4/1-x% A/1-x* |

1
2 17X2

Problem 768: Unable to integrate problem.

\/bx2 Va+b?x*
dx
Va+rb2x4

Optimal (type 3, 47 leaves, 2 steps):

ArcTanh | 2 /b x ]

\[ b x?4q/a+b? x*

VZ B
Result (type 8, 39leaves):

\/bx2 Va+b?x*
dx
Va+b?x*t

Problem 769: Unable to integrate problem.

\/—bx2+\/a+b2x4

Optimal (type 3, 48 leaves, 2 steps):

dx

Ar‘cTan[ 2 Jb x }

7| b x?+4/ a+b? x*

V2 Vb
Result (type 8, 40 leaves):

\/—bx2+\/a+b2x4
Va+b?xt

dx

Problem 770: Unable to integrate problem.

\/sz V3+axt

(c+dx) V3 +4xt

Optimal (type 3, 169 leaves, 5 steps):
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(lfj‘—)Ar'cTan[ 3 d2icx (l+1—)Ar‘cTanh[ 3 d-2icx
2 2 szick\/?dz \/\/?—Zixz 2 \/chhﬁdz \/\Eqixz

2ic2-+/3 d2 2ic2++/3 d

Result (type 8, 42leaves):

\/sz V3raxt

<c+dX) V3+4xt

Problem 771: Unable to integrate problem.

J‘\/sz V3+axt

(c+dx) \V3+4xt

Optimal (type 3, 268 leaves, 7 steps):

(i’i_)d A3 -21x? (i*i_)d A3 +21x?

(Zicz—\/?d2> (c+dx) i (211c2+\/?d2) <c+dx) '

(1+1) cArcTan| 3 di2icx ] (1-1i) cArcTanh| 3d2icx
\/chz—\/sz \/ﬁfzsz . \/21c2+ﬁd2 Jﬁaixz
(chzfx/?dz)yz (21‘1c2+ﬁd2)3/2

Result (type 8, 42leaves):

\/sz V3 +4axt

(c+dx) V3 +4xt

Problem 775: Result more than twice size of optimal antiderivative.

2+

XZ
— dXx
b+2x?

Optimal (type 3, 20leaves, 3 steps):
ArcCsch| @}
Wb
Vb
Result (type 3, 54 leaves):

\/Tx(Log[ ]—Log[b+\/F\/m”

\m\/bJrZXZ
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Problem 776: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

b
2-
dx
-b+2x?

Optimal (type 3, 20leaves, 3 steps):
ArcCsc [ 3@]
Wb
Vb
Result (type 3, 64 leaves):

2 (71‘1 NCESN —b+2xz]
i /2—)5’—2 x Log| - ]

\/F\/—b+2x2

Problem 783: Result more than twice size of optimal antiderivative.

1
dx
J<1+x) V2 x+x2
Optimal (type 3, 12leaves, 2 steps):

ArcTan [\/ 2%+ %2 }

Result (type 3, 37 leaves):
A X
2/x /2 xAr‘cTan[v_]

X
2+X

X (2+x)

Problem 784: Result more than twice size of optimal antiderivative.

dx

1
J (1+2x) Vx+x2
Optimal (type 3, 12leaves, 2 steps):

ArcTan[2+/x+x? |

Result (type 3, 37 leaves):
" e
2+/x 1 xAr‘cTan[v_]

X
1+Xx

X (1+x)
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Problem 786: Result more than twice size of optimal antiderivative.

Vx 2
J dx
1+x
Optimal (type 3, 54 leaves, 6 steps):
x-x% - iAr‘cSin[l—Zx] +\/7Ar‘cTan[i
2 22 Vx-x*

Result (type 3, 120leaves):

1) x (2/=1+x Vx -6 Log[V-L1wx +/x |+
2V -1+Xx \/;

V2 Log[1-2V2 -1+ x Vx -3x] - V2 Log[1+2V2 V-1+x Vx -3x])

Problem 808: Result unnecessarily involves higher level functions.

J<1+\/;) i

X
Optimal (type 3, 67 leaves, 6 steps):
142 (1+Vx) e
V3

6 (1+vx )7 -2/3 ArcTan| ]+3Log[1—(1+ﬁ)1/3]—w

2

Result (type 5, 51 leaves):

2/3
6+6Vx -3 <1+ %) ! Hypergeometric2fF1[2, 2, >, -

(1+\/;>2/3

1
]

Problem 813: Result unnecessarily involves imaginary or complex numbers.

J ! dx
\/(a+bx) (c-dx)

Optimal (type 3, 65leaves, 3 steps):

bc-ad-2bdx
ZWW\/am(bc—ad) x-bd x?

Vb /d
Result (type 3, 99 leaves):

iva+bx Jc-dx Log[2Va+bx \c-dx - ibeadizbda |

Vo VT
\/F\/?\/(a+bx> (c—dx)

ArcTan|




406 | Mathematica 11.3 Integration Test Results for 1.3.2 Algebraic functions.nb

Problem 814: Result more than twice size of optimal antiderivative.

1

J\/; (1-x2)

dx

Optimal (type 3, 13leaves, 4 steps):
Ar‘cTan[W} +Ar‘cTanh[\/Y]

Result (type 3, 33 leaves):
ArcTan[/x | - : Log[1-+/x | + : Log[1++/x |
2 2

Problem 815: Result more than twice size of optimal antiderivative.

dx

Vx
Jx -x3
Optimal (type 3, 13 leaves, 5steps):
Ar‘cTan[\/;} +Ar‘cTanh[\g]
Result (type 3, 33 leaves):

Ar‘cTan[\/;} —%Log[l—\/?] +%Log[1+\/?]

Problem 818: Result more than twice size of optimal antiderivative.

1
dx
J(l #x) V2x+x2
Optimal (type 3, 12leaves, 2 steps):

ArcTan[+/2x+Xx? |

Result (type 3, 37 leaves):
2x V2 +x Ar‘cTan[#]

X
2+X

X (2+x)

Problem 826: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J X ax
X-V1+2x?
Optimal (type 3, 31leaves, 7 steps):
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-x-1/1+2x% +ArcTan[x] +ArcTan[~/1+2x? |

Result (type 3, 101 leaves):

1
~4x-4+/1+2x* +4ArcTan([x] -4ArcTan| ——— | +

V1+2x2

2ilog[1+x?*| -iLlog[1+3x?-2x/1+2x? | -ilog[1+3x%+2x+/1+2x? }]

4

Problem 838: Result more than twice size of optimal antiderivative.

J;dx
(1—x) X

Optimal (type 3, 8leaves, 3 steps):
-ArcSin[1 -2x]

Result (type 3, 38 leaves):
2V -1+X &Log[\/—ler +\/?}

- (-1+x) x

Problem 841: Result unnecessarily involves imaginary or complex numbers.
1

J1 + \/? -x2 4 \/? x2
Optimal (type 3, 24 leaves, 2 steps):

dx

1Ar‘cTan[ 1 (37\/?) x|

2 2

Result (type 3, 39 leaves

1leog[1+v_-zjlx}- ilog[l++/5 +2ix|
4

N

Problem 844: Result unnecessarily involves imaginary or complex numbers.
J\/(LXZ) (3+x2) dx
Optimal (type 4, 48 leaves, 6 steps):

1 2 EllipticE[ArcSin(x], - 1] 4EllipticF[ArcSin[x], - %]
—xq/3-2x2-x* - ? ?
3

+

V3 V3
Result (type 4, 59 leaves):
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w |

V3

[x \J3-2x*-x* -21iEllipticE[i ArcSinh| L] -3] - 41 EllipticF[i ArcSinh] s
)

V3

l, -3

Problem 845: Result unnecessarily involves imaginary or complex numbers.

J i
\/ 1- x2 3+x2)

Optimal (type 4, 12leaves, 3 steps):
EllipticF [APCSln [x], - l]

3
V3
Result (type 4, 18 leaves):

X
-1 EllipticF[i ArcSinh| —], -3]
V3

Problem 856: Unable to integrate problem.
JJl—x2+Xx/—1+x2 dx

Optimal (type 3, 63 leaves, ? steps):

3 ArcSi -V-1+x?
= 3x++/-1+x%° \/1x2+Xw/1+x2 e in|x |

4 4~/2

Result (type 8, 24 leaves):

J\/1x2+x\/1+x2 dx

Problem 857: Result more than twice size of optimal antiderivative.

1+X

J\/ X+\/—\/1+X

Optimal (type 3, 66 leaves, ? steps):

3Ar‘cSin[\/——\/1+x]
22

%(\/?+3m)\/—x+ﬁm—

Result (type 3, 180leaves):
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_([<1+x) <1+2x—2\/?m)2(2\/—x+\/;m (<3-2x+2+x VIex )+

37 2 axsax VIix Log[2 x+x VIix /-2 4x+4vx VIix |

|

Problem 858: Unable to integrate problem.

J X+2V1+x2
X+x3+V1+x?

Optimal (type 3, 78 leaves, ? steps):

X+1/1+x2
X+4/1+x?

)/

(4(7w+m)3(1+xfﬁm)2

dx

-2 (1+V5 ) ArcTan[\/-2++/5 ]+

2(—1+\/?) ArcTanh | 2+4/5 ]

Result (type 8, 34 leaves):
J X+2V1+x?
X+x3+/1+x?

dx

Problem 859: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

J 1+2x dx
<1+X2> V2+2X+ X3
Optimal (type 3, 126 leaves, 5steps):
25 - (5+\/?) x

] _

1
- ; (1+\/?) Ar‘cTan[

|10 (1+\/?) V2 +2x+x2

2\/?+(5—\/?)X

N |

(—1+\E) Ar‘cTanh[ ]

10 (-1“/5) V2+2x+x2

Result (type 3, 433 leaves):
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(2 1+21

Ar‘cTan[[(8+8j1)—(1—4i)x3+51mm+x2
NEyrYoe (9+54) +5VITIT 22200 x
((4+144) + (2+21) x+ (4-1214) x>~ (3+81)x®) | +2i/1-21
ArcTanh[((-8+81)+(1+4')x+51\/7m
5VT-21 \J2+2x5% | + (1+1) ( +91)+51\/7m

((-14-44) - (2+24) x+ (11-44) x>+ (8+31)x*) ]+

if({v1-21 -v/1+21i |Logl1+x%] -/1-21 Log[(7-41)+ (8-4i)x+ (3-21)x%+
( g VI-21 Log[(7-41) + (8-41) x+ (3-21)
4+/1-2d AJ2+2x+x% +24/1-21 x~f2+2x+x? | +V/1+21 Log]

IS

(-2+1311) +541+21

/

2+1311 -

+(1+J'1>X

(7+41) + (8+41) x+ (3+21)x*+4V1+21 /2+2x+x? +2V/1+21 x1/2+2x+X* |

Problem 863: Result unnecessarily involves imaginary or complex numbers.

J X
dx
Va+bc*+4bc3dx+6bc2d®x2+4bcd®x3+bd*x

Optimal (type 4, 184 leaves, 7 steps):

2

ArcTanh | fo d [ ]
a+bd“(§+x)4
24/b & i
c ) a+bd* S+x)4 b1/4(c+dx) 1
C [\/?M/Fdz (—+x d ; EllipticF[ZAr‘cTan[#], =]
d (\/?+\/Fd2(i+x)2) at/ 2

4
2a1/4b1/4d2\/a+bd4 (—+x)
d

Result (type 4, 330leaves):

|
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i ((—1)1/4a1/4+b1/4 (c+dx)>

(—1)1/4 al/4 - b4 (c+dx)

(1)1/4ﬁ\l (iva +/b (crdx)?)

i ((—1)1/4a1/4+b1/4 <c+dx)>

(—1)1/4 al/4 - b4 (c+dx)

( (-1)**a%/4 - pt/e c) EllipticF [ArcSin [\l -

i ((—1)1/4a1/4+b1/4 (c+dx))

(~1)Y4 a4 bl* (c 1 dx) |/

2 (-1)Y*a'*EllipticPi[-1, ArcSin[\l -

]i\/?+\/F(C+dX)2

((—1)1/4a1/4—b1/4 (c+dx))2

a1/4 \/F d2

a+b (C+dX>4

Problem 864: Result unnecessarily involves imaginary or complex numbers.

J 1 d
X
Va+bc*+4abc3dx+6bc2d?x?2+4bcd®x3+bd*x?

Optimal (type 4, 131 leaves, 2steps):

a+bd* (5+x)4

2 d

C

(\E+Wd2 (E+x

b1/4 d
EllipticF [2 ArcTan [ M] s l} /

o e 5o e

C 4
2a1/4b1/4d\/a+bd4 (—+x)
d

Result (type 4, 90 leaves):

i [ asblerdx? EllipticF[i ArcSinh] ivh (c+dx)], -1]
' Ve

ive g a+b(c+dx)4
Va

Problem 865: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

a-cx*
J dx
Va+bx?+cxt (ad+aex2+cdx4)

Optimal (type 3, 54 leaves, 2 steps):
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Ar‘cTanh[—Dd’ae X
Ad +/a+bx2+c x*

\d Vbd-ae
Result (type 4, 419 leaves):

,\/b+\/b2—4ac +2cx? \/1 2 c x?
1 +

b+vb2-4ac b-+vb2-4ac
C b+vVb2-4ac
EllipticF[i ArcSinh[v2 |[———— x|, — ] -
b+vb%2-4ac b-+/b2-4ac
b+Vb2-4ac)d C b+vVb2-4ac
EllipticPi| ( ) , i Arcsinh[\/2 x|, — ] -
ae-+va V-4cd?>+ae? b+vVb%2-4ac b-+b%2-4ac

(b+\/b2—4ac ) d
ae+va V-4cd?+ae?

EllipticPi|

, i ArcSinh|[v/2 S x|,
b+vVb2-4ac

b-+vb2-4ac

b+\/m] /
Vb%2-4ac

C
\/?\/— da+bx®+cx*
b+

Problem 866: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

a-cx4
J dx
Va-bx?+cxt (ad+aex2+cdx4)

Optimal (type 3, 53 leaves, 2 steps):

Ar‘cTan[éDmae —
\d A/ a-bx%+cx*

\Jd Vbd+ae
Result (type 4, 416 leaves):
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, 4cx? 2 ¢ x?
i |2+ 1-
-b++vb%2-4ac b++vb%2-4ac
C b-+vVb%2-4ac
EllipticF[i ArcSinh[V/2 x|, | - Ellipticpi]

-b+/b?-4ac b+vb2-4ac

b-vVb’>-4ac|d c b-vVb2-4ac

( ) B JiAr'cSinh[\/? X/, —] -
—ae++va V-4cd?+ae? -b+vb%-4ac b+vb2-4ac

(—b+\/b2—4ac)d c
EllipticPi| , i ArcSinh|[+/2 x|,
ae+va V-4cd?rae? -b+vVb2-4ac

b-+vb%2-4ac c
—] / 2 d/a-bx?+cx?
b+Vb%2-4ac -b+/b2-4ac

Problem 870: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.
ef-efx?

J(ad+bdx+adx2) Va+rbx+cx2+bx3+ax?

dx

Optimal (type 3, 88leaves, 1step):
ab+(4a%+b>-2ac) x+abx?

2a+/2a-c /arbx+cx?+bx3+axt

av2a-cd
Result (type 4, 13884 leaves):

e f ArcTan|

1
-—ef
d

8 (x-Root[a+bul+cui?+bul®+ani*g, 2])? (EllipticF [Arcsin|[./(((x-Root[a+b w1+

cn1®+bn1®+ani® &, 1]) (Root[a+bnl+cul?+bul®+anl® g, 2] -
Root[a+bul+cnl®+bnl®+ani*&, 4])) / ((x-Root|
a+bul+cul?+bn1®+anl®&, 2]) (Root[a+bnl+cnl?+bul®+
an1* &, 1] -Root[a+bul+cnul®+bul®+anl®g, 4])))],
- (((Root[a+bul+cnl?+bnl®+ani® &, 2| -Root|[a+bul+cnl?+
bn1®+an1® &, 3]) (Root[a+bul+cul?+bul®+anl®g,
1] -Root[a+bul+cul®+bul®+anl* &, 4])) /
((-Root|[a+btl+cHl?+bul®+anl*&, 1] +Root|[a+btl+cnl?+
ba1® + an1* &, 3]) (Root[a+bul+cu1?+bul®+anly,
2| -Root[a+bul+cul®+bul®+anlg, 4])))]

[7b+x/74a2+b2 -2aRoot|[a+bul+cul?+bnl®+anl?g, 1]) -
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2aEllipticPi{[(b—x/—4a2+b2 +2aRoot|a+bul+cnl?+bnl®+anl®y, 2])

(- Root |
[a+bul+cnl?+bul’+anl®g, 4])]/

[(b—w/—4a2+b2 +2aRoot|[a+bul+cul?+bnl®+anl?g, 1])

(-Root[a+bul+cul®+bnl®+anl®g, 2] +

a+bul+cul?+bu1®+anl®&, 1] +

Root

[
Root[a+bul+cHl? + bul® + anl® &, 4])],

ArcSin|[+/(((x-Root[a+bul+cul®+bul®+anl*g, 1]) (Root[a+bnul+c
#1% + b11® + an1* &, 2] -Root[a+brl+crl?+bul®+anl® &, 4])) /
((x-Root[a+bnl+cHl?+bnl®+anl*&, 2]) (Root[a+bnl+cnl?+
bn1®+an1* &, 1] -Root[a+bul+cul?+bnl®+ani*g, 4])))],
- (((Root[a+bul+cnl?+bnl®+anl® &, 2] -Root|[a+bul+cnl®+
br1®+ani® &, 3]) (Root[a+bnl+cnl?+bnl®+anl® g,
1] -Root|a+bnl+cu1?+bul®+anl*&, 4])) /
((-Root|a+bul+cnl®+bul’®+anl®&, 1| +Root a+bnl+cul?+
br1®+ani® &, 3]) (Root[a+bnl+cnl?+bul®+anl®g, 2] -
Root[a+bnl+cul?+bul®+an1*&, 4])))] (-Root]

a+bul+cnl?+bul’+anl*&, 1] +Root[a+bnl+cnl?+bul®+anl® g, 2]))

V(((-Root[a+bul+cni?+bni®+ani®&, 1] +Root[a+bul+cnl®+bnl®+ani®g,
2]) (x-Root[a+bul+cul?+bul®+ani*&, 3])) /
((x-Root|[a+bnl+cHl®+bul®+an1*&, 2|) (-Root[a+bnl+cul®+
bn1®+ani® &, 1] +Root[a+bul+cnl®+bnl®+ani*g, 3])))
V(((x-Root[a+bul+cnl?+bnl®+anl*&, 1]) (Root[a+bul+cul®+
bn1®+anl* &, 2] -Root[a+bul+cul®+bul®+ani*g, 4])) /
((x-Root[a+bnl+cul®+bul®+anl*&, 2]) (Root|a+bul+cnl?+
bu1®+anl* &, 1] -Root[a+ bl +cnl?+bul®+anl® g, 4])))
V(((-Root[a+bul+cnl®+bnl®+anl®&, 1] +Root|[a+bul+cnl®+bnul’+
anl* &, 2]) (x-Root[a+bul+cnl®+bnl®+ani*g, 4])) /
((x-Root|a+bnl+cHl?+bul®+an1*&, 2|) (-Root[a+bnl+cul?+
bn1®+an1® &, 1] +Root[a+bul+cnl®+bnl®+ani* g, 4])))
(-Root[a+bul+cnl®+bnl®+ani®&, 1] +Root[a+bul+cul®+b

113 + a1 &, 4})]/
[( ~b-+V-4a2+b2 -b++/-4aZ+b?
- +

2a 2a

\/x (b+cx+bx2) +a (1+x4)

(b—x/—4a2+b2 +2aRoot|a+bnul+cnl?+bnl®+anl®y, 1])

(—Root[a+bﬁ1+ct&12+bnl3+a1114 &, 1] +
Root[a+bnl+cul®+bul®+anl® g, 2])

(—b+x/—4a2+b2 -2aRoot|a+bul+cul?+bnl®+anl?g, 2})

(Root[a+bnl+cul?+bul®+anl® &, 2] -
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Root[a+brl+cul?+bul®+anl®&, 4]) (| +

(2b2 (x-Root[a+bml+cml?+bu1+an1®s, 2])°

(EllipticF [Arcsin[/(((x-Root[a+bul+cnl®+bnul®+anl®&, 1|) (Root[a+bul+

cn1®+bn1®+anl® &, 2] -Root[a+bul+cnl®+bnul®+ani®g, 4])) /
((x-Root[a+btl+cul?+bnl®+anl*&, 2]) (Root[a+bul+cnl?+
bn1®+ani* &, 1] -Root[a+bul+cnl®+bn1®+ani*g, 4])))],
- (((Root[a+bul+cnl?+bnl®+anl® &, 2] -Root[a+bul+cul®+bnul®+anl®g,
3]) (Root|[a+btl+cnl?+bnl®+anl*&, 1] -Root|a+bul+cul®+
bn1®+an1* &, 4])) / ((-Root[a+bul+cnl?+bnl®+ani® &, 1] +
Root[a+bu1+cn12+b1113+a1114&, 3]) (Root[a+bn1+cn12+
bu1®+anl* &, 2] -Root[a+bul+cul®+bul®+anl®g, 4])))]

[—b+x/74a2+b2 -2aRoot|[a+bul+cul?+bul®+anlg, 1]] -

2aE11ipticPi[[(b—x/—4a2+b2 +2aRoot|a+bul+cul?+bnl®+anl?g, 2})

(-Root[a+bul+cnl®+bnl®+ani®g, 1] +
[

Root[a+bul +cul?+bul®+anl*g, 4])]/

[(b—\/74a2+b2 +ZaROOt[a+btt1+c1:t12+b1113+attl4&, 1]) (7R00t[a+b111+

ct1? +bu1® + anl® &, 2] +Root[a+bul+cnl?+bnl®+anl®g, 4])),

ArcSin|+/(((x-Root[a+bul+cul®+bul®+anl®&, 1]) (Root[a+bnl+
cn1®+bn1®+ani® &, 2] -Root[a+bul+cnl®+bnl®+ani*g, 4])) /
((x-Root[a+bul+cul?+bu1®+anl* &, 2]) (Root[a+bHl+cal?+
bu1®+anl® &, 1] -Root[a+bul+cul’+bnul®+ani®g, 4])))],
- (((Root[a+b#l+cnl®+bnl®+ani® &, 2] -Root[a+bul+cnl®+bnl®+ani®g,
3]) (Root[a+btl+cnl?+bnl®+anl*&, 1] -Root|a+bnl+cnl?+
bu1®+anl* &, 4])) / ((-Root[a+bul+cnl?+bnl®+ani® &, 1] +
Root[a+bwl+cnl®+bul®+anl® &, 3]) (Root[a+bnl+cul?+
bt1®+anl* &, 2| -Root[a+bnl+cnl?+bnl®+anl® g, 4])))]

(-Root[a+bwl+cnl®+bnl®+anl® &, 1] +Root[a+bul+cnl?+bnl’®+anl®g, 2]))

V(((-Root[a+bul+cni®+bnl®+ani*&, 1] +Root[a+bul+cnl®+bnl®+ani®g, 2])
(x -Root[a+bul+cnl?+bnl®+anl*g, 3])) /
((x-Root|a+bnl+cul®+bul’®+anl®&, 2]|) (-Root[a+bul+cul®+bul®+anl®sy,
1] +Root[a+brl+cul®+bul®+anl* &, 3])))
V(((x-Root[a+bul+cnl?+bnl®+anl*&, 1]) (Root[a+bnl+cnl®+
br1®+anl®&, 2] -Root[a+bul+cnl?+bul®+anl*g, 4])) /
((x-Root[a+bnl+cul?+bul®+anl®&, 2|) (Root[a+bul+cnl®+
bt1®+an1* &, 1] -Root[a+b#l+cnl®+bul®+anl® g, 4])))
V(((-Root[a+bul+cni?+bn1®+ani*&, 1] +Root[a+bul+cnl®+bnl®+ani®g, 2])
(x-Root[a+bul+cul®+bnul’+anl*g, 4])) /
((x-Root[a+b#l+cHl?+bul®+anl* &, 2]) (-Root|a+bul+cul?+bnul®+anl®y,
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1] iRoot[a+bn1+cn12+bn13+an£4'&; 4])))L

(-Root[a+bul+cnl?+bn1®+ani® &, 1] +Root[a+bul+cnl?+bnl®+ani®g, 4})]/

[az

\/x (b+cx+bx2) +a <1+x4)
(b—\/—4a2+b2 +

2aRoot[a+bnl+cnl?+bul’+anl®g, 1])

-b-+-4a%+b? -b++-4a%+b?
- +

2a 2a

(-Root[a+bul+cnl®+bnl®+anl®g, 1] +
Root[a+ bl +cnl?+ bul® + anl* &, 2])

(—bﬂ/—4a2+b2 -2aRoot|a+bul+cnl?+bnl®+anl®y, 2})

(Root[a+bnl+cHl?+bul®+anl® &, 2] -

Root|a+bul+cml?+bnl®+anl® &, 4])

(2bx/—4a2+b2 (x-Root[a+brl+cr12+bu1®+anl® &, 2])?

(EllipticF [Arcsin[+/(((x-Root[a+b#l+cH1?+bul®+an1*&, 1]) (Root[a+bul+

cnl®+bn1®+anl® &, 2] -Root[a+bul+cul®>+bnul®+ani®g, 4])) /
((x-Root|[a+bul+cnl?+bnl’®+anl®&, 2]) (Root[a+bul+cnl®+
br1®+ani* &, 1] -Root[a+bul+cnl®+bn1®+ani*g, 4])))],
—(((Root[a+bu1+cn12+bn13+a1114&, 2]—Root[a+bnl+c1¢12+b1113+an14&,
3]) (Root|a+bul+cnl?+bnl®+anl®&, 1] -Root|a+bul+cnl®+
bu1®+ani* &, 4])) / ((-Root[a+bul+cnl®+bnl®+ani® g, 1] +
Root[a+bul+cul?+bul®+an1®&, 3]) (Root[a+bul+cul?+
bu1®+anl* &, 2] -Root[a+bnul+cul®+bul®+anl®g, 4])))]

[7b+x/74a2+b2 -2aRoot|a+bul+cul?+bnl®+anlg, 1]) -

2aEllipticPi[[(b—«/—4a2+b2 +2aRoot|a+bul+cul?+bnl®+anl?g, 2})

(-Root[a+bul+cnl®+bnl®+anl® g, 1] +
[

a+bHl+cHl?+bnld +anl* &, 4])]/

[(bﬂ/74a2+b2 +2aRoot|a+bul+cHl?+bnl®+anlg, 1]) (-Root[a+bml+

Root

cn1?+bn1® +anl® &, 2| +Root[a+bul+cnl?+bnl’®+anl®g, 4])),

ArcSin|[+/(((x-Root[a+bul+cul®+bul®+anl®&, 1]) (Root[a+bnl+
cn1®+bn1®+ani® &, 2] -Root[a+bul+cnl®+bnl®+ani*g, 4])) /
((x-Root[a+bnl+cHl?+bnl’®+anl*&, 2]) (Root|[a+bnl+cnl?+
bn1®+ani* &, 1] -Root[a+bul+cnl®+bn1®+ani® g, 4])))],
- (((Root[a+bul+cnl®+bnl®+anl® &, 2] -Root[a+bul+cnl®+bnl®+anl®g,
3]) (Root[a+b#l+cml?+bml®+anl*&, 1] -Root|a+bnul+cal?+
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buldanitg, 4”)/((—Root[a+btt1+éttlz+b;:tl3+a1:t14 &, 1] +
Root[a+bwl+ctl®+bnl®+anl® &, 3]) (Root[a+bnl+cnl?+
b1®+anl* &, 2| -Root[a+bnl+cnl?+bul®+anl®g, 4])))]

(-Root[a+bwl+cnl?+bnl®+anl® &, 1] +Root|[a+bul+cnl?+bnl’®+anl®g, 2]))

V (((-Root[a+bul+cni®+bnl®+ani*&, 1] +Root[a+bul+cnl®+bnl®+ani®g, 2])
(x -Root[a+bul+cnl?+bnl®+anl®g, 3])) /

((x-Root[a+bnl+cul®+bul®+anl®&, 2]|) (-Root[a+bnl+cul®+bul®+anl®y,
1] +Root[a+brl+cul®+bu1®+anl* &, 3])))
V(((x-Root[a+bul+cnl?+bnl®+anl*&, 1]) (Root[a+bnl+cnl®+
bu1®+anl® &, 2] -Root[a+bul+cul®+bul®+ani®g, 4])) /
((x-Root[a+bnl+cul?+bul’®+an1®&, 2|) (Root[a+bul+cnl®+
bn1®+an1* &, 1] -Root[a+ bl +cnl?+bul®+anl*g, 4])))
(((-Root[a+bul+cni?+bn1®+ani*&, 1] +Root[a+bul+cnl®+bnl®+ani®g, 2])
(x-Root[a+bul+cul?+bnul’+anl*g, 4])) /

((x-Root|[a+bnl+cul?+bul®+anl*&, 2|) (-Root[a+bnl+cul®+bul®+anl®y,
1] +Root[a+bnl+cm1?+bul®+anl*&, 4])))

(-Root[a+bul+cnl®+bnl®+ani® &, 1] +Root[a+bul+cnl®+bnl®+ani®g, 4})]/

[az

\/X (b+cx+bx2) +a <1+X4)
(b—\/—4a2+b2 +

2aRoot[a+bul+cnl?+bul®+anl®g, 1])

-b-+/-4a%2+b? -b++-4a%+b?
+

2a 2a

(-Root[a+bul+cnl®+bnl®+ani®g, 1] +
Root|[a+ bl +cnl?+bul®+anl* &, 2])

(—b+x/—4a2+b2 -2aRoot[a+bul+cnl?+bnl®+anl®g, 2})

(Root[a+bnl+cul?+bul®+anl® &, 2] -

Root[a+ bl +cnl?+ bul® +anl* &, 4])

(8 (x-Root[a+brl+cm12+brl®+anl®s, 2])?

EllipticF [ArcSin[./(((x-Root|[a+btl+cHl?+bnl®+anl*&, 1|) (Root[a+bnl+

cn1’+bn1®+ani® &, 2] -Root[a+bul+cnl®+bnl®+ani*g, 4])) /
((x—Root[a+bH1+cH12+bH13+aH14&, 2” (ROOt[a+bH1+CH12+
br1®+anl® &, 1] -Root[a+bul+cnl’>+bnl®+ani®g, 4])))],
- (((Root[a+bul+cnl?+bnl®+ani® &, 2] -Root[a+bul+cnl®+bnl®+anl®y,
3]) (Root[a+bnl+cul?+bul®+anl*&, 1] -Root[a+bul+cul?+
bu1®+anl* &, 4])) / ((-Root[a+bul+cnl®+bnul®+anl® g, 1] +
Root[a+b#l+ctl®+bul®+anl® &, 3]) (Root[a+bnl+cul?+
bu1®+anl* &, 2| ~Root|a+bul+cul?+bul®+anl*&, 4])))]
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[7bfx/74a2+b2 -2aRoot|a+bul+cul?+bul®+anlg, 1]) -

2aEllipticPi[((b+«/—4a2+b2 +2aRoot|a+bul+cul?+bnl®+anlg, 2})

(-Root[a+btl+cnl?+bnl®+anl® &, 1] +
[

Root[a +bul +cul?+bul® +anl* g, 4])]/

[(b+x/—4a2+b2 +2aRoot|a+bul+cHl?+bul®+anlg, 1]) (-Root[a+bul+

cn1?+bn1®+anl® &, 2] +Root[a+bul+cnl?+bnl’®+anl®g, 4])),

ArcSin|[+/(((x-Root[a+bul+cul®+bul®+anl®&, 1]) (Root[a+bnl+
cn1®+bn1®+ani® &, 2] -Root[a+bul+cnl®+bnl®+ani*g, 4])) /
((x-Root[a+bnl+cHl?+bnl®+anl*&, 2]|) (Root|[a+bnl+cnl?+
br1®+ani* &, 1] -Root[a+bul+cnl?+bn1®+ani® g, 4])))],
- (((Root[a+bul+cnl®+bnl®+anl® &, 2] -Root[a+bul+cnl®+bnl®+anl®y,
3]) (Root|[a+btl+cnl?+bnl®+anl*&, 1| -Root|a+bnl+cnl?+
br1®+anl*&, 4])) / ((-Root[a+bul+cul?+bul®+anl® &, 1] +
Root[a+bul+cul®+bul®+anl®&, 3]) (Root[a+bnl+cul®+
bt1®+anl* &, 2] -Root[a+bnl+cnl®+bul®+anl®g, 4])))]

(-Root[a+bul+cnl®+bnl®+anl® &, 1] +Root[a+bul+cnl®+bnl’®+anl®g, 2]))

V(((-Root[a+bul+cni®+bni®+ani®&, 1] +Root[a+bul+cnl®+bnl®+ani®g, 2])
(x-Root[a+bwl+cni?+bni®+ani®g, 3])) /
((x-Root[a+bnl+cul?+bul®+anl®&, 2|) (-Root[a+bnl+cul?+bul®+anl®y,
1] +Root[a+bnl+cul®+bul®+anl* g, 3])))
V(((x-Root[a+bnl+cnl?+bnl®+anl*&, 1|) (Root[a+bnl+cnl®+
br1®+anl®&, 2] -Root[a+bul+cu1?+bul®+anl* s, 4])) /
((x-Root[a+bnl+cul®+bul’®+anl®&, 2|) (Root[a+bul+cnl®+
bn1®+anl* &, 1] -Root[a+bnl+cnl®+bul®+anl®g, 4])))
V(((-Root[a+bul+cni®+bn1®+ani*&, 1] +Root[a+bul+cnl®+bnl®+ani®g, 2])
(x-Root[a+bul+cul®+bul’+anl*g, 4])) /
((x-Root[a+bnl+cul?+bul®+an1*&, 2]|) (-Root[a+bnl+cul®+bul®+anl®y,
1] +Root[a+brl+cul?+bul®+anl*&, 4])))

(-Root[a+bul+cn1®+bnl®+ani® &, 1] +Root[a+bul+cnl®+bnl®+ani®g, 4})]/

[{—b—\/—4a2+b2 b+ -4a%+b2 J

2a 2a

\/x (b+cx+bx?) +a (1+x*)
(b+w—4a2+b2 +
2aRoot[a+bul+cnl?+bnl®+ani®g, 1])

(-Root[a+bul+cul®+bnl®+anl®g, 1] +
Root[a+b#l+cul?+bul®+anl® &, 2])

(7bﬂ/74a2+b2 -2aRoot[a+bul+cHl?+bnl®+anl?g, 2})
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(Root[a+bnl+cHl?+bul®+anl® &, 2] -

Root[a+bl+cnl?+bul®+anl® &, 4]) | +

(2b2 (x-Root[a+brl+cu12+bm1®+anl® &, 2])?

(EllipticF [ArcSin[/(((x-Root[a+bul+cnl?+bnl®+anl®&, 1]) (Root[a+bul+

cn1®+bn1®+ani® &, 2] -Root[a+bul+cnl®+bnl®+ani*g, 4])) /
((x-Root[a+bul+cul?+ba1®+anl* &, 2]) (Root[a+bHl+cul?+
br1®+anl® &, 1] -Root[a+bul+cul’+bnul®+ani®g, 4])))],
- (((Root[a+b#l+cni?+bnl®+ani® &, 2] -Root[a+bul+cnl®+bnl®+anl®y,
3]) (Root[a+btl+cnl?+bnl®+anl*&, 1] -Root|a+bnl+cnl?+
bu1®+anl* &, 4])) / ((-Root[a+bul+cnl?+bnl®+ani® &, 1] +
Root[a+b#l+cul®+bul®+anl® &, 3]) (Root[a+bnl+cul®+
b1®+an1* &, 2| -Root[a+bnl+cnl?+bnl®+anl® g, 4])))]

(—b—x/—4a2+b2 -2aRoot[a+bnul+cnl?+bnl®+anl®y, 1]) -

2aEllipticPi[[(b+«/—4a2+b2 +2aRoot|[a+bul+cHl?+bul®+anlg, 2})

(-Root[a+bul+cnl®+bnl®+anl® g, 1] +
[

Root[a+b#l +cH1? + bl1®+ atl* &, 4])]/

((b+x/—4a2+b2 +2aRoot|a+bnul+cnl?+bnl®+anl®y, 1]) (-Root[a+bwul+

ct1?+ b1’ +anl* &, 2| +Root[a+bnl+cnl®+bul®+anl®g, 4])),

ArcSin|[./(((x-Root[a+b#l+ctl®+bl®+anl*&, 1]) (Root[a+bnl+
cn1?+bn1®+ani* &, 2] -Root[a+bul+cnl®+bnl®+ani*g, 4])) /
((x-Root|a+bul+cul®+bnl’®+anl®&, 2]) (Root[a+bul+cnl®+
br1®+ani® &, 1] -Root[a+bul+cnl®+bnl®+ani®g, 4])))],
- (((Root[a+bul+cnl?+bn1®+ani® &, 2] -Root[a+bul+cnl®+bnl®+ani®g,
3]) (Root|a+bul+cul?+bnl’®+anl®&, 1] -Root|a+bul+cul®+
bu1®+anl* &, 4])) / ((-Root[a+bul+cnl®+bnl®+anl® g, 1] +
Root[a+b#l+ct1?+bnl®+anl* &, 3]) (Root[a+bnl+cnl?+
bn1®+an1* &, 2] -Root[a+bul+cnl?+bul®+anl® g, 4])))]

(-Root[a+bwl+cni?+bnl®+anl® &, 1] +Root[a+bul+cnl?+bnl’®+anl®g, 2]))

V(((-Root[a+bul+cni?+bn1®+ani*&, 1] +Root[a+bul+cnl®+bul®+ani®g, 2])
(x-Root[a+bul+cul?+bnul’+anl*g, 3])) /
((x-Root|[a+bnl+cHl?+bul®+anl*&, 2|) (-Root[a+bnl+cul?+bul®+anl®y,
1] +Root[a+bnl+cul?+bul®+anl* g, 3])))
V(((x-Root[a+bul+cul?+bul®+anl*&, 1|) (Root[a+bul+cul®+
bu1®+ani* &, 2] -Root[a+bul+cnl®+bnl®+ani*g, 4])) /
((x-Root[a+bnl+cul?+bul®+anl*&, 2]) (Root|a+bnl+cnl?+
br1®+anl®&, 1] -Root[a+bul+cul®+bnl®+anl®s, 4])))
V(((-Root[a+bul+cni®+bnl®+ani®&, 1] +Root[a+bul+cnl®+bnul®+ani®g, 2])
(x-Root[a+brl+ctHl2+bul®+anl* &, 4])) /
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((x\—Root[a;+b1:tl+cttlz+b1:tl3+attl4&, 2]) ('-'Root[a+bn1+cn12+bn13+an14&,
1] +Root[a+brl+cul®+bul®+anl* &, 4])))

(-Root[a+bul+cnl®+bnl®+ani® &, 1] +Root[a+bul+cnl®+bnl®+ani®g, 4})]/

[ ,[-b-V-4a7+02 -b++/-4a%+b? ]
a —

2a 2a
\/x (b+cx+bx2) +a <1+x4)
(b+v—4a2+b2 +

2aRoot[a+bul+cnl?+bul®+anl®g, 1])

(-Root[a+bul+cnl®+bnl®+ani*g, 1] +
Root |a+bul+crl?+bnl®+anl® &, 2|)

(7bfx/74a2+b2 -2aRoot|[a+bul+cul?+bnl®+anl?g, 2})

(Root[a+bnl+cul?+bul®+anl® g, 2] -

Root[a+bnl+cul?+bul®+anl® g, 4]) | +

(be/—4a2+b2 (x-Root[a+brl+cr12+brl®+anl®&, 2])?

(EllipticF [Arcsin[./(((x-Root[a+bul+cnl?+bnl®+anl®&, 1|) (Root[a+bul+

cn1®+bn1®+ani® &, 2] -Root[a+bul+cnl®+bnl®+ani*g, 4])) /
((x-Root[a+btl+cHl?+bnl®+anl*&, 2]) (Root|[a+bul+cnl?+
br1®+ani* &, 1] -Root[a+bul+cnl®+bn1®+ani* g, 4])))],
- (((Root[a+bul+cnl?+bnl®+anl® &, 2] -Root[a+bul+cnl?+bnl®+anl®g,
3]) (Root|[a+btl+cnl?+bnl®+anl*&, 1] -Root|a+bul+cnl?+
bu1®+an1* &, 4])) / ((-Root[a+bul+cnl®+bnl®+ani® &, 1] +
Root[a+bnl+cul®+bul®+anl® &, 3]) (Root[a+bnl+cul®+
bu1®+anl* &, 2] -Root[a+bul+cul®+bul®+anl®g, 4])))]

(7b7\/74a2+b2 -2aRoot|[a+bul+cul?+bul®+anlg, 1]) -

2aEllipticPi[[[b+x/—4az+b2 +2aRoot|a+bul+cul?+bnl®+anlg, 2})

(-Root[a+bul+cnl®+bnl®+ani® g, 1] +
[

Root[a+bul+cul?+bul®+anl*g, 4])]/

[(b+«/—4a2+b2 +2aRoot|[a+bul+cHl?+bul®+anlg, 1]) (-Root[a+bul+

c#1? +bu1® + anl® &, 2] +Root[a+bul+cnl?+bnl®+anl®g, 4])),

ArcSin[./(((x-Root[a+b#l+ctl®+bul®+anl*&, 1]) (Root[a+bnl+
cn1’+bn1®+ani* &, 2] -Root[a+bul+cnl®+bnl®+ani*g, 4])) /
((x—Root[a+b1¢1+c1¢12+b1113+a1114&, 2” (ROOt[a+bH1+CH12+
br1®+ani® &, 1] -Root[a+bul+cul®+bnl®+ani®g, 4])))],
- (((Root|a+bml+crl?+bnl®>+anl1*&, 2] -Root[a+bnl+cml?+bml®+anl® g,
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é]) (Root[a+b1:t1+cttlz+bH13+Jan14 &,Ll} -Root[a+bnul+cnl?+
bu1®+anl* &, 4])) / ((-Root[a+bul+cnl®+bnl®+ani® g, 1] +

Root[a+b#l+ct1?+bul®+anl* &, 3]) (Root[a+bnl+cnl?+
bn1®+anl* &, 2] -Root[a+bul+cnl?+bnl®+anl® g, 4])))]

(-Root[a+bwl+cni?+bnl®+anl® &, 1] +Root[a+bul+cnl?+bnl’®+anl®g, 2]))

V(((-Root[a+bul+cnl?+bn1®+ani*&, 1] +Root[a+bul+cnl®+bnl®+ani®g, 2])
(x-Root[a+bul+cul®+bnul’+anl*g, 3])) /
((x-Root|[a+bnl+cHl®+bul®+anl*&, 2|) (-Root[a+bnl+cul®+bul®+anl®y,
1] +Root[a+bul+cul?+bul®+anl* g, 3])))
V(((x-Root[a+bul+cul®+bul®+anl®&, 1|) (Root[a+bul+cul®+
bu1®+ani* &, 2] -Root[a+bul+cnl®+bnl®+ani*g, 4])) /
((x-Root[a+bnl+cul?+bul®+anl*&, 2]) (Root|a+bul+cnl?+
br1®+anl®&, 1] -Root[a+bul+cul®+bul®+anl®s, 4])))
V(((-Root[a+bul+cnl®+bnl®+ani®&, 1] +Root[a+bul+cnl®+bnul®+anl®g, 2])
(x-Root[a+bul+cnl?+bnl®+anl*g, 4])) /
((x-Root|[a+bnl+cul?+bul®+anl®&, 2]|) (-Root[a+bnl+cnl?+bnul®+anl®y,
1] +Root[a+bul+cul®+bul®+anl &, 4])))

(-Root[a+bul+cul®+bnul®+anl® &, 1] +Root[a+bul+cul®+bnul®+anl®g, 4})]/

[ ,[-b-V-4a7+b2 -b++/-4aZ:b? ]
a —

2a 2a
\/x (b+cx+bx2) +a <1+x4)
(b+\/—4a2+b2 +

2aRoot[a+bul+cnl?+bul®+anl® g, 1])

(-Root[a+bul+cnl®+bnl®+anl*g, 1] +
Root[a+bul+cnl?+bul®+anl® g, 2])

(—b—x/—4a2+b2 -2aRoot|[a+bul+cnl?+bnl®+anl®g, 2})

(Root[a+bwl+cul®+bul®+anl* g, 2| -

Root[a+btt1+ctt12+b1113+attl4&, 4]) +

(2 EllipticF[ArcSin|./(((x-Root[a+bul+cul®+bul®+anl*&, 1]) (-Root[a+bul+

cn1®+bn1®+ani® &, 2] +Root[a+bul+cnl®+bnl®+ani*g, 4])) /
((x-Root|a+bnl+cul?+bul®+anl*&, 2|) (-Root[a+bnl+cul?+
br1®+anl* &, 1] +Root[a+bul+cnl?+bul®+anl*&, 4])))],
((Root[a+bnl+ctl®+bul®+anl® &, 2] -Root[a+bul+cul®+bul®+ani®g, 3])
(Root[a+bnl+cu1?+bul®+anl® &, 1] -
Root[a+bul+cul?+bul®+anl®g, 4])) /
((Root[a+bul+cul®+bul®+ani®&, 1] -Root[a+bul+cnl®+bnl®+ani®g, 3])
(Root[a+bnl+cul?+bul®+anl® &, 2] -
Root[a+bl+cnl?+bul®+anl® g, 4])) |
(x-Root|a+bul+cm?+bnul®+anl?, 2])°
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Q(((—Root[a+bn1+cn12+b:¢13+an14&, i]+Root[a+bn1+cn12+bn13+an14&, 2])
(x-Root[a+bnl+cnl?+bnl®+ani®g, 3])) /
((x-Root[a+bnl+cul®+bul®+anl*&, 2|) (-Root[a+bnl+cul®+bul®+anl®yg,
1] +Root[a+bul+cul®+bul®+anl* g, 3])))
(Root[a+bnl+cul®+bu1®+anl?&, 1] -Root[a+bnl+cul®+bul® +anl® &, 4])
V(((-Root[a+bul+cn1®+bn1®+ani*&, 1] +Root[a+bnl+cnl®+bnl®+ani®g, 2])
(x-Root[a+bul+cul?+bnl®+anl*g, 4])) /
((x-Root[a+bnl+cHl?+bul®+anl®&, 2]|) (-Root[a+bnl+cul®+bul®+anl®y,
1] +Root[a+brl+cml?+bul®+anl*&, 4])))
V(((x-Root[a+bul+cni?+bnl®+ani*&, 1]) (-Root|[a+bul+cnl?+
bn1®+anl® &, 2] +Root[a+bul+cul®+bul®+anl*g, 4])) /
((x-Root|a+bnl+cHl?+bu1®+an1*&, 2|) (-Root[a+bnl+cul®+

br1®+anl* &, 1] +Root|[a+bul+cul?+bnl®+anl*g, 4}))))/

(a\/x (b+cx+bx?) +a (1+x*) (-Root[a+bul+cul?+bul’®+anl®&, 1]+

Root[a+bul+cul®+bul®+anl® g, 2])
(-Root[a+bul+cnl®+bnl®+anl®g, 2] +

Root|a+bul+cul?+bnl®+anl®g, 4]))

Problem 871: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

ef-efx?

dx

J(—ad+bdx—adx2) V-oatbx+cx2+bx®-axt

Optimal (type 3, 88leaves, 1step):
ab-(4a*+b?+2ac) x+abx?

2a+/2a+c \/—a+b x+c x?+b x3-a x*

e f ArcTanh [

av2a+cd
Result (type 4, 15147 leaves):
1
—ef
d

8 (x-Root[a-bl-cnl?-bul®+ani*g, 2])° (EllipticF[Ar‘cSin[\/(((x—Root[a—bﬁl—

cn1?-bn1®+ani* &, 1]) (Root[a-bnl-cul?-bul®+anl®g, 2] -
Root[a-bnl-cul®-bul®+anl® g, 4])) / ((x-Root]
a-bul-cn1®-bul®+ani*g, 2]) (Root[a-bnl-cu1®-bul®+anl®g,
1] -Root|a-bnl-cu1?-bu1®+anl*&, 4])))],
-~ (((Root[a-bul-cnl?-bnul®+anl*&, 2| -Root|[a-bul-cul®-bnul’+anl®g,
3]) (Root|[a-b#l-cnl?-bnl®+anl®&, 1| -Root|[a-bul-cni®-
br1®+ani* &, 4])) / ((-Root[a-bul-cnl?-bul®+anl*&, 1] +
Root[a-bul-cn1®-bnl®+anl*&, 3]) (Root[a-bnl-cml?-
b1®+anl® &, 2| -Root|a-brl-cnl?-bnl®+anl®&, 4])))]
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(b+x/—4a2+b2 -2aRoot|a-bul-cul?-bul®+anlg, 1]) -
2aEllipticPi[((—b—w/—4a2+b2 +2aRoot|a-bul-cul?-bnl®+anlg, 2])

(-Root[a-bul-cnl®>-bnl®+ani®g, 1] +
[

Root[a-btl-ct1?-bnl®+anltg, 4”)/

([—b—x/—4a2+b2 +2aRoot|[a-bul-cul?-bul®+anlg, 1]) (-Root[a-bwul-

cn1?-bn1®+an1* &, 2] +Root[a-bul-cn1®-bn1®+ani®g, 4})],

Arcsin|[./(((x-Root[a-b#l-cu1*-bul®+anl®&, 1]) (Root|a-bnl-
cn1’-bnl®+anl® &, 2| -Root[a-bul-cnl’-bnul’+anl*g, 4])) /
((x-Root[a-bnl-cu1?-bn1®+anl*&, 2]) (Root|a-bul-cnl?-
br1®+ani® &, 1] -Root[a-bul-cn1?-bni®+ani®g, 4])))],
-~ (((Root[a-bul-cn1?-bul®+anl* &, 2| -Root|[a-bul-cnl®-
bn1®+ani* &, 3]) (Root|a-bnl-cul?-bul®+anl® g,
1] -Root[a-bnl-cu1?-bu1®+anl*g, 4])) /
((-Root|[a-bul-cul?-bul®+anl*&, 1] +Root|[a-bul-cnl®-
bn1®+ani* &, 3]) (Root[a-bnl-cul?-bul®+anl® g,
2] -Root[a-brl-cn1?-bu1®+anl*&, 4])))]
(-Root[a-b#l-cu1?-bu1®+anl*&, 1] +Root[a-bnl-cni?-

bu1®+anl g, 2]))

V([ ((-Root[a-bul-cn1?-bn1®+ani*&, 1] + Root[a-bul-cul?-bul®+anl®g,
2]) (x-Root[a-bul-cul®-bul®+anl*g, 3])) /
((x-Root[a-btl-cnl?-bnl®+anl*&, 2|) (-Root|a-bwl-cnl?-
bu1®+anl* &, 1] + Root[a-bul-cn1?-bul®+anl® g, 3])))
v (((x-Root[a-bul-cnl®-bnul®+anl®&, 1]) (Root[a-bnl-cul®-
bn1®+ani* &, 2] -Root[a-bul-cnl®-bui®+ani*g, 4])) /
((x-Root[a-bul-cH1?-bu1®+anl*&, 2|) (Root|a-bul-cni?-
bu1®+anl® &, 1] -Root[a-bul-cul’>-bnul®+anl®g, 4])))
V (((-Root[a-bul-cn1®-bn1®+ani®&, 1] +Root[a-bul-cnl®-bni®+
at1* &, 2]) (x-Root[a-bul-cn1®-bn1®+ani*g, 4])) /
((x-Root[a-bnl-cul?-bul®+anl*&, 2|) (-Root|a-bul-cul?-
bu1®+anl* &, 1] +Root[a-bul-cul®-bul®+anl®g, 4])))

(-Root|a-bul-cu1?-bni®+anl*&, 1] +Root[a-bul - cul®-bnul® +anl® g, 4]))/

b-+-4a%+b? b++-4a?+b?
- +

2a 2a

|

b-+/-4a%+b? +2aRoot|a-bul-cnl?-bnl®+anl®y, 1])

Root[a-bul-cul®-bnl®+ani*g, 1] +
Root[a-bul-cul®-bul®+ani®g, 2])

[b+x/74a2+b2 -2aRoot[a-bul-cni?-bni®+anl®g, 2]]

\/x(b+cx+bx2) -a (1+x%)
(
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(Root[a-bnl-cu1?-bul®+anl®g, 2] -

Root[a-b#l-cul®-bul®+ani*g, 4])

+

(sz (x-Root[a-bnl-cm#12-br1®+anl®s, 2])?

(EllipticF [Arcsin[/(((x-Root[a-bul-cnl®-bni®+ani*g, 1])

(Root [a-b#l-ct1?-bu1®+anl® &, 2] -Root[a-bnl-cul?-bul®+anl® g,
4])) / ((x-Root[a-bul-cu1?-bul®+anl*&, 2]) (Root[a-bxl-
cul®-bn1®+anl® &, 1] -Root[a-bul-cul’>-bnul®+anl®g, 4])))],
-~ (((Root[a-b#l-cnl?-bnl®+anl®&, 2| -Root|[a-bul-cnl®-bni’®+
at1* &, 3]) (Root[a-bnl-cn1?-bul1®+anl*&, 1] -Root[a-bnl -
cn1?-bn1®+ani* &, 4])) /((-Root|a-bul-cu1?-bul®+anl®&, 1] +
Root[a-bul-cn1®-bul®+anl*g, 3]) (Root|a-bnl-cul®-
bn1®+ani* &, 2] -Root[a-bul-cnl®-bnl®+ani*g, 4])))]

(b+x/—4a2+b2 -2aRoot|a-bnl-cnl?-bnl®+anl®y, 1]) -
2aE11ipticPi[((—b—«/—4a2+b2 +2aRoot|[a-bul-cHl?-bul®+anlg, 2])

(-Root[a-bul-cn1®-bn1®+ani® &, 1] +

[
Root[a-b#l - c#1? - bl +anl® &, 4}))/

([—b—x/—4a2+b2 +2aRoot|a-bnl-cnl?-bnl®+anl®y, 1]) (-Root[a-

b#l - c11? - bl +anl® &, 2| +Root[a-bnl-cnl®-bul®+anl®g, 4})),

ArcSin|[+/(((x-Root[a-b#l-ct1?-bu1®+an1* &, 1]) (Root|a-bnl-
cn1?-bn1®+anl* &, 2] -Root[a-bul-cul®-bul®+anl*g, 4])) /
((x-Root|a-bul-cul?-bul®+anl*&, 2|) (Root[a-bul-cnl®-
bn1®+anl* &, 1] -Root[a-bul-cul®-bul®+ani*g, 4])))],
- (((Root[a-b#l-cn1?-bni®+anl®&, 2| -Root|[a-bul-cni?-bni®+
at1* &, 3]) (Root|a-bnl-cul?-bni®+anl®&, 1] -Root[a-bwl-
cn1’-bn1®+ani® &, 4])) /((-Root[a-brl-cu1®-bul®+anl*&, 1] +
Root[a-b#l-cn1®-bnl®+ani*&, 3]) (Root[a-bnl-cul?-
bn1®+anl* &, 2] -Root[a-bul-cnl®-bul®+ani*g, 4])))]

(-Root[a-bul-cn1®-bn1®+ani*&, 1] +Root[a-bul-cn1®-bni®+ani®g, 2])]

([ ((-Root[a-bul-cu1®-bnl®+ani*&, 1] +Root[a-bul-cul®-bul®+anl*g, 2])
(x-Root[a-bul-cnl®?-bnu1®+ani®g, 3])) /
((x-Root[a-btl-cnl?-bul®+anl*&, 2|) (-Root|a-bnl-cul?-bul®+anl*g,
1] +Root[a-bul-cul?-bu1®+anl* &, 3])))
v (((x-Root[a-bul-cul®-bnl®+anl®&, 1]) (Root[a-bul-cul®-bul®+
at1* &, 2] -Root[a-bul-cu1?-bu1®+anl*g, 4])) /
((x-Root[a-bul-cH1?-bu1®+anl*&, 2|) (Root|a-bul-cnl?-
bn1®+ani* &, 1] -Root[a-bul-cn1®-bn1®+ani*g, 4])))
V (((-Root[a-bul-cni®-bni®+ani*&, 1] +Root[a-bul-cul®-bul®+anl®g, 2])
(x-Root[a-bfl-cH12-bul®+anl* &, 4])) /
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((k—Root[é-bnl-cnlz-bn13+an14&, 2}}l(/—'Root[a—bttl—cttlz—btt13+attl4&,
1] +Root[a-bul-cu1?-bu1®+anl*&, 4])))
2 3 4 2 3 4
- - - - ) - - - )
(-Root[a-bul-cn1®-bn1®+ani*&, 1] +Root[a-bul-cnl®-bnl®+ani*&

N}/

b aaib? bm]
- +

2a 2a

E

\/x (b+cx+bx2) -a (1+x4)
(7b7\l74a2+b2 +

2aRoot[a-bul-cnl?-bnl®+anl®g, 1})

(-Root|[a-bul-cH1?-bnl®+anl®&, 1] +
Root[a-bul-cul®-bnl®+ani*g, 2])

(b+x/—4a2+b2 -2aRoot[a-bul-cH1?-bnl®+anl*g, 2]]

(Root[a-bnl-cu1?-bul®+anl?g, 2] -

Root[a-b#l-cnl®-bnl®+ani*g, 4])

+

(be/—4a2+b2 (x -Root[a-bul-cul®-bnl®+anl®g, 2”2

(EllipticF [Arcsin[/(((x-Root[a-bul-cnl®-bni®+ani*g, 1])

(Root [a-b#l-ct1?-bu1®+anl® &, 2] -Root[a-bnl-cul?-bul®+anl® g,
4])) / ((x-Root[a-bnl-cn1?-bul®+anl*&, 2|) (Root|a-bul-
cul®-bn1®+anl® &, 1] -Root[a-bul-cul’>-bni®+ani®g, 4])))],
- (((Root[a-b#l-cnl?-bni®+anl®&, 2] -Root[a-bul-cnl®-bni’®+
an1* &, 3]) (Root[a-bnl-cu1?-bul1®+anl*&, 1] -Root[a-bnl -
cul’-bn1®+an1® &, 4])) / ((-Root[a-bul-cu1®-bul®+anl*&, 1]+
Root[a-bul-cnl®-bul®+ani*g, 3]) (Root|a-bnl-cul®-
bn1®+ani* &, 2] -Root[a-bul-cnl®-bnl®+ani*g, 4])))]

(b+x/—4a2+b2 -2aRoot|a-bnul-cnl?-bnl®+anl®y, 1]) -

2aEllipticPi[((—b—x/—4a2+b2 +2aRoot|a-bul-cnl?-bnl®+anl®y, 2])
(-Root[a-bul-cn1®-bn1®+ani®&, 1] +

Root[a-bwl-cm1?-bnrld+amltg, 4}))/

((—b—x/—4a2+b2 +2aRoot|a-bnul-cnl?-bnl®+anl®y, 1]) (-Root[a-

bl - cn1? - bl +anl* &, 2| +Root[a-bnl-cnl®-bul®+anl®g, 4})),

Ar‘cSin[\/(<(x—Root[a—bml—cnlz—bml3+anl4&, 1]) (Root[a—bﬂl—
cn1?-bn1®+an1* &, 2] -Root[a-bul-cnl®-bul®+ani*g, 4])) /
((x-Root|[a-bul-cu1?-bul®+anl*&, 2|) (Root[a-bul-cni®-
br1®+aml* &, 1| -Root[a-bml-cH1?2-bu1d +anl* &, 4])))],
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—(((Root[a—bnl—cﬁlz—btti3+an1‘;&, 2] _Root[a_bnl_cmz_bniﬂ”
an1* &, 3]) (Root[a-bnl-cu1®-bu1®+anl*&, 1] -Root[a-bnrl -
cn1’?-bn1®+ani* &, 4])) /((-Root|a-bul-cH1?-bu1®+anl®&, 1] +
Root[a-bul-cn1®-bnl®+anl*&, 3]) (Root[a-bnl-cul?-
bn1®+anl® &, 2] -Root[a-bul-cul®-bnui®+anl*g, 4])))]

(-Root[a-b#l-cn1?-bu1®+anl* &, 1] +Root[a-bnl-cnl®-bul®+anl*g, 2])]

V (((-Root[a-bul-cnl®-bni®+ani*&, 1] +Root[a-bul-cul®-bul®+anl®g, 2])
(x-Root[a-bul-cn1®-bni®+ani*g, 3])) /
((x-Root[a-bul-cul?-bul®+anl*&, 2|) (-Root|a-bnl-cul?-bul®+anl*g,
1] +Root|a-bul-cul®-bul®+anl*&, 3])))
v (((x-Root[a-bul-cni?-bni®+anl*&, 1]) (Root[a-bul-cul®-bui®+
at1* &, 2] -Root[a-bul-cu1?-bu1®+anl* g, 4])) /
((x-Root[a-bnl-cHl?-bu1®+anl*&, 2|) (Root|a-bnl-cnl?-
br1®+ani® &, 1] -Root[a-bul-cul®-bnl®+ani®g, 4])))
V (((-Root[a-bul-cn1®-bni®+ani*&, 1] +Root[a-bul-cul®-bul®+anl®g, 2])
(x -Root[a-bul-cn1®-bni®+ani*g, 4])) /
((x-Root[a-bul-cnl?-bul®+anl*&, 2]) (-Root|a-bul-cul®-bul’®+anl*g,
1] +Root[a-bul-cu1?-bul®+anl*&, 4])))

(-Root[a-bul-cn1®-bui®+anl*&, 1] +Root[a-bnl-cul®-bul®+ani®g, 4]))/

b-+-4a?+b? b++V-4a?+b?
- +

2a 2a

-

\/x (b+cx+bx2) -a (1+x4)
(—b—v—4a2+b2 +

2aRoot[a-bul-cnl?-bul®+anl®g, 1})

(-Root[a-bul-cnl®-bn1®+ani*&, 1] +
Root[a-bul-cul®-bul®+anl®g, 2])

(b+x/—4a2+b2 -2aRoot|[a-bul-cn1?-bnl®+anl*y, 2]]
(Root[a-bnl-cu1®-bul®+anl?g, 2] -

Root[a-bul-cul®-bnul®+ani*g, 4])

8 (x-Root[a-bul-cn1?-bnl®+antg, 2])?

EllipticF [ArcSin|./(((x-Root[a-bul-cul®-bul®+anl®g, 1])

(Root [a-b#l-cu1?-bul®+anl® &, 2] -Root[a-bnul-cul®-bul®+anl® g,
4])) / ((x-Root[a-bnl-cu1®-bu1®+anl1*&, 2|) (Root|a-bwul-
cn1’?-bn1®+ani* &, 1] -Root[a-bul-cn1®-bn1®+ani*g, 4]))) ],
-~ (((Root[a-b#l-cnl®-bnl®+anl®&, 2| -Root|[a-bul-cnl®-bnl’®+
at1* &, 3]) (Root[a-bnl-cu1®-bu1®+anl*&, 1] -Root[a-bnrl-
cn1’?-bn1®+ani* &, 4])) /((-Root|a-bul-cu1?-bu1®+anl*&, 1]+
Root[a-bwl-cm1?-bnr1d+aml* &, 3]) (Root|a-bml-cnl?-
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bu1® + a1t 8, 2] —Root[a—bnl—é:’ttl\z—bigtl3+an14&, 41))) ]
(b—w/—4a2+b2 -2aRoot|a-bul-cul?-bnl®+anlg, 1]) -

2aEllipticPi[((—b+w/—4a2+b2 +2aRoot|[a-bul-cul?-bni®+anl*g, 2])

(-Root[a-bul-cul®?-bnul®+anl®g, 1]+
{

Root|a-bnl-cul®>-bul’+anl*g, 4}))/

((—b+x/—4a2+b2 +2aRoot|a-bul-cul?-bnl®+anl*g, 1]) (-Root[a-

bl - cu1?-bul® +anl* &, 2| +Root[a-bal-cal?-bul®+anl®g, 4})),

Ar‘cSin[V(((x—Root[a—b1:t1—c1:t12—b1:t13+attl4&, 1]) (Root[a—bl:tl—
cn1®-bn1®+anl* &, 2] -Root[a-bul-cul®*-bui®+anl*g, 4])) /
((x-Root[a-bnl-cu1?-bul1®+anl*8&, 2]) (Root|a-bul-cnl?-
bn1®+anl* &, 1] -Root[a-bul-cul?-bul®+anl*g, 4])))],
- (((Root[a-b#l-cnl?-bnl®+anl® &, 2| -Root[a-bul-cnl®-bnl’®+
at1* &, 3]) (Root[a-bnl-cu1®-bu1®+anl*&, 1] -Root[a-bnl -
cn1’-bn1®+ani* &, 4])) /((-Root|a-bnl-cH1?-bu1®+anl*&, 1]+
Root [a-b#l-cn1®-bnl®+anl*&, 3]) (Root|a-bul-cul?-
bn1®+ani* &, 2] -Root[a-bul-cul®-bui®+anl*g, 4])))]

(-Root[a-bul-cn1®-bni®+anl®&, 1] +Root[a-bul-cnl®-bnl®+ani®g, 2])]

V (((-Root[a-bul-cn1®-bni®+ani*&, 1] +Root[a-bul-cul®-bul®+anl®g, 2])
(x-Root[a-bul-cn1®-bn1®+ani*g, 3])) /
((x-Root[a-bnl-cu1®-bul®+anl*&, 2|) (-Root[a-bnl-cnl®-bnl®+anl*g,
1] +Root|[a-bul-cu1®-bul®+anl*g, 3])))
V(((x-Root[a-bul-cni?-bni®+ani*&, 1]) (Root[a-bul-cul®-bul®+
at1* &, 2] -Root[a-bul-cu1?-bul®+anl® g, 4])) /
((x-Root|a-bul-cul®>-bul®+anl*&, 2|) (Root|a-bul-cnul®-
bn1®+ani® &, 1] -Root[a-bul-cnl®-bni®+ani*g, 4])))
/ (((-Root[a-bwl-cn1®-bn1®+ani*&, 1] +Root[a-bnl-cnl®-bul®+anl®g, 2])
(x-Root[a-bul-cu1®-bnl®+anl*g, 4])) /
((x-Root[a-bul-cul?-bul®+anl*&, 2]) (-Root|a-bul-cul®-bul’®+anl*g,
1] +Root|a-bnl-cH1?-bu1®+anl*&, 4])))

(-Root[a-b#l-cn1®-bni®+anl*&, 1] +Root[a-bnl-cnl®-bul®+ani®g, 4]))/

([bm b aati b7

2a 2a

\/x (b+cx+bx?) -a (1+x*)
(7b+\l74a2+b2 +
2aRoot[a-bul-cnl?-bnl®+anl®g, 1})

(-Root[a-bul-cu1®?-bn1®+ani*g, 1] +
Root[a-b#l-cul?-bul’®+anl g, 2|)
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(bﬂ/74a2+b2 -2aRoot|[a-bul-cu1?-bnl®+anl®g, 2]]

(Root[a-brl-cu1®-bul®+anl?g, 2] -

Root[a-bul-cul®-bul®+anl*g, 4]) |+

(sz (x-Root[a-brl-cr1?-bu1®+an1g, 2])°

(EllipticF [Arcsin[./(((x-Root[a-b#ul-cnl?-bu1®+ani*g, 1])

(Root [a-b#l-cul?-bul®+anl® &, 2] -Root[a-bnul-cul®-bul®+anl® g,
4])) / ((x-Root[a-bnl-cu1®-bu1®+an1*&, 2|) (Root|[a-bwl-
cn1’?-bn1®+ani* &, 1] -Root[a-bul-cn1®-bn1®+ani*g, 4])))],
-~ (((Root[a-b#l-cnl®-bnl®+anl®&, 2| -Root|[a-bul-cnl®-bnl’®+
at1* &, 3]) (Root[a-bnl-cu1®-bu1®+anl*&, 1] -Root[a-bnl-
cn1®-bn1®+ani* &, 4])) / ((-Root|a-bnl-cu1?-bu1®+anl*&, 1]+
Root[a-bul-cn1®-bnl®+anl* &, 3]) (Root[a-bnl-cul?-
bu1®+ani® &, 2] -Root[a-bul-cul®-bui®+anl*g, 4])))]

(b—«/—4a2+b2 -2aRoot|[a-bul-cul?-bul®+anlg, 1]) -
2aEllipticPi[((—b+x/—4a2+b2 +2aRoot|a-bul-cul?-bul®+anlg, 2])

(-Root[a-bul-cn1®-bni®+anl*g, 1] +
[

Root[a-b#l-cul?2-bnl®+anl*g, 4}))/

((—b+«/—4a2+b2 +2aRoot|[a-bul-cHl?-bul®+anlg, 1]) (-Root[a-

bl - c11?-bnl® +anl® &, 2| +Root[a-bnl-cnl®-bul®+anl®g, 4})),

ArcSin|[./(((x-Root[a-b#l-cu1*-bul®+anl®&, 1]) (Root|a-bnl-
cn1®-bn1®+anl* &, 2] -Root[a-bul-cul®-bul®+anl*g, 4])) /
((x-Root[a-bnl-cul?-bul®+anl*g&, 2]) (Root|a-bul-cul?-
bu1®+anl® &, 1] -Root[a-bul-cul®-bul®+anl®g, 4])))],
-~ (((Root[a-b#l-cnl?-bnl®+anl®&, 2] -Root[a-bul-cni®-bni’®+
at1* &, 3]) (Root[a-bnl-cu1?-bul®+anl*&, 1] -Root[a-bnrl -
cn1?-bn1®+ani* &, 4])) /((-Root[a-bul-cu1?-bu1®+anl®&, 1]+
Root[a-bul-cul®-bul®+ani*g, 3]) (Root|a-bnl-cul®-
bn1®+anl* &, 2] -Root[a-bul-cnl®-bui®+ani*g, 4])))]

(-Root[a-bul-cn1®-bni®+ani® &, 1] +Root[a-bul-cnl®-bni®+ani®g, 2])]

V (((-Root[a-bul-cn1®-bni®+ani*&, 1] +Root[a-bul-cul®-bul®+anl®g, 2])
(x -Root[a-bul-cn1®-bn1®+ani*g, 3])) /
((x-Root[a-bul-cnl?-bul®+anl*&, 2]) (-Root|a-bul-cul®-bul’®+anl*g,
1] +Root|[a-bul-cu1?-bul®+anl*&, 3])))
V(((x-Root[a-bwl-cni?-bni®+ani*&, 1]) (Root[a-bnl-cnl®-bul®+
an1* &, 2] -Root[a-bul-cuH1?-bu1®+anl*g, 4])) /
((x-Root|[a-bul-cu1®-bul®+anl*&, 2]) (Root|a-bul-cnul®-
br1®+an1® &, 1| -Root[a-brl-cul?-bul® +anl* &, 4])))
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\/(((—Root[a—bnl—cnlz—I;n13+aLtt14 &, 1] +Root[a—btt1—cttlz—f)/ttl1’3+a1:t14 &, 2])
(x-Root[a-bul-cnl®-bni®+ani*g, 4])) /
((x-Root[a-btl-cHl?-bul®+anl*&, 2|) (-Root|a-bnl-cul?-bnl®+anl*g,
1] +Root|[a-bul-cu1?-bul®+anl*&, 4])))
(-Root[a-bul-cn1®-bul®+anl*&, 1] +Root[a-b#l-cul®-bul®+ani*g, 4]))/

b/ 4aZ:b? by 4a’ib?
2a 2a

e

Jx(b+cx+bx2) -a (1+x4)
(—b+\/—4a2+b2 +

2aRoot[a-bul-cul?-bul®+anl?g, 1})

(-Root[a-bul-cnl®-bni®+ani*g, 1] +
Root[a-b#l-cnl®-bnl®+ani*g, 2])

(b—x/—4a2+b2 -2aRoot|a-bul-cnl?-bnl®+anl®g, 2]]

(Root[a-bnl-cu1?-bul®+anl®g, 2] -

Root[a-bul-cnl®-bnl®+ani*g, 4])

(be/74a2+b2 (x-Root[a-brl-cu12-b=1®+an1®&, 2])?

(EllipticF [Arcsin[/(((x-Root[a-bul-cn1®-bnl®+ani*g, 1))

(Root [a-b#l-cm1?-bu1®+anl® &, 2] -Root[a-bul-cnl?-bul®+anl® g,
4])) / ((x-Root[a-bul-cu1®-bul®+anl*&, 2|) (Root|a-bwul-
cn1®-bn1®+ani* &, 1] -Root[a-bul-cni®-bni®+ani*g, 4])))],
- (((Root[a-bwl-cn1?-bnl®+anl®&, 2| -Root[a-bul-cni?-bni®+
at1* &, 3]) (Root|a-bnl-cn1?-bni®+anl®&, 1] -Root[a-bwl-
cn1’-bn1®+ani® &, 4])) / ((-Root[a-bul-cu1?-bul®+anl*&, 1] +
Root[a-bnl-cn1®-bnl®+ani*&, 3]) (Root[a-bnl-cul?-
bn1®+an1* &, 2] -Root[a-bul-cnl?-bul®+ani*g, 4])))]

(b—w/—4a2+b2 -2aRoot|a-bul-cul?-bnl®+anlg, 1]) -

2aEllipticPi[((—b+x/—4a2+b2 +2aRoot|[a-bul-cul?-bnl®+anlg, 2])
(-Root[a-bul-cul®-bnl®+anl®g, 1]+

[
Root [a-b#l - cHl1? - bul® +anl® &, 4}))/
([—b+x/—4a2+b2 +2aRoot|[a-bul-cul?-bnl®+anlg, 1]) (-Root[a-

brl-cn1?-bu1®+anl®&, 2| +Root|[a-bnl-cnl?-bul®+anl®y, 4})),

Ar‘cSin[\/(((x—Root[a—le—cnlz—bH13+aH14&, 1]) (Root[afbnl—
cu1®-bn1®+anl* &, 2] -Root[a-bul-cul®-bui®+anl*g, 4])) /
((x-Root[a-b#l-cr1?2-bu1®+anl* &, 2]) (Root[a-brl-cul? -
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bu1® +an1t g, 1] —Root[a—bttl—cJtltlz\—bttLl3+aH14&, al))) 1,
-~ (((Root[a-b#l-cnl?-bnl®+anl®&, 2] -Root[a-bul-cnl®-bni’®+
at1* &, 3]) (Root[a-bnl-cu1®-bul1®+anl*&, 1] -Root[a-bnrl -
cn1’?-bn1®+ani* &, 4])) /((-Root|a-bul-cu1?-bul®+anl®&, 1] +
Root[a-bul-cnl®-bul®+anl*g, 3]) (Root|a-bnl-cul®-
bn1®+ani* &, 2] -Root[a-bul-cnl®-bul®+ani*g, 4])))]

(-Root[a-bul-cn1®>-bni®+ani®&, 1] +Root[a-bul-cnl®-bni®+ani®g, 2])]

V (((-Root[a-bul-cn1®-bni®+ani*&, 1] +Root[a-bul-cul®-bul®+anl®g, 2])
(x -Root[a-bul-cn1®-bn1®+ani*g, 3])) /
((x-Root|a-bul-cnl?-bul®+anl*&, 2|) (-Root|a-bul-cul®-bul’®+anl*g,
1] +Root|[a-bnl-cu1?-bu1®+anl*&, 3])))
V(((x-Root[a-bwl-cni?-bni®+ani*&, 1]) (Root[a-bnl-cul®-bul®+
an1* &, 2] -Root[a-bul-cnm1?-bul®+anl®g, 4])) /
((x-Root|[a-bul-cu1?-bu1®+anl*&, 2]) (Root|a-bul-cnl®-
bn1®+ani® &, 1] -Root[a-bul-cnl®-bni®+ani*g, 4])))
 (((-Root[a-bul-cn1®-bnl®+ani*&, 1] +Root[a-bul-cnl®-bul®+anl®g, 2])
(x-Root[a-bul-cul®-bnul®+ani®g, 4])) /
((x-Root|[a-bul-cul?-bul®+anl*&, 2|) (-Root|a-bnl-cul®-bul®+anl*g,
1) +Root|a-bnl-cH1?-bn1®+anl*&, 4])))

(-Root[a-bul-cn1®-bul®+anl*&, 1] +Root[a-b#l-cnl®-bul®+ani*g, 4]))/

(2 b-4a2-b6? bev-aalib?
a —

2a 2a
\/x(b+cx+bx2) -a (1+x4)
(—b+«/74a2+b2 +

2aRoot[a-bul-cnl?-bnl®+anl®g, 1})

(-Root|[a-bul-cu1?-bnl®+anl®&, 1] +
Root[a-b#l-cnl®-bni®+ani*g, 2])

(b—xl—4a2+b2 -2aRoot[a-bul-cH1?-bnl®+anl*y, 2]]

(Root[a-bnl-cu1?-bul®+anl*g, 2] -

+

Root[a-bwl-cn1®-bnl®+ani*g, 4])

(2 EllipticF[ArcSin[./(((x-Root|[a-bnl-cu1?-bu1®+an1*&, 1|) (-Root[a-bnl-
cn1?-bu1®+ani® &, 2| +Root[a-bul-cul®-bul’+anl*g, 4])) /
((x-Root|[a-bul-cn1?-bnl®+anl*&, 2|) (-Root|a-bnl-cul?-
bn1®+an1* &, 1] +Root[a-b#l-cul®?-bul®+anl*g, 4])))],
((Root[a-b#l-cu1®-bul®+ani*&, 2] -Root[a-bul-cnl®-bnl®+ani®g, 3])
(Root[a-bnl-cul?-bul®+anl®&, 1] -Root[a-bul-cul®-bul®+anl®g, 4])) /
((Root[a-b#l-cu1?-bul®+anl*&, 1] -Root[a-bul-cul®-bul®+ani®g, 3])
(Root[a-b#l-cu1?-bul®+anl® &, 2] -Root[a-bul-cnl?-bul®+anl*g, 4]))]
(x-Root[a-bul-cm1?2-bn1®+anl*s, 2])°
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\\/(((—Root[a—bnl—cttlz—bn13+a1:tl4&, i]+Root[a-bnl—cnlz-bn13+an14&, 2])
(x-Root[a-bul-cn1®-bni®+ani*g, 3])) /
((x-Root[a-bul-cu1®-bul®+anl*&, 2|) (-Root[a-bnl-cul®-bul®+anl*g,
1] +Root|[a-bul-cul®-bul®+anl*g, 3])))
(Root[a-bnl-cu1®-bu1®+an1*&, 1] -Root[a-bnl-cul®-bul®+anl* &, 4])
V (((-Root[a-bul-cn1®-bn1®+ani*&, 1] +Root[a-bnl-cnl®-bul®+ani*g, 2])
(x-Root[a-bul-cu1?-bnl®+anl*g, 4])) /
((x-Root|[a-bul-cnl?-bul®+anl*&, 2|} (-Root|a-bnl-cul®-bul’®+anl*g,
1] +Root|a-bnl-cH1?-bu1®+anl*&, 4])))
V(((x-Root[a-bul-cni?-bn1®+ani*&, 1]) (-Root|[a-bul-cnul?-
bu1®+anl® &, 2] +Root[a-bul-cul®-bul®+ani*g, 4])) /
((x-Root|[a-btl-cnl?-bnl®+anl*&, 2|) (-Root|a-bwl-cnl?-

bm13+aﬁl4&’ 1} +R00t[a7bﬁ1*cm12*bﬁl3+aml4&) 4]))))/

(a\/x (b+cx+bx?)-a(1+x*) (-Root[a-bul-cnl®-bnul’+anl®&, 1]+

Root[a-bul-cul®-bul®+anl®g, 2])
(-Root[a-bul-cnl®-bni®+ani®g, 2] +

Root[a-bul - ctl1? - bnul® +anl® &, 4}))

Problem 872: Result more than twice size of optimal antiderivative.

22
\/ax2+bx [ &, &X
J\ b? b?

a | a’x
b? b?

dx

X —

Optimal (type 3, 46 leaves, 2 steps):

2 2
a a“x
ax+b [ -+

V2 bArcsinh| ]
Va
Result (type 3, 199 leaves):
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a<—1+ax2) 1iax?ibx a(—1+ax2)

b? b2

-||x |ax|ax+b

ax

_ 2
ax+b ML] ax

bZ

ax+b a(-1+ax? ]

bZ

Log[1 - | -Log[1+ ]

V2 ax V2 ax

3/2

Problem 873: Result more than twice size of optimal antiderivative.

2,2
\/—ax2+bx 2 e
b2 b2
J dx
a |, atx?
X ot

Optimal (type 3, 46 leaves, 2 steps):

ax-b +32:Z
\/7 bAr‘cSin[ b ]

Va
Result (type 3, 213 leaves):

o
|

5
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b2 a(1+ax2) ax lax_b a(1+ax2> | axet a(1+ax2>
b2 b2 b2
ax|ax-b ‘L(l;%le] ax(ax—b ﬂ%ﬂ]
Log[1 - | -Log[1+ ] /
V2 ax V2 ax
a(1+ax?)

V2 a?x|-1-ax*+bx 5
b

Problem 874: Result more than twice size of optimal antiderivative.

2 2
X |lax+b [-2& 42X
b2 b2
J dx
a | a‘x?
X ot e

Optimal (type 3, 46 leaves, 3 steps):

a atx?
ax+b [ -+

\/TbAr'cSinh[ L ]

Va
Va
Result (type 3, 199 leaves):
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a<—1+ax2) 1iax?ibx a(—1+ax2)

b? b2

-||x |ax|ax+b

ax

_ 2
ax+b ML] ax

bZ

ax+b a(-1+ax? ]

bZ

Log[1 - | -Log[1+ ]

V2 ax V2 ax

3/2

Problem 875: Result more than twice size of optimal antiderivative.

2 42
X|-ax+b | &4+ &X
b? b?
J dx
a  a’x?

X b2+ b2

Optimal (type 3, 46 leaves, 3 steps):

242

ax-b | 2.2

b . b? b?
V2 bArcsin| = ]
Va
Result (type 3, 213 leaves):

X
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b2 a(1+ax2) ax lax_b a(1+ax2> | axet a(1+ax2>
b2 b2 b2
ax|ax-b ‘L(l;%le] ax(ax—b ﬂ%ﬂ]
Log[1 - | -Log[1+ ] /
V2 ax V2 ax
a(1+ax?)

V2 a?x|-1-ax*+bx 5
b

Problem 876: Result more than twice size of optimal antiderivative.
J\—\/—4+X “4-1+x +V-4+x x+/-1+x X

(1+\/—4+X +\/—1+X) (4—5X+X2)

dx

Optimal (type 3, 19leaves, 3 steps):

2L0g[1+\/—4+x +\/—1+X}

Result (type 3, 75leaves):
V-1+X

2

—Ar‘cTanh[\/—4+x } +Ar‘cTanh[ ] +

1 1
~Log[17-4+/-4+x /-1+x -5x| + = Log[5-2+-4+x \/-1+x -2x]
2 2

Problem 877: Unable to integrate problem.

1

J dx
X (3+3x+x?) (3+3x+3x2+x3)1/3

Optimal (type 3, 123 leaves, 9 steps):

Ar‘cTan[i + #L} Log[l _ M} Log[l . 32/3 (14x)2 N 31/3 (14x) ]
3 31/6 (2+(1+X)3)1/3 (2+(1+x)3)1/3 (2+(1+x)3)2//3 (2+(1+x)3)1/’/3
- + _
35/6 3 31/3 6 31/3

Result (type 8, 33 leaves):
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1

J dx
X (3+3x+x?) (3+3x+3x2+x3)1/3

Problem 878: Unable to integrate problem.

J 1-x2 dx
(1—x+x2) (1—x3)2/3

Optimal (type 3, 103 leaves, ? steps):

1.2 213 (1-x)

1-x3)1/3
\/?Ar‘cTan[—f—)—ﬁ ]

Log[1+2 (1-x)?-x*] 3Llog[2'? (1-x)+ (1-x3)"7]
22/3 - 2 . 22/3 " 2 . 22/3

Result (type 8, 31 leaves):

J 1-x2 dx
(1—x+x2) (1—x3)2/3

Problem 879: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

X2
dx
J\/—1+x4 (1+X4)

Optimal (type 3, 49leaves, ? steps):

1 1+x? 1 1-x2
- = ArcTan[ —————] - =~ ArcTanh| ————|
4 xV-1+x* 4 xV-1+x*

Result (type 6, 114 leaves):

3 1 7
—( 7 %3 AppellFl][ =, =, 1, —, x*, —xﬂ)/
4 2 4
3 1 7
(3\/—1+X4 (1+x%) (—7Appe11F1[—, =1, =, x4 -x*] +
4 2 4
7 1 11 7 3 11
2x* |2AppellFl[—, =, 2, —, x*, -x*] - AppellF1[~, =, 1, —, x*, -x*] )])
4 2 4 4 2 4

Problem 880: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

a-cxt

J(ae+cdx2) (d+ex2) Vva+bx2+cxt

dx

Optimal (type 3, 80leaves, 2 steps):
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\Jcd*-bde+rae® x ]
Jd e +/arbx?icxt

Vd Ve Vcd’-bde+ae?
Result (type 4, 383 leaves):

,\/b+\/b2—4ac +2cx? \/1 2 ¢ x?
1 2 —
b_

ArcTan |

b+vVb2-4ac Vvb?2-4ac
C b+vb%-4ac
EllipticF[i ArcSinh[v2 | ———— x|, — ] -
b++vb%2-4ac b-+/b%-4ac
b+vb2-4ac)d c b+vb2-4ac
EllipticPi| ( ) , 1 Arcsinh[+/2. x| : ] -
2ae b+vb2-4ac b-vVb2-4ac
b+vb?>-4ac|e b b2_4
EllipticPi[( ) , 1 Arcsinh[+/2° - x|, +v7ac} /
2cd b+vVbi-4ac b-+vb2-4ac

V2 ;de\/a+bx2+cx4
b+

Vb%2-4ac

Problem 882: Result more than twice size of optimal antiderivative.

1

—dXx

l+\/17X2
X

Optimal (type 3, 122 leaves, 12 steps):

Ar‘cTan[%}
2 11*\“q 2
Ar‘cTan[il’zx } S 1-x
ArcSin([x] - VEN _
Y6 Y5
Result (type 3, 2681 leaves):
(1 +Xx1-x? ) ArcSin[x]
.
x[LoVTR |

Ar‘cTan[(x (7i—\/?+8i\/?x+7ix2+\/?x2>)/

{(-im/?) [1+xm

6i+2/3 +3x-11iV/3 x-18ix2-2V3 x2-3x3-31i/3 x*-21i 2(1-1\/?)

mzjmxmzj 2 (1-13) x4[1-x ]]/
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2 (11\/—)

Lo J_[<_j+m 1o i

ArcTan | (x (7]'17\/?78]'1\/?X+7J'1X2+\/?X2))/ 6i-2/3 +3x-11i+/3 x+18ix%+

23 x2-3x3-3i/3 x®3+21 2(1-1ﬁ) J1-x® -2 6(1-1\/?) x~/1-x% +
21 2(14%?) X2/ 1-x? / 1.1 e

{(mﬁ) (1+x«/1-x2 ArcTan[(x(-7j-ﬁ-sjiﬁx-7ix2+ﬁx2))/

1/ |2.[6(1-iV3) x

6i-23 -3x-1113 x-181ix2+23 x?+3x*-31+/3 x*-21 2(1+1ﬁ)
J1ox? -2 6(1“1\/?) xA/1-x* -21i (1+1\/—) x2~/1 ]/
;+\/1 x? J+[ ]'1+\E) (1+Xw/1—x2

ArcTan[(x(-7j-ﬁ+81ﬁx-7jx2+\/?x2))/{emzﬁ-sx-njﬁxusnz-

2

1+IL\/7)

23 x2+3x3-31/3 x3+21 1+1W Ji1-x2 -2 1+1W) x~/1-x% +
2i [2(1+1V3 ) x*41 / ;+\/1 x?

i (-1+V/3) (1ex V1% ) Log[ -1+ V3 -2x)" (1443 -2x]7] )

4/(11V—) (+W)

i (1+V3 ) (1ex V12 ) Log| (-1 +V3 -2x)7 (1 +v3 -2x)]

4 6(1+iV3) x(2ev15) 7

1 <7J'l+\/?) (1+X\/17X2 ) Log[(—j+\/?+2x)2 (]'1+\E+2X)2]

4 6(1-iV3) x[1eV15)

+

(1+1\/—)

+
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i (1033 ) (1+x VI ) Log[ (-1 +3 +2x)7 (1 +3 +2x)]

4 6(1“'1\5) X(i+\/1fxz)

1(1+X\/1—X2 Log[—%—]ﬁ?mz}
N
243 x [t +/1-x2
X

{i 13 (o1
it VIt e2i [2(1-0V3) 10 34 6 (1033 x\[1-x «
2(1-13) \1-x2 ~i |6 (1-:3) x 1% ] /

L i +[i(_i+m o1

X
Log 311+\/7+3X+511\/7X+101X2—3X +31\ﬁx +11X4—\/7X+

\/1—WF3\/—F5 W=

6(1-iV3) q/1-x | / 4 l6(1-iV3) x ;+«/1 X2
{i(]'wr\/?) (1+x«/1—x2 Log[-3i+V3 +3x-5i+/3 x-10ix*-3x*-31+/3 x*-

x* -3 x*-21 1+1W J1-x2 -3i 1+1W) x/1-x% -
2(1+1V3) 1% i 6 (14143 ) 1~ /
;+\/1 x? ]+ 1'1(]1+\/?) [1+Xxl1—x2

Log 31+\ﬁ 3x+51V3 x-10ix2+3x3+31+/3 x3-ix* -3 x*-

\/1+—1\/_\/ﬁ+31 6 1+1\/— x\/ﬁ_sl (1+1\/—) \/7
6(1+:V3 ) 12 ]|/ |a E Py

X

Log[3i+v/3 -3x-5i+V3 x+10ix®+3x*-31i+/3 x>+

4 (11\/—)

4 (1+1W)

(1+1v—)
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Problem 883: Result more than twice size of optimal antiderivative.

J xV1-x2
X -x3+1-x2

Optimal (type 3, 122leaves, 13 steps):

dx

ArcTan | é}

ArcTan[*-2 X ]

\/37 —
V3

Result (type 3, 2155leaves):

ArcSin[x] +

{(—i+\/?) Ar‘cTan[(x (71‘1—\/?+8j1\/?x+7ix2+\/?x2))/

ArcSin[x] -

~61+24/3 +3x-11i/3 x-

18ix2-2+3 x2-3x3-31i+/3 x*-21 2(171\5) J1-x2 -
6(1—]’1\/?) xA/1-x2 -21 (1 IW) x2 /1 J/[ 5(11\/?)J

[(1‘1+\/?) Ar‘cTan[(x (7]‘1—\5—8]‘1\/?x+7jx2+\gx2))/

6i-23 +3x-111/3 x+18ix2+2/3 x¥2-3x>-3i/3 x3+21i 2(17@/?)

|/

2 6(171'1\5) ][(J’L+\E) Ar‘cTan[(x(—71’1—\5—81’1\/?X—7]‘1x2+\5x2))/

Ji-x2 24 6(1-13 x\[1-x2 +21i |2 2(1-1V3] x ~f1-x2 |]

6i-2/3 -3x-11i/3 x-18ix2+2V3 x2+3x3-31i/3 x*-21i 2(1+iﬁ)

\/ﬁ-zj 6(1“1\/?) xm_Zj (1+1\/—) \/7 ]/

2 [6(1+i3) ]+[(j+ﬁ) Ar‘cTan[(x(—71’1—\/?+8]‘L\Ex—711x2+\/?x2))/

6i+2vV3 -3x-1113 x+18ix2-2/3 x2+3x*-3iV/3 x¥+21 2(1+i\/?)

1)/

J1-x? -2 6(1+j\/?) x~A/1-x2 +21 (1+1\F) x2+/1
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2 [6(1+13) ]+i (<43 ) Log[(-1+v3 -2x)" (143 -2x)] )

4 6(1—]’1\5)

i (V3 ) Log[(-1+V3 -2x)" (1443 -2x]7]

4 6(1+jﬁ)

i (-1+v/3) Log[ (-1 +V3 +2x)7 (143 +2x)7]

+

4 6(1—1’1\/?)

! (j+ﬁ) Log[(fjJrﬁJer)z (mﬁux)z]

4 6(1+1ﬁ)

jLog[—i—ﬂ+x2]

2

+

2+/3
iLog{—i+j%Z£+x2]

2/3
[11 (-1+V3 ) Log[3i+V3 -3x-5iV3 x+10:x+3x*-3iV/3 X+

jx“-\/?xhzj\/mm_n 6(1-1/3 x\[1-x +
5i [2(1-iV3 ) 1 i [6(1-iV3 ] 1] /

{i (-i+V3 ) Log[3i+V3 +3x+5:V/3 x+10ix-3x7+31iV3 X +ixt-

V3 xte2i [2(1-iV3 ) \J1-x 434 [6(1-i/3] x\[1-x +
5 /2(17]1\/?) x2~l1-%2 +1 6(1—]’1\/?) x3/1-x% | / 4 6(1]1@)]

[1‘1 (]1+\E) Log[—31‘1+\5+3x—5jﬁx—lejx2—3x3—3jﬁx3—jx4—

V3 xt-2i /2(1”1\/?) J1-x® -3i 6(1“‘1\/?) x/1-x2 -

4 6(1—11\/?)]+
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51 /2(1“1\/?) x2~/1-x% -1 6(1“1\/?) x3+/1 - x? /

[j [1+V3 ) Log[-3i+V3 -3x+5iV/3 x-10:x*+3x7+31V3 X’ -ix*-

6(1+fm/?)]+

V3 x4 -2 2(1“1\/?) J1-x2 +3i (1“1\/—) <1
2(1+J'l\/?) x2/1-%x% +1 6(1+1r) 341 /

Problem 885: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

6(1+iv3) ]

X
J dx
\/—44 375 b* + 576000 b3 c x + 576 000 b? c2 x? + 5308416 c* x*

Optimal (type 3, 177 leaves, 1step):
1

18432 c?
Log[20738073 600000 000 b® c* + 597 005 697 824 800 000 b°® c® x* + 2583 100 765 996 800 000 b° ¢’ X° +
951050714480 640000 b* c® x* + 21641 687 369 515008000 b* c® x° +
324625310654 272512000 b” c'® x® + 149587 343098 087 735 296 c* x® +

5308416 J -44375b* + 576000 b® ¢ x + 576000 b* c* x* + 5308416 c* x*
(12203125 b® c* + 79200000 b° c° x + 38880000 b* c® x> +
1105920000 b> ¢’ x> + 1990 656 000 b” c® x* + 12230590464 c*° x°) |

Result (type 4, 1671 leaves):

b Root [ - 44375 + 576000 1 + 576000 1112 + 5308416 111* &, 2|

2 |X-

C

1
(7 = bEllipticF [ArcSin[+/(((cx-bRoot[-44375+ 576000 11 + 576 000 1112 + 5308 416 111* &,
C

1]) (Root[-44375+ 576000 1 + 576 000 1117 + 5308416 11* &, 2| -
Root [ -44375 + 576000 111 + 576 000 111 + 5308416 11* &, 4] ) ) /
((cx-bRoot[-44375 + 576000 111 + 576 000 111° + 5308 416 111* &, 2] )
(Root [-44375 + 576 000 11 + 576 000 1% + 5308416 111* &, 1| -
Root [ -44375 + 576000 111 + 576000 11 + 5308416 111 &, 4] ) ) ) |,
- (( (Root [-44375 + 576000 111 + 576 000 111” + 5308416 111* &, 2] -
Root [ -44375 + 576000 111 + 576 600 111 + 5308416 111* &, 3]
(Root [-44375 + 576 000 111 + 576 008 1117 + 5308416 H1* &, 1| -
Root [ -44375 + 576000 111 + 576 000 111? + 5308416 111* &, 4] ) ) /
((-Root[-44375 + 576600 1 + 576 000 1% + 5308416 111* &, 1] +
Root [ -44375 + 576000 111 + 576 600 11 + 5308416 111* &, 3] )
(Root [-44375 + 576 000 111 + 576 008 1117 + 5308416 11 &, 2| -
Root [ -44375 + 576000 111 + 576000 1112 + 5308416 1#1* &, 4] ) ) ) |
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Root [ 44375 + 576000 11 + 576 000 1112 + 5308416 111* &, 2] +

1
= EllipticPi| (

1
- —bRoot|-44375 + 576000 111 + 576 000 1% + 5308416 11 &, 1] +
C C

~bRoot[-44375 + 576000 =1 + 576000 112 + 5308416 :1° &, 4| J/
C

1
[- ~bRoot[-44375 + 576000 1 + 576000 112 + 5308416 1114 &, 2| + —
C

C
b Root [ -44375 + 576000 111 + 576 000 =12 + 5308416 H1* &, 4| ) s

ArcSin[./(((cx-bRoot[-44375+ 576000 11 + 576 000 1112 + 5308416 11* &, 1])
(Root [-44375 + 576 000 111 + 576 000 111% + 5308416 H1* &, 2| -
Root [ -44375 + 576000 111 + 576 000 111 + 5308416 111* &, 4] ) ) /
((cx-bRoot[-44375 + 576000 111 + 576 000 11? + 5308416 =11* &, 2|
(Root [-44375 + 576 000 111 + 576 000 111° + 5308416 H1* &, 1] -
Root [ -44375 + 576000 111 + 576 000 111° + 5308416 111* &, 4] ) ) ) |,
- (( (Root [-44375 + 576000 111 + 576 000 112 + 5308 416 111* &, 2] - Root |
-44375 + 576000 11 + 576 000 112 + 5308416 111* &, 3])
(Root [ -44375 + 576 000 111 + 576 000 111° + 5308416 11* &, 1| - Root |
- 44375 + 576000 1 + 576 000 1112 + 5308416 11 &, 4] ) ) /
((-Root [-44375 + 576000 11 + 576 000 1112 + 5308416 111* &, 1| + Root |
-44375 + 576000 111 + 576 000 1% + 5308416 111* &, 3])
(Root [ -44375 + 576 000 111 + 576 008 111° + 5308416 111* &, 2| - Root |
-44375 + 576000 111 + 576 000 111”2 + 5308416 1% &, 4] ) ) ) |
(-bRoot [-44375 + 576000 111 + 576 000 11 + 5308416 111* &, 1] +

b Root [ 44375 + 576000 111 + 576 000 1112 + 5308416 111* &, 2]) ]

J(((—b Root [-44375 + 576000 111 + 576 000 111° + 5308416 11* &, 1] +

b Root [-44 375 + 576 000 11 + 576 000 111° + 5308416 111* &, 2| )

1
X - —b Root[-44375 + 576000 111 + 576000 1112 + 5308416 11* &, 3| ] )/
C

(@

1
X - —bRoot[-44375 + 576000 111 + 576000 1112 + 5308416 11* &, 2|
@

1
(7 ~b Root [ 44375 + 576000 111 + 576 000 1112 + 5308416 111 &, 1] +
C

0 |R»r T

b Root [ -44375 + 576000 111 + 576 000 1112 + 5308 416 11* &, 3] ] ) J

/[ ((cx-bRoot|-44375 + 576000 11 + 576000 111° + 5308416 1% &, 1)
(Root [-44375 + 576 000 111 + 576 000 1117 + 5308416 H1* &, 2| -
Root [-44375 + 576000 111 + 576000 1% + 5308416 11* &, 4] ) ) /
((cx-bRoot[-44375 + 576000 111 + 576 600 111 + 5308416 111* &, 2| )
(Root [-44375 + 576 000 111 + 576 000 1117 + 5308416 11* &, 1| -
Root [ -44375 + 576000 111 + 576000 111? + 5308416 11 &, 4] ) ) )
b Root [ -44 375 + 576 000 1 + 576 000 111% + 5308416 114 &, 1]

C

| 443
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b Root [ -44375 + 576000 111 + 576 000 =12 + 5308416 111* &, 4]

C

J(((b Root [ -44375 + 576000 111 + 576 000 1117 + 5308416 11* &, 1] +

b Root [-44 375 + 576 000 1 + 576 000 111° + 5308416 11* &, 2| )

1
X - ~bRoot[-44375 + 576000 111 + 576 000 1% + 5308 416 11" &, 4] ] )/

C

C

1
X - —bRoot [-44375 + 576000 111 + 576 000 =1? + 5308416 H1* &, 2|
c

1
(7 ~bRoot|[-44375 + 576000 11 + 576000 1112 + 5308416 1114 &, 1] +
c

[a B

b Root [ -44375 + 576000 1 + 576000 1112 + 5308416 1% &, 4| ] ) J J/

\/744 375 b* + 576000 b> ¢ x + 576000 b> ¢ x> + 5308416 c* x*

( b Root [ -44 375 + 576000 1 + 576 000 112 + 5308416 1% &, 1|
- +

C

b Root [ -44 375 + 576000 11 + 576 000 112 + 5308416 1:1* &, 2| ]
C

( b Root [ -44 375 + 576000 111 + 576 000 =112 + 5308416 111* &, 2|

C

b Root [ 44375 + 576000 111 + 576 000 1112 + 5308 416 11* &, 4]

C

Problem 886: Result unnecessarily involves higher level functions and more
than twice size of optimal antiderivative.

1+4Xx
J dx

V9 +120x + 64 X2 + 64 %3 + 64 x4

Optimal (type 3, 100leaves, 2 steps):

— Log[921 + 2864 x + 9280 X + 13448 x> + 17024 x* + 19456 X° + 12288 x® + 8192 x” + 4096 x° +
16

\Jo+120x + 64 %2 + 64 X + 64 x* (179 + 444 x + 744 x> + 1280 x> + 960 x* + 768 x> + 512 x°) |

Result (type 4, 2787 leaves):
(8 (x ~Root[9+ 1201 + 64512 + 64 1:1° + 64111 &, 2] )?
(-EllipticF[ArcSin[./(((x-Root[9+120 11 + 64 11 + 64 11% + 64 111% &, 1] )
(Root [9 +120 11 + 64 111% + 64 111° + 64 111* &, 2] -
Root 9 +120 11 + 64 1112 + 64 111° + 64 111* &, 4] ) ) /
((x-Root[9+120 %1 + 64112 + 64111% + 64 11* &, 2] ) (Root[9 + 12011 + 64 112 +
64 11% + 64 111* &, 1| - Root [9 + 120111 + 64 1112 + 64 113 + 64 111* &, 4] ) ) ) |,
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- (((Root[9+ 12011 + 6411 + 64:11% + 64111 &, 2| -Root[9+120 11 + 64 1117 +
64 111° + 64 111% &, 3]) (Root[9+ 12011 + 64 1117 + 64 11° + 64 111 &,
1] -Root[9+120 11 + 64 11 + 64 111% + 64 111% &, 4] ) ) /
((-Root[9+120 11 + 64117 + 64111% + 64 11* &, 1] + Root [9 + 120 11 + 64 112 +
64 11° + 64 111% &, 3]) (Root[9+ 12011 + 64 1117 + 64 11° + 64 111 &,
2] -Root[9+120 11 + 64 111% + 64 111° + 64 111* &, 4] ) ) ) |
Root [9 + 12011 + 64 11 + 64 11° + 64 1% &, 2] + E1lipticPi|
(-Root[9+ 12011 + 64111% + 64 111° + 64 111% &, 1] +
Root[9+ 120111 + 64 111% + 64 111° + 64 111* &, 4]) /
(-Root[9+ 12011 + 64 1117 + 64 113 + 64 11* &, 2] +
Root[9 +120 11 + 64 112 + 64 11° + 64 111* &, 4]),
ArcSin[+/(((x-Root[9+12011 + 64111% + 64 111° + 64 111% &, 1] ) (Root[9 + 120111 + 64 1117 +
64 111° + 64 111% &, 2| - Root 9+ 120111 + 64 111% + 64 111° + 64 111* &, 4]) ) /
((x-Root[9+120 1 + 64112 + 6411% + 64 11% &, 2] ) (Root |9+ 12011 + 64 112 +
64 11° + 64 111% &, 1| - Root [9+ 12011 + 64 11% + 641113 + 64 11" &, 4]) ) ) |,
- (((Root[9+ 12011 + 64117 + 64 111% + 64 111* &, 2| - Root [9 + 120 11 + 64 11? +
64 111% + 64 111* &, 3|) (Root[9+ 12011 + 64 111% + 64 111> + 64 111* &,
1] -Root[9+120 11 + 6411 + 64111% + 64 11% &, 4] ) ) /
((-Root[9+120 1 +6411% + 64111% + 64 111 &, 1] + Root [9 + 120 11 + 64 111% +
64 111° + 64 111* &, 3| ) (Root[9+ 12011 + 64 111% + 64 111° + 64 111 &,
2] -Root [9+120 11 + 64 11 + 64111% + 64 11* &, 4] ) ) ) |
(-Root[9+ 120111 + 64 111% + 64 111° + 64 111* &, 1] + Root |
9+120 11 + 64 512 + 64 1113 + 64 111 &, 2]))
 ((x-Root[9+12011 + 64111% + 64 111> + 64 111* &, 3]) /
((x-Root[g+129n1+64n12+64u13+64n14 &, 2])
(-Root[9+ 12011 + 641117 + 64 111° + 64 111* &, 1] +
Root[9 + 12011 + 64 111% + 64 111° + 64 111* &, 3]) ) )
(Root [9 + 12011 + 64 112 + 64 11° + 64 111% &, 1] -
Root |
9+12011 + 64 112 + 64 113 + 64 11* &,
4
\/(((]x)Root[9+120H1+64H12+64H13+64H14 &, 1])
(Root [9 +120 11 + 64 111% + 64 11> + 64 111* &, 2] -
Root 9+ 12011 + 64 1117 + 64 111° + 64 111* &, 4]) ) /
((x-Root[9+120 11 + 64117 + 64111% + 64 111* &, 2] )
(Root [9+120 11 + 64 111% + 64 111> + 64 1% &, 1] -
Root[9 + 120111 + 64 111% + 64 111° + 64 111* &, 4] ) ) )
 ((x-Root[9+12011 + 64111% + 64 111° + 64 111* &, 4]) /
((x-Root[9+12011 + 64117 + 64111% + 64 1% &, 2] )
(-Root |9+ 12011 + 64 11% + 64 111° + 64 111% &, 1] +

Root [9 + 120111 + 64 1112 + 64 111° + 64 111* &, 4]))))/

(\/9+12@x+64x2+64x3+64x4 (Root [9 +120 111 + 64 1112 + 64 111° + 64 111* &, 2] -

Root [9 +120 111 + 64 1112 + 64 111° + 64 111* &, 4] )) +

(2 EllipticF [ArcSin|./(((x - Root[9+120 11 + 64 1112 + 64 111° + 64 111* &, 1])



446 | Mathematica 11.3 Integration Test Results for 1.3.2 Algebraic functions.nb

(-Root[9+120 11 + 64117 + 64 11% + 64 11* &, 2] +
Root[9+120 11 + 64 1117 + 64 11° + 64 111" &, 4]) ) /
((x-Root[9+12011 +6411% + 64111% + 64 111* &, 2| ) (-Root |9 +120 11 + 64 112 +
64 111° + 64 111% &, 1| + Root [9+ 12011 + 64117 + 641113 + 64 11* &, 4]) ) ) |,
((Root[9+120 11 + 64 112 + 64 11° + 64 111* &, 2| - Root[9 + 120 111 + 64 1117 + 64 111> + 64 111* &,
3]) (Root[9+120 11 +6411%+6411% +6411% &, 1] -
Root |9 +120 111 + 64 1112 + 64 111° + 64 111* &, 4] ) ) /
((Root[9+ 12011 + 641117 + 64 111° + 64 111% &, 1| - Root [9 + 120111 + 64 11 + 64 111> + 64 11* &,
3]) (Root[9+120 11+ 64117 +6411% + 6411% &, 2] -
Root [9 +120 111 + 64 111% + 64 111° + 64 111* &, 4] ) ) |
(x ~Root[9+ 1201 + 64512 + 64 111° + 64111 &, 2] )7
 ((x-Root[9+120 11 + 64111% + 64 111° + 64 111* &, 3]) /
((x-Root[9+12011 + 64117 + 64111% + 64 1% &, 2] )
(-Root |9+ 12011 + 64 11% + 64 111° + 64111 &, 1] +
Root[9 + 120111 + 64 111% + 64 111° + 64 111* &, 3]) ) )
(Root [9 +120 11 + 64 1112 + 64 111° + 64 111* &, 1] - Root |
9+120H1 + 64112 + 64513 + 64 H1* &, 4})
 ((x-Root[9+120 11 + 64111% + 64 111° + 64 111* &, 4]) /
((x-Root[9+120 11 + 6411 + 64111% + 64 111* &, 2] )
(-Root[9+120 11 + 641112 + 64 11° + 64 111* &, 1] +
Root[9+ 12011 + 64 111% + 64 111° + 64 111* &, 4] ) ) )
V (((x-Root[9+12011 +6411% + 64111% + 64 11 &, 1] )
(-Root[9+ 12011 + 64 1117 + 64 113 + 64 111* &, 2] +
Root[9+120 11 + 641117 + 64 11° + 64 111" &, 4]) ) /
((x-Root[9+120 11 +6411% + 64111% + 64 111* &, 2] )
(-Root[9+ 12011 + 641117 + 64 11° + 64 111* &, 1] +

RoOt [9 + 120 111 + 64 1112 + 64 1113 + 64 111* &, 4]))))/

(\/9+120x+64x2+64x3+64x4 (-Root[9+ 12011 + 64 111% + 64 111° + 64 111* &, 2] +

Root [9 +120 111 + 64 111% + 64 111° + 64 111* &, 4]) )
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Summary of Integration Test Results

886 integration problems

A - 486 optimal antiderivatives

B - 83 more than twice size of optimal antiderivatives
C - 227 unnecessarily complex antiderivatives

D - 90 unable tointegrate problems

E - Ointegration timeouts



